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Th" ( Groh
,
1984*8 . het A be C- Ab ,

TEL (A ) Schwarz Op with -1111=1 .

Then t
.f. a. e. :

(a) T uniform Iyerg + dim Fixt) < oo ;

er
(b) T quasi - compact ;

(c) each ✗ c- F. (T) is pole of Rest , -1)

[ of ordert ]
and dimkerla -T) ⇐ d) < oo

*

[Groh, U (1984 ) Uniform§ ErgodicMaps on C-Algebra ,
Israel Journal of Mathematics]



POSITIV ITY : Commatatiue setting

all operators
over a ja positive

T (A) C- ¥
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1-(a) EHTIITGia)



POSITIV ITY : Non -commutatiue setting

all operators
over a (±algebra schwang

completely
positive

(
positive

- Complete ly positive operators occurinatural.ly ' .
-

schwarz operators : suitable generalis ation .

Example
nun nur

It a - dim
,
Ui C- ICH ) isometrie

,
ie I

with a?uj = Ö;;
- N and £ nie:* =P .

if I

it :=L (H ) non- 0mm. anital E-algebra

Tn : = Eadie
;
E L (A)

i. I

is schwarz with F- (A) =P .



Th" ( Groh
, -1984) . het et Genital C- Alg ,

TEL (A ) Schwarz Op with -1111=1 .

Then t
.f. a. e. :

(a) T uniform Iyerg + dim Fixt) < oo ;

er
(b) T quasi - compact ;

(c) each ✗ c- F. (T) is pole of Rest , -1)

[ of ordert ]
and dimkerla -T) ⇐ d) < oo

Profan
(b) ⇒ (a) :
Hobbs for T contract.ie over Danach sp.

G. Cor VIII.8.4 [Dunford-Schwartz (1958) linearOperators] .

(c) ⇒ (b) :
Hobbs for T contract.ie over Danach sp.

Cf. precious Slide .



APP ROACH (a) ⇒ (c)

A united als ;
TEL (A) Schwarz , -11=1 , T uniform ergodic .

Toshio/
each XE dim Eigensp
are poles

, :¥ =D

dimlx- T) < d .

. < an .

FIG 1
. Spectrum of T .

STEP 1 . apply Ultrafilters + more to
WEsetting :p

STEP 2 . obtain domination results in W#setting ;
STEP 3. Transfer back to TTT



Proof of -1ha : STEP 1 .

Space Properties Operator Properties .

A E- Alg T 1-↳ 1-
, Schwarz ,

with unit u - eng .

CEAIgjdi-dimfixi-ga.ci
Ultraproduct with unit

AN

* *

WpHg f- ** ••

double dual
-

(univ. envdoping
algebra )

ULTRA PRODUCT

rc-il-rc-landEE-ET-ilc-rpj-fdltraf.it/-erturnsapprox
seq.in/-oEigenvectors.



Pr

.co/-ofThm-etd...Sepn-Gemma . het
- E be Banach Sp -

°

,
- S E LCE ) conTraction ;
- ✗ € g- (s ) Eigenbau .
Then Kerk- s*) separates Kerk-s ).
In particular : dim Kerk- s) < dim Kerk-E) .

Pf. het VE Kerk-s) cl . subsp , E- Kerk
-SKV

.

Tofind : vj ES
*
sit . Ü c- Kerk-8)

,
*

Ülv = 0, Öko) -1-0 . **

By Hahn-Banach, ] YE s
. t.HU/l--1,satisfiying ** .

•

. :(Lili

•

✗
Set Y; :-(ai - a)Des Cai ,E)µ.
-
in unit ball of {

*

als
*

) -

By WE compactness (Yi ); has a clusterpt . Ü.
Since

-

Ki - d) n = Ki -s) x for seeker(x-s),
Ä /Kerk- s) = µ / Kerk-s) .

⇒ easy to see 4- satisfies * + ** .



Proof of Tha ctd . . .

Sept Lemma . het
- E be Banach Sp -

°

,
- S E LCE ) conTraction ;
- ✗ € g- (s ) Eigenbau .
Then Kerk- s*) separates Kerk-s ).
In particular : dim Kerk- s) < dim Kerk-E) .

Application 1 (for Tha) Eiaenuahu
Gf . Ist part of talk)

.IE?E-iTs:--F*;a:--T
- Then E * = ☒

**

,
s
*
= F.**

⇒ dim Fix (F *) ⇐ dim Fix (F
* * ) =D



Proof of Tha : STEP 2 .

Lemma ( Geom .Dominante) . het
- M be W*- algebra ;
- SELIM

.
) be Schwarz with St = 1 .

Then din Fix S
*
< oo

*

⇒ F&E IT : din Ker (x - s* ) E din Fix (s)

/DEA : Traasform YEkerk - S*) into /YIE Fix CS*)
.

Note : Here we need Schwarz + WE alg !

-



PROPERTIES OF SCHWARZ OPS

Get M Sea 4-algebra .
d = functional,UN- Theory : - M * =

'

Predeal
' { pos . D= states

.

- ForceEM* , AEM Lake lag =p(a* . )
,
Ray = Gta ) ,

4*61=(46*1)*
e- ✗ c- ME ⇒ 7min

. Proj . , #=p c-Ms .
t . 4%3=4/1)

MOREOVER : ↳4--4 = Rpzf .
- GEM# ⇒ 3- unique polar decomp
uc.mg IG / C- MI with Eu = Sie, & 4=2141 .

Let SELIM ) be Schwarz with -11=1 .

I) map
B :Mim→m ; Img) tnly:) - FISH

is sesquilinaarform (: Schwarz inequality ) .

