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CONTEXT / BACKGROUND

Fundamentalist: A united Ct - algebra .
A- commutntive ⇐ ZX compact : AECCXI :-. { f :X→ Gant .}

Def . ( Voronowicz 1980 s ) : NEIN .
G- (Au) compact matrix gurgoroup,

if lit A- = (1) uij , sei , je n )
( CMQG)

"i ) * luij ) , ^
.
.
.
.
" ,

ü - ( " iF ) %.. - n
EM

"
(A) invertibk

(iii ) D : A-→ A- ①min A
, uij HIE 4in ⑦ Uicj

*
- how

.

Fundamental Rm ( Woronowicz 1980) : ( Au ) (MQG .

A commntatiue ← IG EGL.IE ) compact group : AECCG )
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QUANTUM PERMUTATION S

Def . ( Wang 1990) : Sat (CST) , n) free symmetrie gn . group
( CST) : = ( * ( 1, uij , AEIJEN tuij - u = uij

?

, Knin :[ Ukj = 1)
Check : SE is a CMQG ✓ ?! "" "%: rün

"i ) " =L uij ) , ^
.
.
.
.
" ,

ü - ( " iF ) % .. - n
EM

"
(A) invertibk

Iiii ) D : A-→ A- ①min A
, uij HEE 4in ⑦ Uxj

*
- how

.

Check : Jesu EGLNIG) permutation matrix

⇒ rij = RT = rij
? ( i. e. srij c- { 0,1 } )

& Erik = ? 4- = 1

Henn : ( CST )→ ( Csu ) → Su E Sst
" ij Ins evij more quantum permntalrus !
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QUANTUM PERMUTATION S

permutation quantum permutation
54 ¥ seit
U T "

U
"

7T :( ( Sf ) → EH, p, gpwjections )
" "

o % ) o III)
⇒ C) noncommntat.ve (Ptt TP )

0 1 O O ⇒ asü) # as)

l : : : :) ¥:*:::*:)
(: :) o lt :) o
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QUANTUM PERMUTATION S

Sat as the quantum symmetry group of n point :
n ponts → Xn - { 1. . . .

,
n }

→ ( ( XNKE " = Lps . . . - pnpoj.li?pr--1 )
5nA Xn : a : Sax Xn → Xn

,
Cr

,
i ) ↳ Ni )

Satz X. : a : ( (k ) → US ( ( K )
, Pit>Eni . ④ Pk
-

×
*
- home : pi

?
= ! Ui , nie ① p.pe u

= :p?

sntmaxiniw.am, a.*. . !
=:p.

" =P !

EÄPEN : ZG cuas : sn # ↳ § # ?
" ±: :"
& Wij ↳ [ Wir ① Wicj

&
- hom

.
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QUANTUM SYMMETRIE OF QRAPHS

D= ( { 1. . . - in} , E) finite graph with adj . matrix EEM " ( { 0,1 } )
Aut (M : = { re Sn | TE = Er } E Sn automorphismen group

(Symmetrie off)

Def . ( Danica 2005) : Ant TV ) quantum automorphismen group
( ( Ant TM) : = ( + ( uij In = u = uij

'

, Knin :[Uicj = 1) " E- Eu )

Autt IM E Sat ( ( Antti ← ( CST )
UI UI

Art IM E su ( ( ÄHM )← ( II )
ß has quantum symmetrie :<⇒ AHM # htt (KATH)) noncomm)
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QUANTUM SYMMETRIE OF QRAPHS

D= ( { 1. . . - in} , E) finite graph with adj . matrix EEM " ( { 0,1 } )
Aut (M : = { re Sn I 5E = Er } E Sn automorphismen group

(Symmetrie off)

Def . ( Danica 2005) : Ant TV ) quantum automorphismen group
( ( Ant TM) : = ( * ( uijtuij-uij-uijzg-u.ie :[Uicj = 1) " E- Eu )
UE = EU ⇐ ( Ui ich je = O if Eij # Eve )

By the way : C ( Ant
* ( M ) : = ( * luijl . . . & uikuje-ujeuikifzij-4.it )

tut E tut * IM e- Auf TV ) [ Bichon 20033
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QUANTUM SYMMETRIE OF QRAPHS - HAS QSYM

F- ( { 1, - in} , E) finite graph with adj . matrix EEM " ( { 0,1 } )
( ( Ant TV )) : = ( * ( uijtuij-uij-uij3-uir-%4cj-1.uE.cn )

O O

a) P =
oo

n point : AHTP ) = SI # Su
,

n > 4

→ has gs ) "

b) P = ! ! auf ! ! ! ;) HATT → ctlpgpoj )

⇒ cctttr "" .

