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CONTEXT: ,,QUANTUM MATHEMATICS®

Classical Quantum
Topology C*-Algebras (Gelfand-Naimark 1940s]
Measure Theory Von Neumann Algebras imurray-von Neumann 1940s]
Probability Theory Free Probability Theory oicutescu 19805

& Quantum Probability  iaccerd, Hudson-Parthasaratny 1970¢]
Differential Geometry Noncommutative Geometry [Connes 1980s)
(Compact) Groups Compact Quantum Groups  Moronowicz 1980s]
Information Theory Quantum Information Theory (Feynmann, peutsch 1980s]
Complex Analysis Free Analysis .Layior 19705

Ist Fundamental Theorem of C*-Algebras (Gelfand-Naimark 1940s)

A unital C*-algebra.

A commutative <= 3X compact: A= C(X):={f:X - C cont.}
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CONTEXT: ,,QUANTUM MATHEMATICS®

Classical Quantum
Topology C*-Algebras  (celfand-Naimark 1940s]
Measure Theory Von Neumann Algebras  muray-von Neumann 1940s]
Probability Theory Free Probability Theory oicuescu 1980s)

& Quantum Probability iaccardi, Hudson-Parthasarathy 1970s]
Differential Geometry Noncommutative Geometry [connes 1s80s]
(Compact) Groups Compact Quantum Groups  Moronowicz 1980s]
Information Theory Quantum Information Theory  (Feynmann, Deutsch 19505
Complex Analysis Free Analysis w.LTayior 1970

Philosophy behind Quantum Mathematics:

commutative algebras <= classical situation

noncommutative algebras <= quantum situation
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INTRODUCTION TO C*-ALGEBRAS: EXAMPLES FIRST

Example (Algebra of functions)

Let X be a compact Hausdorff space.
C(X):={f:X - C|f continuous}

has nice structure:
o algebra (ptwise oper.): multiplication (fg)(x) = f(x)g(x)
addition (f + g)(x) = f(x) + g(x)
scalar multiplication (Af)(x) := AMf(x), Ae C
unital: 1(x) :=1 for all x € X (constant map)

©

f*(x) = f(x) complex conjugation

©

o supremum norm | f | s := sup,.x|f(x)]

©

complete with respect to this norm
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INTRODUCTION TO C*-ALGEBRAS: EXAMPLES FIRST

Example (Bounded linear operators)

Let H be a Hilbert space.
B(H):={T:H - H| T linear and bounded (aka continuous)}

has nice structure:
o algebra: multiplication (ST)(x) := S(Tx) (composition)
addition (S + T)(x) := Sx + Tx
scalar multiplication (AS)(x) := A\Sx, A e C
unital: 1(x) := x for all x € X (identity map)
T* adjoint: (Tx,y) =(x, T*y) for all x,y ¢ H

operator norm | T || co := SUPyeps x=1 | TX|

©

©

©

©

complete with respect to this norm
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INTRODUCTION TO C*-ALGEBRAS: DEFINITION

Definition (Gelfand-Naimark, Segal 1940s)

A C*-algebra A is

Qo

Qo

Qo

Qo

Qo

an algebra over C

which may or may not be unital (today: always unital)

with an involution * : A - A

ie. (Aa+pub)* =X a*+ab* for \,ueC, (ab)* = b*a*, (a*)* =a
and a norm satisfying |ab|| < |a||||b|| and |a*a| = |a|?

complete with respect to this norm (i.e.: A Banach algebra)

Example

Qo

Qo

Qo

C(X) with [-|sup
B(H) or My(C)
every closed (unital) *-subalgebra A< B(H)
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INTRODUCTION TO C*-ALGEBRAS: MORE EXAMPLES

Example (rotation algebra/noncommutative torus)

H separable Hilbert space, ONB (ep)nez, ¥ € R.

Ue, = €™ e, = \"e, Ai=e?™ e C
Ve, := eni1 bilateral shift
Ay :=C*(U,V)c B(H) smallest closed *-subalgebra

Check (easy):
o UV =XVU

o U and V are unitaries <= UU* = U*U =1
< U surj. and isometric (||U| =1), i.e. Hilbert space isomorphism

Check (hard): Given any u,v € A with uv = Avu, u, v unitaries, we have:

Agz C*(u,v)cA
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INTRODUCTION TO C*-ALGEBRAS: FUND. THM.

Ist Fundamental Theorem of C*-Algebras (GN 1940s)

A unital C*-algebra.

A commutative <= 3X compact: Az C(X):={f: X - C cont.}

Proof (rough sketch for =):

©

X :=Spec(A) := {¢p: A—> C| ¢ algebra hom., ¢ # 0} compact H.dorff
o Define x : A— C(X) by x(x)(¢) := p(x)

o check (easy): x algebra hom.

o check (less easy): any ¢ is *-preserving and so is x

o check (hard): x isometric (in particular injective)

o use Stone-WeierstraB: x(A) is a closed unital *-subalgebra of C(X)
separating the points = X(A) = C(X)

O]
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INTRODUCTION TO C*-ALGEBRAS: FUND. THM.

Ist Fundamental Theorem of C*-Algebras (GN 1940s)

A unital C*-algebra.

