
Abstract:
In the past decades a kind of „quantum mathematics“ has evolved as a more and more coherent 
theory. It contains, amongst others, C*-algebras (aka noncommutative topology), von Neumann 
algebras (aka noncommutative measure theory), Connes’s noncommutative (differential) 
geometry, Voiculescu’s free probability theory and many more. In this mostly analytic setting, 
Woronowicz’s quantum groups provide a suitable notion of quantum symmetry. 

In my talk, I will sketch this broader context before introducing quantum permutations as a 
particular kind of quantum symmetry. I will then survey recent developments in the realm of 
quantum symmetries of graphs, quantum isomorphisms of graphs, quantum information theory 
and representation theory. 

The talk will contain analytic, algebraic and combinatorial aspects.
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CONTEXT

A C - algebra :<⇒ A (assoc . ) algebra over E ,[Gelfand-Naima ✓61940's)

3- * : 1-→A antik
, ☒ g)Ey ,

(E)⇐ ×
,

3- II. It with 11×111<-11×111411 , 11×7-11=11×112 ,
complete w.r.t.H.lt ( Banach algebra )

Ex . : (a) ( (X) : -- { f : ✗→ E continuous } , X Comp . Hausdorff
(b) BIH ) : -- { T :(1- → H bounded

,
linear }

,
H Hilbert Space (MuK )

[Gelfand-Naimark 1940's) : A unital Ct - algebra .

1- www.tat-ve ⇐ 3- ✗ comp . Hausdorff : 1- ICH )
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CONTEXT

NEIN
.
(A

,
u ) Compact matrix quantum group :< = >

[Woronowicz 19801s }

A unita E- algebra , 1- = (1, uij 1 i.j
--1
,
. _

,
N )

,

" = (uij) ,:* .
_
~ ,

Ü = (uij) c- MNCA ) invertible ,
3- : A → A -0min A

, Uij ↳ ¥-1 " ii. ① Uicj
*
- hom

.

[woronowicz 19801s ] : (Air ) Compact matrix quantum group .

A commntat.ve ⇒ 7 GEGLNI.cl comp . group
: AECCG)

Philosophy : commntative c- Classical
✗ ✗

noncommutatiue c- quantum
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QUANTUM PERMUTATION S : INTRO

A *
- algebra , u-tuijli.jp .

.
-
NEMNCA ) . U Magic unitary :<⇒

Uiju
=

Uj
?
,
2- Uix = -24,5=1 , Uixujx-uxih.jo , Ftj
K K

U =/uiji;⇒,
. . . .ir
EMNCMMIE )) Magic unitary

"

quantum permutation matrix
"

m -1 : uij __Tij ⇒ uij c- IR , uij = uij ⇒ Uij c- { 0,1 }

Uikujx-uxih.jo , Ftj => max
. one Uij -1-0 per row /Column

2- nix = -24,5--1 ⇒ exacthy one Uij -1-0 per row /Column
k k

→ UEMNC { 0,1 } ) permutation matrix
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QUANTUM PERMUTATION S : INTRO

permutation quantum permutation
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QUANTUM PERMUTATION S : INTRO

gut :-(Ash , u ) quantum permutation group EEG
,
eggos ]

As (N) : = ( * (1, uij , i.j-1.nu/u--luijIi.j=p....w Magic unitary )
" It

free Symmetrie quantum group

NEIN
.
( A

,
u ) Compact Matrix quantum group[w.EE?cz1soassAunitalCt-algebra,A--Ct-(1,uijIi,j--1

,
. _

,
N )

,Check : Compact matrix quantum group u -- lui;).:* .
_
~ ,
ü -- lui;-) c- MVA ) invertibk

,

3- : A → 1- ①min A
, Uij ↳ ¥-1 Uik ① Uicj

*
- hom

.

Sie Efü : As IN → ( ( Sir )
uij 1- ( ftp.j )

" rieche
*
- homomorph .sn , { <Mila)

have more Ways of quantum permnling point ! ( N>4)

Quantum permutation ,
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QUANTUM SYMMETRIE OF N POINTS

N point
"

guantized
"

: ✗
µ :{1, . . .

