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Def 1 (Monoid) Let C be a set with - : C' x C — C and an element 1 € C,
such that

Va,b,ce C. (a-b)-c=a-(b-c) (1)
VaoeC.l-a=a-1=a (2)
then (C,-,1) is a monoid.

Def 2 (Monoidal Category) Let C be a category with a bifunctor
®:CxC—=C, an element 1 € C' and

a: VXY, ZeC. (XRY)0Z 5 Xe (Y ®Z) (3)
i1l 51 (4)
satisfying the [Pentagon Axiom| and the then (C,®,a,1,t) is a

monoidal category.

Def 3 (Strict Monoidal Category) Let C' be a monoidal category, such that

VX,V,ZeC. (XoY)®Z=Xo (Y ®Z) (5)
VZ.1oX=X®1=X (6)

and the associativity and the [Unit Constraints| are identity maps, then C is a
strict monoidal category.

Def 4 (Rigid Monoidal Category) Let C be a monoidal category. If every
object has left and right duals, then C' is o rigid category.

Def 5 (Pentagon Axiom) For all XY, Z, W € C the diagram

(WeX)eY)® Z

Wm\

We(XeY)eZ WeX)e (Y o2)
We(XeY)s 2) Mw Sax vz We(Xele2)

commutes



Def 6 (Unit Axiom) The functors

Li: X—1®X
R1X0—>X®1

are autoequivalences of C.
Def 7 (Unit Object) The pair (1,:) is the unit object of C.
Def 8 (Unit Constraints) Define natural isomorphisms

Ix:1X =X
ry, : X®1—X
such that

Lil)=1®(1eX) 25 (1el)o X L2495 19 X

Ri(rx)= (X))ol XS Xe(lel) 22 x o1
then lx is the left and rx is the right unit constraint

Def 9 (Triangle axiom) The diagram

ax.1,y

(Xo1)RY X®(1eY)
m /@l‘/
X®Y
commutes.
Remark 10 (More triangles) The diagrams
(1oX)® axr R(X®Y)

ax,v,1

(X®Y)® ®(Y®1)

Mﬁ,

commute.

(1)
(12)



Def 11 (Dual Objects) Let C' be a monoidal category and X € C.
If there exist evy : X*® X — 1 and coevx : 1 = X ® X* such that
X coevx ®id x (X®X )@X ax, x* X X®(X*®X> idxRevx X (13)

—1

X* id x* ®coevx X*®(X®X*) Axex x,x* (X*®X)®X* ev x Qid x = X*

(14)
then X* is the left dual of X.
If there exist ev'’y : X @ *X — 1 and coev’y : 1 = *X ® X such that
idx®coev/x % a;(,l*x,x % ev'x®idx
X—Xo(XeX) — = (X' X)®X X (15)

coev’y Qidx x

X (X @X)® X ZXN vy o (X @ X) LX0UX, ¥ (16)

then *X is the right dual of X.

Def 12 (Monoidal Functor) Let (C,®,1,a,t) and (C',®",1’,d’,’) be monoidal

categories, F': C — C' be a functor with a natural isomorphism
Jxy :F(X)®@ F(Y) = F(X®'Y) (17)

such that F(1) is isomorphic to 1 and the diagram

(F(X) @t F(Y)) @ F(2) T2 pov) o1 (V) ! F(2))
Jx,v® udnml lidpm ®'Jy,z
FIXQY) F(2) FX)FY®Z)
Ixev,z JJX,Y@Z
F(X®Y)®2) Floxx.z) F(X® (Y ® 2))

commutes, then (F, H) is a monoidal functor.



