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WHAT IS A QUANTUM GROUP?

Hopf algebras

+ ...

Nichols algebras

locally compact quantum groups
compact quantum groups
compact matrix quantum groups

“easy” quantum groups

Deformation:  xy = yx — xy =qyx, qeC
Liberation: Xy = yx — %)
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CMQG: DEFINITION & FUND. THM.S

Defl n itiOn [Woronowicz 1980s]

Let NeN. G = (A,u) is a compact matrix quantum group (CMQG) <
o A is a unital C*-algebra with A= C*(uj;,1|i,je{1,...,N})
o u=(uy) and i = (uj;) invertible N x N-matrices in My (A)

o AtA->ARA uj+~ Zf(vzl Uik ® uyj *-homomorphism

Fundamental Theorem of CMQG  woronowicz 1980s]

G = (A, u) compact matrix quantum group with N € N.

A commutative <= 3G ¢ GLyN(C) compact group: A= C(G)

Azc©)

\ >
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CMQG: DEFINITION & FUND. THM.S

Definition [Woronowicz 1980s]

Let NeN. G = (A,u) is a compact matrix quantum group <=
o A is a unital C*-algebra with A= C*(uj;,1|i,je{1,...,N})
o u=(uy) and i = (uj;) invertible N x N-matrices in My (A)

o AtA->ARA uj+~ Zf(vzl Uik ® uyj *-homomorphism

A

Fundamental Theorem of CMQG  woronowicz 1950s]

G = (A, u) compact matrix quantum group with N € N.

A commutative <= 3G < GLyN(C) compact group: A= C(G)

Theorem [Woronowicz 1980s]

There is a dense Hopf *-algebra Ay € A with
A|A0 :Ao — Ao ®A0,€(Uz¥) = 5,3-,5(u}j’-‘) = (uﬁ-“ .
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CMQG: EXAMPLES

Example (Symmetric quantum group) (sn. wang 19905

v = (As(N), u) compact matrix quantum group with

AS(N)—C(UU,1|UU—U U,Eu,k—Zukj—l) - C(Sy)

Sy c Sy quantum permutations
. 14
W A\
N (1 -1
0 2\1 1 0 2\-1 1
0100 o il -1 0 N
0 0 0 1 2\-1 1 2\1 1
1 0 0 O 1 0 0 0 0 0
0 0 1 0 0 O 0 1
0 0 1 0
0 1 0 0 0 0
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CMQG: EXAMPLES

Example (Symmetric quantum group) sn. wang 1s0s]

v = (As(N), u) compact matrix quantum group with

As(N)—C(UU,1|UU—U U,Eu,k—Zukj—l) - C(Sy)

Example (Free orthogonal quantum group) (sn wang 1990s]

v = (Ao(N), u) compact matrix quantum group with

Ao(N) = C*(uj, 1| ujj = u,-j-, Z Uik Uj = Z ugiugj = 905) > C(Op)
P K

algebraic relations solutions in C: group
solutions in My(C): quantum group
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CMQG: SOME ASPECTS

o Have quantum versions Sy € Sy, Oy € Oy, Uy € Uy, ..

o Associated “reduced” C*-algebras Creq(G) and von Neumann
algebras [_(G) are interesting [Banica, Vaes, Vergnioux, Brannan, Freslon,...]

o Sy, Of), Uy yield quantum symmetries for free probability or Connes's
noncommutative geometry [Kostler, Speicher, Curran, Banica, Goswami,...]

o Sy is a Calabi-Yau algebra of dimension 3 [Bichon, Franz, Gerhold...]

o (Hochschild) cohomological dimensions of Sy, Oy, Uy are 3
[Thom, Bichon, Franz, Gerhold, Das, Kula, Skalski,...]

o [2-Betti numbers of Sys Oy and Uy known:

(2) — (2) +) _ [Vergnioux, Collins, Hartl, Thom, Bichon, Raum, Kyed,
P 0 except 51 (UN) =1 Vaes, Valvekens,...]
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“EAsY” QG: SCHUR-WEYL/TANNAKA-KREIN FIRST

(quantum) group

representation category

diagrams

Un

On

Sn

[Woronowicz 1980s]

permutations
(Schur-Weyl)

pair partitions
(Brauer diagrams)

all partitions
of sets

noncrossing
partitions

noncrossing
pair partitions

LIPS
:

i

t

N
:
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“Easy” QG: DEFINITION

Denote by P(k,/) the set of partitions on k upper and / lower points.

Definition [Banica-Speicher 2009]

A category of partitions is a set C € Uy jen, P(k, 1) which is closed under

tensor products composition

229 | LA N A SR A \d

® = P ? if
VAN S| A = 3 L :=%“_f_7
Eba

i

involution

and containing I and [}

Example
(a) all partitions,  (b) pair partitions,  (c) noncrossing partitions (NC)

(d) noncrossing pair partitions, (e) {p € NC| blocks of size 1 or 2}
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“Easy” QG: DEFINITION

Definition  [Banica-Speicher 2009]

A category of partitions is a set C € Uy jen, P(k, 1) which is closed under
tensor products, composition and involution, containing also I and 17}

Definition [Banica-Speicher 2009]

A CMQG G = (A, u) with Sy € G € O}, is ,easy”, if its representation
theory is given (via Tannaka-Krein) by a category of partitions C:

Mor(u®*, u®") = span{T, | peCn P(k,1)}

Here, Mor(u®k, u®") := {T : (CN)®k » (CN)®/ linear | Tu®* = u®'T}.