,
N } compact set

( ( Xv ) = (
* ( ps , _ .. .pe/pi--pE--p?,Epk--1,p;pj--o,i--j)
[

p ; :{ 1, - , N } → E , p ; ( t )
= { 1 ⇐ i

0 Hi

5µA ✗µ : x : Sir × Xu → Xu ,
( 6
,
i ) ↳ Ni )

Gf Au Xu : x : ((Kr ) → ASIN ) ⑦ ( ( Eu ) , Pit> Erni. ⑦ Pk = :p!

Check piz-EUixuie-op.pe = Fai? ① p, =p ! etc
F- die pk

F-
nix

→ Gut is the quantum Symmetry group of N point ! La . Wagners ]
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QUANTUM SYMMETRIES OF FREE INDEPENDENCE

(Classical) independence : X,
Y c- [ (h

,
IP ) random variables

,
E : LT . . .

)→E

→ E-[ ✗
"

Y
"

/ = IEX
"

. EY
"

c- Poly / EX
"

,
EH / a.KINO)

free independence [Voicukscnegöo:| : x
, y c-
A

,
A algebra

, y
: 1-→E 1in

.

→ y ( ✗
"

y
"

✗
"

y
" ' ) c- Poly ( ylx

"

)
, ylyb ) / a. be No)

Classical de Finettithm :(in / „ c- N c-VII. P ) real random variables

(4)nen indep .

,
id

.
distr

.

<⇒ distribution of (Kr) invar. under Sw

Stfree de Finetti Thin. [ Köstler- speicher Zoos} : C)nen free indep, id.dis.tv .

<⇒
. . . N

→ Gut is the quantum symmetry group of free independence !
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REPRESENTATION THEORY OF Sj

Tanaka - Kreis duality for quantum groups [Woronowiczegoös } :

(a) G-_ (A.a) comp.matrixqu.gronp => Rep (G)
"

nice
" tensor category

(b) JG Comp . matrix quiyronp : E- Rep (G)
← C "

nice
" tensor category

(quantum ) group rep . category diagrams
• • ⑧

UN permutation [Schur- Weyl ] • . .

Brauer • • •"
""

"
°" "" P"

""" """"" "
"""

•

'
• ?⃝

"

"%""
quantum . . . of
group, | sie an partition , •

r
. . partition ,

"

• • •

[Danica -Speicher 09] Srf planar Part . [Danica 1990's) . . .

[ Wo ]
Temperley -Of planar pairp . [Danica 1990's) Lieb
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REPRESENTATION THEORY OF Sj

(quantum ) group rep . category diagrams
• • ⑧

UN permutation [Schur- Weyl ] @ • 0

"

easy
"

0N pair partition [Brauer]
Bra"" •

'
• • "

categoviesdiagrans • • .

9"""" | sie all partition ,
•

r
. .

partition ,
"

gronps . . . )• • •

[Danica -Speicher 09] Srf planar Part . [Danica 1990's) . . .

[ Wo ]
Temperley -Of planar pairp . [Danica 1990's) Lieb

Results : [Ddignezoot} interpolation categories Rep (Sz), TEE [Flake-Maaßen 20201 Rep (et)

[Danica
,
Bichon

,
Collins

, Vergnioux , . . . / Fresken - W.
] irrep . of

"

easy
"

g. gronps , fusion vnles1990s 20071200g 2013

[Danica
,
Curran

, Speicher , Tango , Granada , Mang , W. ] Classification of categoriesofpart .
2009/2010 2015 2018-

+ nice von Neumann algebras
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QUANTUM SYMMETRIES OF GRAPH S

Symmetrie off : f- ( { 1,- ,N} , E) , EE Mir ( {0,13) adjacency matrix

Art (f)÷ { GE Sul one = Er } automorphism group

qu . Symmetrie of P : Ap (N) :-(
* (^, uij , ij-1.nu/u--luijImagicunitary,UE--Eu)

[Danica 2005]

Recall : u magic ⇒ uij-uif-ui.gl , Enix = -2415=1,4%4--4444--0 , itj
k

Ant + IM :(Arlit , a) E StN AHN) ← Ask)
v1 v1 ! !

