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Monoid



Definition (Monoid)
Let C beasetwithl e C and -: C x C — C, such that

(a-b)-c=a-(b-0)

a-1=1-a=a

then (C,-,1) is a monoid.



e Strings with concatenation and the empty string

(“foo” H “bar") H “baz" = “foo” H (“bar’ H “baz")

“foo” —H— — nfoon — —‘H— “foo”
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e Integers with addition and 0

(123 + 456) + 789 = 123 + (456 + 789)
424+0=142=0+42



e Strings with concatenation and the empty string

(“foo” H “bar") H “baz" = “foo” H (“bar’ H “baz")

“foo” —H— — nfoon — —‘H— “foo”

e Integers with addition and 0

(123 + 456) + 789 = 123 + (456 + 789)
424+0=142=0+42

e Sets with union and the empty set

({A,BYU{B,C})U{A,D} = {A,B}U({B,C} U{A,D})
{A}UD={A} =0U{A}



Strict Monoidal Categories



Let C be a category with 1 € C and a bifunctor ® : C x C — C,
such that

XeY)®Z=X®(Y®2)
19X =X®1=X



Let C be a category with 1 € C and a bifunctor ® : C x C — C,
such that

XeY)®Z=X®(Y®2)
19X =X®1=X

and

a:(XeY)eZ 53 X®(Y®Z)=id
L1153 1=id

then (C,®,a,1,.) is a strict monoidal category.



Example
Let C be a category, then End(C) is a strict monoidal category.
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Example
Let C be a category, then End(C) is a strict monoidal category.

Proof.
s fRg="Ffog
L4 ].:I'd(_"

e VX, Y, ZeC.(XQY)®Z=X®(Y®2)
by composition laws.

e 1®1 =1 by identity laws.
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Example
Let F be a field, then Mat(FF) is a strict monoidal category

Proof.
e n®m=n-m, f ®g by Kronecker product

e 1 by single 1-matrix

e VX, Y, ZeC.(XQY)®Z=X®(Y®2)
by properties of Kronecker product

e 1®1 =1 obvious



Non-Strict Monoidal Categories



Definition (Monoidal Category)
Let C be a category with 1 € C, a bifunctor ® : C x C — C, and

axyz (X®Y)®Z S Xe(Y®Z)
t:1®1 51

satisfying the pentagon and the unit axiom, then (C,®,a,1,:) is a
monoidal category



Pentagon Axiom

The diagram
(WeX)eY)® Z

aw,x,y Qidz AW QX,Y,

WeXeY)eZ WeX)o(Y®Z)

law,xagnﬁz aw,x,y(x)zl

We(XeY)® 2) WeXe (Y e2z)

idw Qax,vy,z

commutes



The functors

Li: X—1X
Ri: X—X®1

are autoequivalences of C.



Unit constraints

Define natural isomorphisms

Ix 10X =X
h: X®1—=>X



Unit constraints
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Unit constraints

Define natural isomorphisms

Ix:1@X =X

h: X®1—=>X
such that
—1 .
L) =101 X) % 191)e X B9% 1 g X
ax,1,1 idx ®t

Rl(rx):(X®1)®1—>X®(1®1)—)X@l

then [x is the left and rx is the right unit constraint



Unit constraints

For all X € C

hex = idy ® Ix

rxelr = rx ® idq

10



Unit constraints

For all X € C
hex = idy ® Ix
rxelr = rx ® idl
Proof.
10 (1®X) 18lx 10X
l1®xl Jlx
19X Lx X.
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The diagram
(Xo1)eY ey X®(1eY)
mczmix‘ A
XY
commutes
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Proof.

ax,1,1®idy

(Xel)el)eY X©1e1)QY

rx ®id1 ® idy’ idx ®¢)®idy
(Xo1)eY
aAX®1,1,Y ax,1,y axX,1Q1,Y
X®(1eY)
rx Qidigy
idx ®(t®idy
(X®1)e(1Y) idx ®liey X®(((1e1)eY)
idx ®a1,1,y
ax,1,1@

X2(1le(leY))

12



The diagrams

a1,X.Y

ax,v,1

M/@

1eX)®

®(X QYY)

(XoY)®

@Y ®l)

commute.
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The diagrams

a1,X.Y

1eX)® RXY)
(X2Y)® s 2 (Y ®1)
M /@
commute.
Proof.
similar OJ
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Corollary
In any monoidal category h = r =1
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Corollary
In any monoidal category h = =1

Proof.
Set X = Y =1 in the second triangle. We have

h®idi =hgi1oa11 = (idi®h)oari
Set X = Y =1 in the triangle axiom. We have
n®idy = (idy® h)oaii1
By unit constraint

(idi®h)oar11 =t®idy
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Corollary
In any monoidal category h = =1

Proof.
Set X = Y =1 in the second triangle. We have

h®idi =hgi1oa11 = (idi®h)oari
Set X = Y =1 in the triangle axiom. We have
n®idy = (idy® h)oaii1
By unit constraint
(idi®h)oar11 =t®idy

Hence
nidi=h®id; =1® id; 14



The unit object in a monoidal category is unique up to a unique
isomorphism.
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The unit object in a monoidal category is unique up to a unique
isomorphism.
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The unit object in a monoidal category is unique up to a unique
isomorphism.