A commutative <= 3X compact: Az C(X):={f:X - C cont.}

Getting back to the rotation algebra
Ay = C*(u,v | u, v unitaries, uv = 2™V vu)
What happens for ¢ = 0? Then:
uv = vu
Thus, by the 1st Fundamental Theorem:
IX Ay 2 C(X)
What is X in this case? It is T2, the torus. Hence for ¥ € R\{0}:

“Ay = C(’]I%)" noncommutative torus
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INTRODUCTION TO C*-ALGEBRAS: FUND. THM.

Ist Fundamental Theorem of C*-Algebras (GN 1940s)

A unital C*-algebra.

A commutative <= 3X compact: Az C(X):={f:X - C cont.}

Continuous functional calculus for free:

A unital C*-algebra, x € A with x*x = xx* (“normal”).

Then C*(x,1) € A commutative (smallest C*-subalg. containing x and 1)
Thus, there is an X (in fact, the “spectrum of x") and an isomorphism:

®:C(X) > C*(x,1)c A

Hence, we can “apply” continuous functions to x, for instance \/x or log x
(if the spectrum is nice), simply by putting f(x) := ®(f) € A for f € C(X).

= NG90
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INTRODUCTION TO C*-ALGEBRAS: FUND. THM.

Ist Fundamental Theorem of C*-Algebras (GN 1940s)

A unital C*-algebra.

A commutative <= 3X compact: Az C(X):={f:X - C cont.}

2nd Fundamental Theorem of C*-Algebras (GN+Segal 1940s)

A unital C*-algebra. There is a Hilbert space H and an injective
*~homomorphism 7 : A — B(H). Hence, we have:

Az m(A) c B(H)
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DYNAMICAL SYSTEMS AND CROSSED PRODUCTS

Definition

A C*-dynamical system is a tripel (A, G,«) where A is a C*-algebra, G is
a compact group and a.: G — Aut(A) is a cont. group hom.

Dynamical system for topological spaces:

o X compact space, ¢ : X - X homeomorphism (bij., cont., ™! cont.)
Then: C(X) - C(X), f — f oy automorphism (bij. *-algebra hom.)
Assume ¢ depends on t € Z (or t € R), i.e. ¢ : X — X; put ¢ :=id
Assume @5t = s © Y
Then: A=C(X), G=Z, a:Z - Aut(C(X)), ai(f):=fop:

(Note: Aut(A) is a group with respect to the composition)

© 06 0 ©

Example
YeR, X=5':={zeC||z|=1} cC sphere, ¢ : S - S1, z > &>tV7 J
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DYNAMICAL SYSTEMS AND CROSSED PRODUCTS

Definition

A C*-dynamical system is a tripel (A, G,«) where A is a C*-algebra, G is
a (locally) compact group and o.: G — Aut(A) is a cont. group hom.

Goal: Want to have a C*-algebra A x, G containing the whole
information on the C*-dynamical system.

Quick look at Aut(B(H)): Let U e B(H) be unitary (UU* = U*U =1).
T UTU*

is an automorphism of B(H) (with inverse T — U* TU)
Can show: All automorphisms of B(H) are of this form (“inner”)

Strategy: Add unitaries u; to A to make all o € Aut(A) inner
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DYNAMICAL SYSTEMS AND CROSSED PRODUCTS

Definition

A C*-dynamical system is a tripel (A, G,«) where A is a C*-algebra, G is
a (locally) compact group and o.: G — Aut(A) is a cont. group hom.

Definition (informal)

Assume that G is discrete (for instance: G =7). The crossed product
Ax, G is given by adding elements u;, t € G to A such that:

o the u; are unitaries: usuf = ufuy =1
o the unitaries respect the group G: usuU; = Usy¢, Uy = Up1

o the unitaries make the o inner: a(a) = urauy
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DYNAMICAL SYSTEMS AND CROSSED PRODUCTS

Example

Consider 9 € R, X = S' c C sphere, p;: St - S, z > >tV 7,
C*—dyn. syst.. A= C(Sl), G=7Z,«a:7Z— Aut(C(Sl)), Oét(f) = focpt
Note: ay =1 0...01 fort>0anda,g:oqlo...oq1 fort <0

Add a unitary uy to C(S') with ay(a) = v1au; and put uy = ut
Then: uy are unitaries, usu; = Usit, Uf = Up-1, ap(a) = upauy

Check that v :=id: St — S? is a unitary element in C(SY) with
a1(v) =voy =idoypy = e2mVid = e271y  Hence

e2™i0y = a1(v) =wmvu; < wv= 2™ vy

from which we infer:
Ay = C(S) %, Z
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DYNAMICAL SYSTEMS AND CROSSED PRODUCTS

Some facts about crossed products:

o Note that C(X) x G may be noncommutative (see Ay)

o| Takai duality:| (Ax G) x G = A® K(H)
where G is an abelian group, G := {t¢) : G » C group hom.} is the
dual group and K(H) compact operators on some Hilbert space

(Compare with Pontryagin duality: G = G for abelian groups)

o‘Gootman—Rosenberg—Sauvageot Theorem: |In the classical situation of
a compact group G acting on a compact space X, if things are nice
(G amenable, second countable, G acts “freely” on X), we have:

C(X) x4 G simple (i.e. has no ideals) <= G acts minimal

JOIN!l W,
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