Ant ( M E Sir ( ( Anton )← ( (Gr )

f has quantum symmetrie
:<⇒ AHM # tnttlf ) (⇐ AHN) noncomm)
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QUANTUM SYMMETRIES OF GRAPH S

qui Symmetrie of P : Ap (N) :-(
* (^, uij , ij-1.nu/u--luij)magicunitary,UE--Eu)

f has quantum symmetrie
:<⇒ AHM € tut

+ (f) (⇒ Apk) noncomm)

Ex
.

: a) f =
° °

! ! ! !) ,o o ,
E- (oo oo Ant (f) = Sy G- Sei = tut

+(T) has
gu

. sym .

b) ß =
° °

"
„ 01-40

oo ,
{ =L! ! ! ! ) , u-t.EE.EE/,AntlM=Zz--Ant+lMnogn.sym .

O O 1 0

Results : ho g. sym [Danica , Bichoychenerieir
Schmidt

,
. . .] : Petersen

, Johnson ] (ni), oddgraphs , Hamming Hlnß), . . .2007 2018 -

t
g. sym [ . . . ) : Completegraphs, cycles, lfolded ) Cube , Chebsch , Hamming HAK ) , t >3, . . .

Erdös- Renyi ( IP→ 1) [ Lupini - Mancinska - Robeson , Junk - Schmidt - W. ] : graph s no of. sym .

,
trees g. Syn .

2017 2019

[ Bichou 20031 Art
+ ( Tw

.
. .ws/--Ant4M2*Sj [

. . .
] Computation of Aut

+ (f)
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QUANTUM ISOMORPH / SMS OF GRAPH S

F, Eß :<⇒ 75 permutation matrix : 54=45 , Es , Es adj.
matrices

f. Egf, :<⇒ Zu quantum permutation matrix : UE
,

-

- {zu
✗tserias-Maucisska - Robeson - Sand -Severini - Varvitsiotis 2019]

Recall : U =

luiji.j-y.wc.MN/MmlEDmagicunitary(m--1:uc-S~)Uij--u=

Uig
?
,
2- Uix = -2415=1 , Uixujx-uxih.jo , Ftj
k k

[hpini - Mancinska - Robeson 2017] : % =P, ¥ f. Egf

XA ,✗☐ÜVz
non /ocal

game
[AMRSSV19) : referee - Alice & Bob Hin: - uneins" - Ramazan

YAIYBE V1 ÜV,

Classical Strategy : win (Hip ) c- Es ⇐ (✗
„ yz / c-E) with E- 1 ⇐ f. =P,

quantum strategy : win with E- 1 ⇐ f. Efz
[+Mnsto

,
Reutter

,
Verdon

,
Braunau

,
Paulsen

,
Ganesan

,
Harris
, Eifler, Soltau, Schmidt, . . . ]
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QUANTUM LOVASZ THEOREM

graph homomorphisn : q :P → f hom
.

:<⇒ ④ g) c- E) ⇒ (41×1,44)) c- E ]
llouasz 19671 : DER⇐ UP graph : / { y :P-4? hom

.} / =/ { y :#[ hom .} /

[Mancini. - Robeson aus] : f. EQß⇐ tf
'

planar graph : / { y :P-4? hom
.} / =/ { y :# B. hom .} /

(quantum ) group rep . category diagrams
• @ ⑧

Sie all partition .

'
. .

Sit planar part .
• • •

• so so

Auttlr ) / { y :P→phon .} / bilabelledplanargraphsf
'

„„„„„„„„

| |
QIT (graphisch . game ) ← QG ( rep.tk . Anttlr) ) ← Alg .