“easy” QG — categories of partitions
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“EAsy” QG: THE MAP T,

Definition of T, : (CN)®k — (CN)®! as follows.

To(en®...®¢€;):= _Z.5,,(,'1,...,ik;jl,...,j,)ejl®...®ej,
J15---0d1

Then: T,u®*=u®'T, — relations on the uj;

crossings «—> commutativity relations
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“EAsY” QG: SIDE REMARK (DELIGNE CATEGORIES)

Idea [peligne 2007): Weight for loops teN — teC
(quantum) group | representation category diagrams
Un permutations

ZJE

(o]

(Schur-Weyl)

E

On pair partitions
(Brauer diagrams)

J
AP
C

Sn all partitions
of sets 5 b oo

Sy noncrossing P e T P9
partitions 53 ¢

Oy noncrossing

N
:

pair partitions

Categories of partitions — many new interpolating categories

[Flake-MaaBen 2020]
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CLASSIFICATION OF “EASsY” QG: THE SPIRIT

“easy” QG «— categories of partitions

Flavour: There are exactly two categories
of noncrossing partitions containing

1. Case: Cc NC, Lec, fTlec
Then: C={pe NC| blocks of size 1 or 2}

2. Case: CCNC, Lec, [Tlec
Then: C=NC

Denote by P(k. /) the set of partitions on k upper and / lower points.

Definition  (sanica-speicher 2009)
A category of partitions is a set C S Uy e, P(k. 1) which is closed under
tensor products composition
v
® = Al il 13
° LY 1 =
P BH SR B g

involution b oo
*

and containing | and Tl

Example
(a) all partitions, ~ (b) pair partitions,  (c) noncrossing partitions (NC)
(d) noncrossing pair partitions, (e) {pe NC | blocks of size 1 or 2}
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CLASSIFICATION OF “EAsY” QG: ORTHOGONAL CASE

TheOrem [Banica-Speicher 2009, Banica-Curran-Speicher 2010, W. 2013, Raum-W. 2016]

Orthogonal “easy” QG (i.e. Sy € G < Oy;) are completely classified:

Categories of partitions Quantum groups
>< {all partitions}, {|b| =2}, {|b| = 1 or 2}, Sn, On, By,

{|b| even}, {|p| even}, Zy 2 SN, SN x Lo,

{|p| even, |b| = 1 or 2} By x Z

{NC}, {NC,|b| =2}, {NC,|b| = 1 or 2}, S Ons By,

{NC,|b| even}, {NC,|p| even}, Zo v Sy, SRy % Lo,

{NC,|p| even, |b| = 1, 2}, {+ leg dist. even} |By x Zs, By * Zo
X {|b| =2, leg dist. even}, ... Opn, BysHys - -
% use (Zo)*N - T [ Sy

use YT THT- 1]
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“EAsy” QG: UNITARY CASE

How about Up? | A S
Non-Hermitian: = (uj) # (u}) =: @ / b ¢|>

Definition [Tarrago-W. 2016]

A category of two-colored partitions is a set C € Uy en, P°° (k, 1) closed

under tensor products, composition, involution, containing I and r]
.

Definition [marrago-w. 2016]

A CMQG G = (A, u) with Sy € G € Uy, is ,easy”, if its representation

theory is given (via Tannaka-Krein) by a category of two-col. partitions C:

Mor(u®i...Qu,u®...® ) =span{T,|peCn P>*(k,I) colored

}

v

unitary “easy” QG <«— categories of two-colored partitions
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CLASSIFICATION OF “EASY” QG: UNITARY CASE

Theorem [Tarrago-W. 2018, Gromada 2018, Mang-W. 2019, 2020]

Unitary “easy” QG (i.e. Sy € G ¢ Uy) are partially classified:

Categories of partitions

Quantum groups

X {all two-col. partitions}, {+|b|=2and § 1}, |Sn, Un,
rules on block sizes and colorings Sy x Zy, ...,
way more noncrossing ones v Uns

5[‘{—[ X Zk"s[-{—l *Zkl
(SKI *Zd) X Zk,..

X use D ¢ (No, +)

T

i ‘

many Uy, versions

rules on block sizes and colorings
and crossings
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CLASSIFICATION OF “EAsY” QG: SUMMARY

Cases orthogonal M; unitary
(complete) Uq-—“ﬁ' (ongoing) Mfﬁ“-‘?

groups

(2bobo) S 0y Sx2 V. |+t sy xz.

f“ree case S;’OA’L,IS:KZ,. / + H:;, S:,—XZ,”._. /

honcros.‘ub

half-liberated
( dlac =cC La)

other cases

OF ... \/
P, 2050 Ve

bnany ( (3 SWOF('» /
(4
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