" '→ %!!;)
→ has gs ) "
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QUANTUM SYMMETRIE OF QRAPHS - HAS QSYM

D= ( { 1. . . - in} , E) finite graph with adj . matrix EEM " ( { 0,1 } )
( ( Ant TCM) : = ( * ( uijtuij-uij-uij3-u.ie :[Ulcj = 1 , " E- Eu )

Ihm
. ( Schmidt 2020) : P has two disjoitautomorphisms ⇒ has qsym

4. izetntrldisj.it :< ⇒ Hier : ¥ ! )
O O O

not :-. ii. ) → auf:]: o )
O O 1 O O 1
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QUANTUM SYMMETRIE OF QRAPHS - HAS QSYM

c) Fan = !!!! ! fddedabe , disj . anton :

"

.
! !!! ! !

→ has
gsym , i. e

.

Ant ( Fa) # Anttl Fan ) = ?

Thm
. ( Schmidt 2020 ) : Antt ( FQN) = 50T ,

n odd

'⇒ ÷:
"" " ÷:*: : ¥: :*
× : ( ps . . . . peu ) → LIG ) ⑦Olpe, . . . pv ) , pits ? Uni ④ Pk

uij satisfy 50T relations ⇐ a exsts
,
us = Eu N=/ veltins of FQNI

Henn G-- 50T maximal with this action
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QUANTUM SYMMETRIE OF QRAPHS - NO QSYM

:P
=

° ° ° ° Petersen graph
t

Danica - Bichon 2007 :

° o

has
gsym ?

O 0

Ihm
.

( Schmidt 2018) : The Petersen gmph has no gsym .

Proof : graph pwpolies :

;
je in gien ⇒ X

4) gieren X ⇒ 7 !

" ii "ei = Uli Uii in the case ;
° X oe i.

o X oe' since :

Uiiuei = " ii (Ears) "ei = " iiuriltei " ii ""' "ein = " iihisefjiadj.int !
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QUANTUM SYMMETRIE OF QRAPHS

SUMMARY ON THE EXISTENCE OF QUANTUM SYMMETRIE :

9 futegmph
Show that uijwmmnte \ QSYM ?
- e.g. has disj . anton .

(Schmidt : Tools)
no

< -

yes fhdagnantnmgwnp G
actng on 9Ja
,
ach ach f) G

what BAHN ?

Criteria for endend of qsym ? . disjoist anton . 1810.11284
• Shekhar- typealgaithm 1911.04912
• Computer algebra tools 1906.12097

• 2503.14159
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QUANTUM SYMMETRIES OF GRAPHS

SUMMARY ON THE EXISTENCE OF QUANTUM SYMMETRIE :

no qsym : Petersen
,
old grnphs Ok , Hamming Hlnß ) , Johnson Jlnz) , Ihnen Kln , 2) ,

["""dt
Moore (diamefe 2) , cubic distance - transitive ( oder > 10) , Pg , Pss, Pn , Shri khande , . . .
PEN : JA , 3) , Jlyk ) ( k :D, Pyle , B. (kn) Tutte 12- cage , . . .

have
gsym : complete graph , complete bi parkte , cycles , cube , fdded cute FQN Gold ),

%! a)ich,) Ketsch, 4×4 wolds , crown graph, Hamming Hln ,H ④ 3)
, Hyman - Sims, . . .

PEN : tut IFQN ) = ? (neuen ) , htt 144 wok's ) = ? , Hyman - Sims , . . .

PEN : What is AT "

gnantmaltonatj group
" ? -39 : AHM =An

,
has gsym ?
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FURTHER DIRECTIONS

PROBABIILISTIC STATEMENTS

have Symmetrie , have quantum symmetrie

graphs IP-so as µ-so IP-so as µ→ •
-

Erdöls - Renyi 1963 Lnpini - Mancinska - Robeson 2017

trees IP -71 as N-so IP -71 as N-so
Erdös - Renyi 1963 Junk - Schmidt - W. 201g

charly futtert > { e } ⇒ AHM = fe }

PEN : ⇐ ? 79 : AHM > Ee }
,
Atmete } ?
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FURTHER DIRECTIONS

QUANTUM ISOMORPHISMS OF GRAPHS

Def . (Atserias-Mauahska - Robeson - Sand -Severini - Varuitsiotis 2019) : f. = ( Vi
,
Ei )
,
14 f- ni-1,2

↳ Eg ß :<⇒ JIT:( IST )→ A
,
A some E - algebra : Fln) 4=4*14 )

-

@ .] .