Comb
. ( Lovaszthn)
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QUANTUM SYMMETRIES OF (QUANTUM) GRAPH E-ALGEBRAS

graph - algebra> [Cuntz - Krieger 1980s] : / = (V, E) , sie)e- rle)

[ Ses =p)(
*
(f) ÷ ( pr , VEV, se , ec-Etpv-pi-ptsset-se-prcenscey.ir

[Schmidt - V. 20183 : Qsym ( (* ( P ) ) = Autt / f) [ + Danica- Skalski 2013
> Joardw -Mandat 20183 : NCG . . .

quantum graphs [Wezoaygr , Duan - Severini-Winter, Muster - Reutter-Verdon , Braunau - Chirvasitn - Eifler- Harris- Paulsen - Su-Wasikvski] :2013 2019 2020

graph f- ( { 1, . . . > N} , E) : ENI> EN

quantum graph F- ( ( ⑤MAI , -1 ) , Ace) : ÖMKAIÖM (a)
a) Na a) Na 9=1 Na

quantum graph Ö - algebras [ Braunau - Eifler - Voigt - W. 20203 : ( Pq) := . _ .

Qsym ( CMV ) > Anttlfg )
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SUMMARY

quantum permutation Gt -_ Qsym (Npts ) > Sir

!
2 3 !
• • c-tss-I-A-t-fet-QSymlfre.ee independence) (planar)

TOPOLOGY Ct - ALGEBRAS

; ;
• . MEASURE THEORY VONNEUMANNALG

. An.lt/f)--QSym(f)2AnL- (f) (f- ? )3 4 PROBABILITY TH
. FREE PROB

,
QUOPROB

DIFF . GEOMETRY NONCOMM. GEOMETRY

O ff? ! ) O f.?⃝ ! ) (Loc .com?IGR0UPsll0c.coMP.)QUoGR0UPSAntt(f)=QSy- (Eff))
INFORMATION TH .

QU
.
INFORMATION TH.

COMPLEX ANALYSIS FREE ANALYSIS • • •( O EH ! ) o ¥? ! ) ) Replsü ) ← . . .

(planar)

(%) o (! :) 0 f.⇒ E- REM Hit)
Philosophy : commutative ← Classical(! !) o ( ! !) 0 noncoümutatiue ← quintus Rep (Anti

-

(D) ⇒ hom
. counts (planar)

Srf quantum Lovaszthm : Pig ? (planar)

T H A N K S (ref)
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books onyuantnmgwnps : Neshueyev -Tuset , Compact gnantnmgroups and their rep . categ .

,
20^3

Timmermann
,
An irritation to gya-tnmgwnpsa-ddnal.ly , 2008

Gt &
"

easy
"

gugroups : Sh
- Wang, Quantum symmetry gwnps of finite spaces , 1998

Danica
, Speicher , Liberation of orthogonal Liegwnps , 2009

1308.6390
,
1311.7630

, 1312.3857,
1512.00195

,
1901.03266

,
2003.00569 (WT )

Antti) : Bihar
,
Quantum antomovphismgwnps of fhitegmpts , 2003

Danica
,
Quantum antomovphismgwnps of homogenem graph'/ 2005 ( Schmidt )1706.08833

,
1801.02942

,
1810.11284

,
1906.06537

math/0605257
,
kath/0601758

,
math / 0107029 ( Danica - Bichoi)

1911.04912
,
1906.12097 ( V.

+
: Sinkhorn

,compilj)
1504.05671

,
1904.00455 ( Chassaniol)

1712.01820
,
1911.02952

,
2011.14149 (probabihlic )

QIT : 1611.09837
,
1712.01820

,
1910.06958

,
2012.13328 (Mancinska- Robeson)

1609.07775
,
1711.07945

,
1801.09705 (Muster -Reutter-Vado!)

1903.12369
,
1703.00960

,
2009.07229

,
1908.03842

,
2011.03867 Games )

(Ä ) : 1109.6184
,
1706.08833

,
1711.04253

,
1811.08735 (ysyn E- lgraphsl)

1005-0354
,
1002.2514

,
1711.07945

,
1811.11474

,
2009.09466 ( gn - graphs )


