Limits, colimits, sources, sinks, pullbacks, pushouts

Definition 1: Let I be a class. A source is a pair (A, (f;)ier) consisting of an
object A and a family of morphisms f; : A — A;. The object A is called the
domain of the source. The family of objects (A;);es is called the codomain of
the source.

Definition 2: Let I and A be categories. A functor D : I — A is called
a diagram. The domain I is called scheme. The diagram is called small (or
finite), if T is small (or finite).

Definition 3: Let D : I — A be a diagram. An A-source (A4, (fi)icobm)
with codomain (D;);cob() is called natural for D or cone, if for each I-morphism
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commutes.

Let (L, (li)icobm) be a natural source for D with codomain (D;)iconm)-
(L, (l;)icobqy) is called a limit, if it fulfils the following universal property: For
each natural source (A, (f;)iconm) with codomain (D;);con) there exists a
unique morphism f: A — L with f; = [; o f for each i € Ob(I).

Definition 4: A source (P, (p;)icr) with codomain (A;);c; that has the prop-
erty that for each source (A, (f;)ier) with codomain (A;);cr there exists a unique
morphism f : A — P such that f; = p; o f for each ¢ € I is called product.

A product with codomain (A;);c; is called a product of the family (A;)icr.

Definition 5: Let f,g: A — B be two morphisms. A morphisme: FF — A
with the properties that f oe = g oe and that for any morphism ¢’ : £/ — A
with foe’ = goé there exists a unique morphism A such that the triangle
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commutes, is called an equalizer of f and g.



Definition 6: A commuting square
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is called a pullback square provided that for any commuting square
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there exists a unique morphism £ : P — P for which the following diagram
commutes

In this case the source (P, (g, f)) is called a pullback of the sink (C, (f,g))
and f is called pullback of f along g.

Theorem 7: Let f: A— C and g : B — C' be morphisms.
If a source (A x B, (ma,mg)) with codomain (A, B) is a product of A and B,
and e : E — A X B is an equalizer of f omwa and g o mg, then
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is a pullback square.

Definition 8: Let A be a category.

If for each finite diagram A there exists a limit, then A is said to be finitely
complete.

If for each small diagram A there exists a limit, then A is said to be complete.



