
W∗-dynamical systems

June 2021

1 / 13



Definition
A is a W ∗-algebra if

A is a C∗-algebra,

there exists a Banach space A∗ such that (A∗)∗ ' A.

Definition
A linear functional ϕ : A→ C is normal if it is w∗-continuous.
A∗ is the space of normal functionals.

Example
A = L∞(X,µ), ϕ(f) =

∫
X f dµ, where µ  0 finite measure.

A = B(H), ϕ(a) = Tr(Ta), where T  0 trace class.
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Definition
(A, T, ϕ) is a W ∗-dynamical system if

A is a W ∗-algebra,

ϕ is a faithful normal state on A,

T : A→ A is completely positive s.t. T (1) = 1 and T ∗(ϕ) = ϕ.

Remark
One can show that T is normal, hence the preadjoint T∗ : A∗ → A∗
exists.
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Definition
A W ∗-dynamical system (A, T, ϕ) is irreducible if the fixed point space
of T equals C1.
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Theorem
Let (A, T, ϕ) be an irreducible W ∗-dynamical system.
1 The sets of peripheral eigenvalues of T and T∗ are equal. It is a

subgroup of T.
2 There exists a faithful normal conditional expectation Q

Q : A→M = spanw
∗{x ∈ A |T (x) = αx, |α| = 1}.
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Theorem
Let (A, T, ϕ) be an irreducible W ∗-dynamical system.
1 The sets of peripheral eigenvalues of T and T∗ are equal. It is a

subgroup of T.
2 There exists a faithful normal conditional expectation Q

Q : A→M = spanw
∗{x ∈ A |T (x) = αx, |α| = 1}.

3 M ⊆ A is a W ∗-subalgebra and ϕ is a trace on M.
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There exists a faithful normal conditional expectation Q

Q : A→M = spanw
∗{x ∈ A |T (x) = αx, |α| = 1}.

Existence of Q uses Jacobs-DeLeeuw-Glicksberg theory and theory
of compact semigroups (see ”Decomposition of operator
semigroups on W∗ algebras” – Bátkai, Groh, Kunszenti-Kovács,
Schreiber).
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Theorem
Let (B(H), T, ϕ) be an irreducible W ∗-dynamical system. Then the set
of peripheral eigenvalues of T equals Γh, the group of all h-th roots of
unity for some h  1.
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Sketch of proof:

We have a normal faithful conditional expectation Q : B(H)→M.

(Tomiyama) This means that M is purely atomic, i.e. there is a set
{pi} of minimal projections with

∑
i pi = 1.

Consequently M is of type I and finite (ϕ is a faithful trace on M).

It follows that Z(M) is also purely atomic, i.e. Z(M) ' `∞(S) for
some set S 6= ∅.
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Assume by contradiction that Z(M) is infinite dimensional,
Z(M) ' `∞(N).

One can show that T |M is a ?-automorphism, hence T |Z(M) is also
a ?-automorphism induced by some bijection τ : N→ N.

ϕ|Z(A) ∈ `∞(N)+∗ = `1(N)+ is given by ϕ(f) =
∑∞
n=1 ϕnf(n) for

some ϕn > 0. T∗(ϕ) = ϕ gives

ϕn = ϕτ(n) (n ∈ N).

If the orbit {1, τ(1), τ2(1), . . . } is finite then 1 6=
∑k0
k=0 δτk(1) is

invariant under T , contradiction. Otherwise ϕ(1) = +∞, also
contradiction.
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It follows that dimZ(M) < +∞.

Recall that M is of type I and finite, hence

M ' Mn1 ⊕ · · · ⊕Mnk

for some n1, . . . , nk ∈ N.

Consequently dimM < +∞ and since

M = spanw
∗{x ∈ A |T (x) = αx, |α| = 1}

the peripheral point spectrum of T is finite. It is a subgroup of T,
consequently is equal to Γh for some root of unity h.
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Thank you!

13 / 13