Proof.
Let (11,¢1), (12,¢2) be two unit objects with unit constraints

(ri, h), (r2, b).
We have 1 1= (1,)0 (r (11))_1 1 51

L

N

114)11

—>

Note that

c®idy

R ®
H—®

ii5)



Example
Sets with the Cartesian product and the singleton set are a

monoidal category.
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Example
Sets with the Cartesian product and the singleton set are a

monoidal category.

Example
Let C be an additive category, then C with ® = @ is a monoidal

category.

16



Example
Sets with the Cartesian product and the singleton set are a

monoidal category.

Example
Let C be an additive category, then C with ® = @ is a monoidal

category.

Example
K-Vec with ® = ®k and 1 = K is a monoidal category.
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Mac Lane’s strictness theorem

Theorem (Mac Lane)
Any monoidal category is monoidally equivalent to a strict

monoidal category
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Mac Lane’s strictness theorem

Theorem (Mac Lane)
Any monoidal category is monoidally equivalent to a strict

monoidal category

Proof.
Tensor Categories - P. 37 O

17



Rigid Monoidal Categories




Definition (Left Dual)
Let C be a monoidal category and X € C. If there exist
evx 1 X*® X — 1 and coevy : 1 — X ® X* such that
coevx®idx €3 ax x* X €3 idx®evx
X——S5 (XX )X ——S5 XX eX) —= X
id x+ ®coev x ‘—”)_(’1 X, X* evx®id xx
X —— S X' (XeX) —— (X' X))@ X' ——— X*

then X* is the left dual of X.
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Definition (Right Dual)
Let C be a monoidal category and X € C. If there exist

evh 1 X ®*X — 1 and coevly : 1 — *X ® X such that

1
X, %X, X

e
X XD X @ (X ® X) =25 (X @ *X) ® X

coevy ®idx x

evh ®idx
x5

X

id*X®ev’
_2TTX X

X (X @ X)@*X X2 *X g (X @ *X)

then *X is the right dual of X.
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Example
K-Vec is rigid.

e Dual of V is the dual vector space V*
e evy : V*® V — K by contraction

e coevy : K = V*® V by embedding

20



Unique by duals

If X € C has a left / right dual, then it is unique up to a unique
isomorphism.
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Unique by duals

If X € C has a left / right dual, then it is unique up to a unique
isomorphism. Define o : X" — X5 by

-1
Idx*®62 Ay X, X* el®’dx*

X 22— X (XXs) 5 (XFX) X5 —2 X5

and B : X5 — X{ similar.
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Unique by duals

If X € C has a left / right dual, then it is unique up to a unique
isomorphism. Define o : X" — X5 by

-1
Idx*®C2 Ay X, X* el®’dx*

X 22— X (XXs) 5 (XFX) X5 —2 X5
and B : X5 — X{ similar.
Show foa and avo 3 are id.

id ®cy
X; © X:9X®X;

id ®c2l id ®c2®idl \

XX e Xs —®(,1>X1 RXRX; X XY IW)Xl XX Xy

el®|dl €1®|dl lel®|d

X3 X5 X ® XY X7

id ®cy ea®id

21



Temperley-Lieb categories




Definition (simple Temperley-Lieb diagram)
Let m, n be non-negative. Consider unit square with m and n

points on top and bottom. A simple Temperley-Lieb diagram
consists of smooth, non-crossing arcs between top and bottom.

O
~

22



ADNIENIE

23



The Temperley-Lieb category is a category where
e Objects are non-negative N

e Hom(m, n) is the F-linear span of diagrams from m to n,
modulo d-equivalence.
/ / _/

OO — d O — d2
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Generators

All morphisms f € Hom(m, n) can be written canonically

Al

ldn Uy Un— 1
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Generators

All morphisms f € Hom(m, n) can be written canonically

ldn Uy Un— 1

= UsUU4U3Uy
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Strict Monoidal

The Temperley-Lieb category is a strict monoidal category where
e 1 is the O-diagram
e for all objects a,b: N, a® bisa+ b

o for all diagrams f : m; — ny, g : my — no,
f®g:m®my— ny® ny is juxtaposition

~ ~ ] LOUN
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Definition (unit)
For all n, the arrow 1, : 0 — n+n

1_. 2n

is the unit (counit €, : n+ n — 0 similar).
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Definition (unit)
For all n, the arrow 1, : 0 — n+n

1_. 2n

is the unit (counit €, : n+ n — 0 similar).

Using this unit, all objects are self-dual.
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Monoidal Functors




Let (G, ®1,11,a1,¢1) and (G, ®2, 12, ap, t2) be monoidal
categories, F : C; — C, be a functor with a natural isomorphism

Jx7y . F(X) ®2 F(Y) l) F(X ®1 Y)

such that F(1;) is isomorphic to 1, and the diagram

2
AR(X),F(Y).F(Z)

(F(X) @' F(Y)) @ F(Z) F(X) @' (F(Y)®' F(Z))
JX,Y®ZidF(Z)J( lidp(x) ®'Jy,z
FX®Y)&' F(Z) FX)@' F(Y ®Z)

Jx@y,zl lb{,y@z

F(X®Y)® Z) F(X®(Y®2)

F(ax,v,z)

commutes, then (F, H) is a monoidal functor.

28



Example
Forgetful functors are monoidal.

29



	Monoid
	Strict Monoidal Categories
	Non-Strict Monoidal Categories
	Rigid Monoidal Categories
	Temperley-Lieb categories
	Monoidal Functors

