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A is a W*-algebra if
e 2 is a C*-algebra,

e there exists a Banach space 2, such that (2,)* ~ 2.

DEFINITION

A linear functional ¢: 2 — C is normal if it is w*-continuous.
2, is the space of normal functionals.

EXAMPLE
o A =1L>(X,pun), ¢(f) =[x fdu, where > 0 finite measure.
o A =B(H), p(a) = Tr(Ta), where T > 0 trace class.




DEFINITION

(A, T, p) is a W*-dynamical system if
e 2 is a W*-algebra,
@ ¢ is a faithful normal state on £,
o T: A — A is completely positive s.t. T(1) = 1 and T*(p) = ¢.

REMARK
One can show that 7' is normal, hence the preadjoint T} : 2, — 2,
exists.




A W*-dynamical system (2, T, ¢) is irreducible if the fixed point space
of T equals C1.




THEOREM

Let (A, T, ¢) be an irreducible W*-dynamical system.

@ The sets of peripheral eigenvalues of 1" and T} are equal. It is a
subgroup of T.

@ There exists a faithful normal conditional expectation ()
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THEOREM
Let (A, T, ) be an irreducible W*-dynamical system.
© The sets of peripheral eigenvalues of 1" and T are equal. It is a
subgroup of T.

@ There exists a faithful normal conditional expectation Q)

Q: A — M =span? {z € A|T(z) = az, |a| =1}.

@ M C A is a Wr-subalgebra and ¢ is a trace on 1.




@ There exists a faithful normal conditional expectation @

Q: A — M =span® {z € A|T(z) = az, |a| = 1}.

e Existence of @) uses Jacobs-DeLeeuw-Glicksberg theory and theory
of compact semigroups (see ”Decomposition of operator
semigroups on W* algebras” — Bétkai, Groh, Kunszenti-Kovacs,
Schreiber).




Let (B(H),T,¢) be an irreducible W*-dynamical system. Then the set
of peripheral eigenvalues of T" equals 'y, the group of all h-th roots of
unity for some h > 1.




Sketch of proof:
e We have a normal faithful conditional expectation @: B(H) — 9.

e (Tomiyama) This means that 91 is purely atomic, i.e. there is a set
{pi} of minimal projections with Y, p; = 1.

e Consequently 9 is of type I and finite (¢ is a faithful trace on 90).

o It follows that Z(91) is also purely atomic, i.e. Z(9M) ~ £>°(.S) for
some set S # (.




Assume by contradiction that Z(90) is infinite dimensional,

Z(9M) ~ (>°(N).

One can show that T'|gy is a x-automorphism, hence 7T'| z(m) 1s also
a *-automorphism induced by some bijection 7: N — N.

¢lz@) € °(N)F = {(N)* is given by o(f) = 252, waf(n) for
some ¢, > 0. Ti(p) = ¢ gives

Pn = Pr(n) (TL S N)

If the orbit {1,7(1),72(1),...} is finite then 1 # 220:0 FR(1) 18
invariant under 7', contradiction. Otherwise ¢(1) = 400, also
contradiction.




e It follows that dim Z(9) < +o0.
o Recall that 91 is of type I and finite, hence

M~ M, G-+ @ M,

for some nq,...,n € N.

e Consequently dim 9 < +o0o0 and since

M =span? {z € A|T(x) = az, |o| =1}

the peripheral point spectrum of T is finite. It is a subgroup of T,
consequently is equal to I', for some root of unity h.
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