⇒ For ✗ c- F- (5¥ Eigenuakee of S* .

Assame FixG)
+

faithful for M .

✗ c- Fix
• Fix (S ) a (*- subalgebra Ccontainingt ) . / Süd> ✗

*
se( use I t faithfulmess to prove this ) .

- GE Kerk -5*1 ⇒ 141 .ly#lEFixdS*) .
• 11 + pm 5- invar ⇒ S / = ✗ Lüsten .

wherep -- Sigi PMP

und Tools to partition Fix (s) & compute dimkerlx- s).
+ UN-Theory Via Sep

"
- Lemma get bound #

for din Kerk- §) .



Proof of Tha : STEP 2 .

Lemma ( Geom . Iominance) . het
- M be W*- algebra ;
- SELIM

.
) be Schwarz with St = 1 .

Then din Fix S
*
< oo

⇒ FLEX : din Ker (x - E) E din Fix (s)

Application 2 Hartha)
-

M:=j**mn
Es S : = § **

•

- Then S
*
= F * over M

*
= Ä !

- By Apatit , dim Fix# ← d- an .

So Fail : din Kerl-7*1 ⇐ d .

⇒ since all ✗ c- a- (F) are Eigen valdes ,
Sep
"
- Lemma gidds
dem Kerk -7) < dim Kerk-F)Ed .



Proof of Tha : STEP 3 .

Transfer Lemma . Let
- E Danach sp . ;
- SELLE ) continuation;
- ✗ c- % (§ ) with dim Kerk- 5) < an .

Then
( i ) ✗ Eigeavalae of s :
Iii ) dim Kerl - s) = dimkerlx-Ö ) .

Infaet :
( iii ) ✗ pole of Rest . , s ) of ordert .

Pf. (i ) since F, (5) Erp (5) = Tap = rapls),
3- Gen )

"

EE
,

normatised : (S-a) an → 0
.

Case 1: ex . conu . subseq .1-
Case 2: w.l.o.g.IS > O : tn # n

'
in : Han - Krill > 8-

Stifts : äi : = [ Gen ,- i ) „ c. µ] g-
C- £

.

⇒ (5- a) äi = O
since Ker CÖ- x) finite dim , ex .

conv. sabseq .
Use this t Ultrafi/ter to contradict D .

( ii ) By arguments in (i) , each ä c- kerl ✗-Ö)

corr.to Cexactly ) oje ✗ c- Kerk - s ) •

ctd . . .



Proof of Tha : STEP 3 .

Transfer Lemma . Let
- E Danach sp . ;
- SELLE ) con traction;
- ✗ c- Fr (§ ) with dim Kerk- 5) < an .

Then
( i ) & Eigeavalae of s :
Iii ) dim Kerl - s) = dem Kerk-Ö ) .

In faet :
( iii ) ✗ pole of Res ( • , s ) of ordert .

Eigeavalue by (i )

Pf. (iii) Letten , zez , . . . , an} basis for Kerl!-s) .

(Sep
"
- Lemma) Ja , % , . . . , g. E Kerk

-5) :

each y; Sep di from { zej };# i
•

Set E
,
: = her (✗ - s)

Igs
- invariant closed
subspaces ,

Ez : = Ä her Yi E
,
⑦ { = E

i -1

✓ Res (•
,
S /
q
) pole ordert in ✗ .

✓ ✗ c- p (Sls )
2

⇒ ✗ pole ordert for Reston
, ÖTEÖS /g.) .



Proof of Tha : STEP 3 .

Transfer Lemma . Let
- E Banach sp . ;
- SE LCE) con traction;
- ✗ c- % (§ ) with dim Kerk- 5) < an .

Then
( i ) & Eigeaualae of s :
Iii ) dim Kerl - s) = dimkerlx-Ö ) •

In faet :
( iii ) ✗ pole of Res ( • , s ) of oder 1 .

Application ] Hor Th )
hmmmm

• E : = d- •

,
S : = T ; ✗ E F- (T) arbitrary .

• Then ✗ c- Tap IT) , µ = HT) = 1 .

Ultraproduct : xc-FETIau.GL?--*;EY--rti)-
⇒ • ✗ pole of Rest , -1) of order 1 .

• din Kerk- T) = dim Kerk-7) fd
-

by.appt.am



RECAP OF APP ROACH (a) ⇒ (c)

A united als ;
TEL (A) Schwarz , -11=1 , T uniform ergodic .

mmn÷::
dim Eigensp

arepoles.ir#--ddimK-T)Ed< an .

FIG 1
. Spectrum of T .

STEP 1 . apply Ultrafilters + more to
WEsetting

• Ultraproduct turms per. spec . Valdes into Eigenualues .

STEP 2 . obtain propeoties in Ü-setting :
• relied on schwarz to getgeomitdominance-e.SI
-

EP 3. Transfer back to TTT

e- obtain po /es in the process -



Th" ( Groh
, -1984) . het et Genital C- Alg ,

TEL (A ) Schwarz Op with -1111=1 .

Then t
.f. a. e. :

(a) T uniform Iyerg + dim Fixt) < oo ;

er
(b) T quasi - compact ;

(c) each ✗ c- F. (T) is pole of Rest , -1)

[ of ordert ]
and dimkerla -T) ⇐ d) < oo

Summarifm
Grads

.
SUFFICIENT in general .

To show NECESSITY

- schwarz was crucial to obtain geometrie
dominance .

- finite dimensionality cannot be leftout :

E.g.lt = LIN ) , Then ? = ((% Hank .

Then T unif ergodic, dim Fix G) = Mo ,

(c) fails : -1 c- ECT) not isolatied .



Part II of Talk 1-follows . . .