! ✓ E µ
m
( Mus (€ )) WIR F- ( E ! - in } , E) finde graph with adj . matrix EEM

"
( { 0,13 )

Aut (M : = { GE Su I TE = Er } E Sn automorphismen group
( Symmetrie off)

Def . ( Danica 2005) : Ant TV ) quantum automorphismen group

Vij = V,

= Vi) , [Vik = [Vkj =/, ✓{
1
= Ez✓ HATT Etui, Kira ⇒ ii , :< air -

- Ears. -1 , neu )

if m --1 : v permutation matt
f =P, = > f. Earth there are graphs which are quantum
#

isomorphie but not isomorphie !

Ei PEN : smaker example ? ( 14716 )
1712.01820
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FURTHER DIRECTIONS

QUANTUM ISOMORPHISMS OF GRAPH S

Def . (Atserias-Mauahska - Robeson - Sand -Severini - Varuitsiotis 2019) : f. = ( Vi
,
Ei )
,

/ Vith
,
i-1,2

ß Eg ß :<⇒ JIT : Cl Sat )→ A
,
A some E - algebra : Fln) 4=4*14 )

non Local game : o gieren ß = ( Vs , En ) , 7=14 ,
Ez )

, 141441
-

• referee gies VA
, 4g E Vs ÜVZ to Alice & Bob

• Alice & Bob reply with wa , wg C- Vs Ü Vz

• wir
, if ( { 4,4 , WA, Wß } nvi 1=2 & liked n ß⇐ liked in ß

Ihm
. ( AMRSSV 20^9) : Alice & Bob vis with quantum strategy # f Egk

note : Alice & Bob wir classic ally# DER
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FURTHER DIRECTIONS

A QUANTUM LOVASZ THEOREM & INTER TUNER SPACES

Rm
. ( Louasz 1967 ) : ME ! ⇐ HH graph : Ify : H→ Ps hom.IE/fy:H-sPzhom.H

( recall : y : H →P graph hon . ⇒ ( i - j ⇒ yli ) -ylj ) ))

RmlMancini. -Rotermund:! Eß ⇐ HH planar graph : I { y : H→ Ps hon) =/ { y : H→ Pz how)
or

this ausweis an old guestion on Lanz's Theorem : are planar graph enough ? no !

Beides
,
Mancinska & Robeson describe the representation theory (aka Hertie Spaces ) :

Markttag (na ,ad ) = span { Ty I y homomorphisms from planar graph, to P}
→ Mor

#
B well - known : span ftp.lpnoncrossig/planar partition of sets}

more systematicaß :
"

easy
"

genautun gonps with More
, coney fonpartihws.EE
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FURTHER DIRECTIONS

LINKS WITH GRAPH E-ALGEBRA S
,
QUANTUM GRAPHS

Ihm . ( Schmidt -W
.
20^8) : Qsym ( CH = Auf TG)

kenn 9h CHP) respect the gnantnn symmetrie of P
IM :-. Ct ( pvpwj.VN ; separt-dison.pEEIsese-prce.SE?efe=pv)wherer.s:E-V are range and source map ( if statt ¢)

Proof 1.) EIN → CCAHTM ) ⑦EV )
Pr ↳ E.Yu ④ ß# , se '→ ¥,Usus(f)

"
rcesrlf ) ① Sf

is a (4ft) action ( and we also have one from the right
e.) EIN → Clueso) htt rishtactuasasae ¥:

Consider a : Elm . . - Pv ) → < (G) ⑦ ( P" - PN ) - Pi %. ⇐ an ,

⇒ uijc.CH/satisfyrelatiasofc(AutTM) i: ÷: - n

-
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FURTHER DIRECTIONS

LINKS WITH GRAPH E-ALGEBRAS
,
QUANTUM GRAPHS

Ihm . ( Schmidt -W
.
20^8) : Qsym ( CH = Auf TG)

kenn 9h CHP) respect the gnantnn symmetrie of P
IM :< Ct ( pvpwj.VN ; separt-dison.pEEIsese-prce.SE?efe=pv)wherer.s:E-V

are range and source map ( if statt ¢)

Def . ( Braunau - Eifeler - Voigt - V. 2020) : f Ins (f) edens.ba to gnantnmgraphs
graph F- ( KE ) , Wkn → Gina" adj . matrix

V. gar r :

.

an
,

Es
.

an
.

" , EÄJ
have AHV) for gn - graph , have dightlyweaku statement QG.nl HAHN )
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FURTHER DIRECTIONS

Ei PEN : tuttle) = ?

THEN KS
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