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Part 1, by Arnab Bhattacherjee

Algebraically C*-unique groups: definition, (non)-example
Conditions for C*-uniqueness

Outline

o Part 1, by Arnab Bhattacherjee
@ Algebraically C*-unique groups: definition, (non)-example
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Part 1, by Arnab Bhattacherjee

Algebraically C*-unique group

Definition : A group G is said to be algebraically C*-unique if
the group algebra C[G] admits a unique C*-norm.

Examples : Finite groups are algebraically C*-unique. More
generally, locally finite groups are also algebraically C*-unique.

Every algebraically C*-unique group is amenable.

Caspers, Skalski studied algebraically C*-unique groups in the
context of discrete quantum groups.
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Part 1, by Arnab Bhattacherje

Non-example : For G = Z, C[Z] has more than one
C*-completion.

Let A(T) be the x-subalgebra of C(T) generated by the identity
function on T. C[Z] ~ A(T).

Depending on the norm defined on A(T), we can have many
C*-completions on C[Z].

Any infinite closed subset F of T gives rise to a distinct
C*-norm on A(T) defined by ||P|| := sup,c£|P(Z)|.
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Part 1, by Arnab Bhattacherjee

Algebraically C*-unique groups: definition, (non)-example
Conditions for C*-uniqueness

Outline

o Part 1, by Arnab Bhattacherjee

@ Conditions for C*-uniqueness
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Part 1, by Arnab Bhattacherjee

Necessary-sufficient condition for algebraically C* unique group

Given a discrete group G, we write C*(G) for the full group
C*-algebra of G.

Lemma [Alekseev, Kyed]: Let G be a discrete group. Then G
is algebraically C*-unique if and only if every non-trivial closed,
two-sided ideal in C*(G) intersects C[G] non-trivially.

Outline of the proof of =:

@ Assume that there is a non-trivial two-sided closed ideal J
intersecting C[] trivially. So, there is a quotient map
qg: C"(G) — C"(QG)/J.

@ We may restrict g to C[G] which yields a faithful
x-homomorphism 7 : C[G] — C*(G)/J. This defines a
C*-norm on C[G] via ||x|| := ||=(x)]|. It is properly
majorised by the universal C*-norm of C[G]. Contradiction!
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Part 1, by Arnab Bhattacherjee

Continue

Outline of the proof of «:

@ Assume that G is not algebraically C*-unique. So, there is
a C*-norm on C[G] which is properly majorised by the
universal C*-norm. Let A be the closure with respect to this
C*-norm. Then, there exists a x- homomorphism from
C*(@) onto A.

@ The kernel of this surjective x-homomorphism intersects
C[@] trivially, since restriction of this x-homomorphism to
C[@] is an identity map-hence it is injective. Contradiction!

We will use this lemma to discuss a group which is torsion free
and algebraically C*-unique- Z [%} X Z2 where p, g are
multiplicatively independent integers.
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Part 1, by Arnab Bhattacherjee

A torsion-free algebraically C*-unique group

Let p, g > 2 be two multiplicatively independent integers (i.e.,
there exist no r, s € N such that p” = g°).

Let Z [ } be the additive group {(pq)n €Qlaez, ne N}

Leta : szZ[ ]beglvenbya(m,,( )= pmq"x form,nc Z

and x € Z [@
Our goal is to prove that the torsion-free semi-direct product
group Z [%] X Z? is algebraically C*-unique.
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Part 2, by Malay Mandal Actions

Semidirect product vs crossed product

Outline

g Part 2, by Malay Mandal
@ A Biton Actions ...
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Part 2, by Malay Mandal

Faithful action

First we are going to prove that the action o : Z? ~ Z[1/pq]
defined by o, m)(x) = p"q"x is faithful.
Proof.
@ p and g are multiplicatively independent
= p"'q"=1 = n=m=0.
@ Now a(pmy = ldz[1/pqy = P"q™ = 1. So, the action is
faithful.
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Part 2, by Malay Mandal Actions

Semidirect product vs crossed product

Topologically free action

Let G and A be discrete groups with .4 abelian. Write A for the
Pontryagin dual, which is compact Hausdorff. Recall that any
action g : G ~ A induces a dual (continuous) action

B:Gr A Be(x)(x) = x(By-1(x)).

Definition

An action of a group G on a locally compact Hausdorff space X
is said to be topologically free if for each g € G\{e}, the set of
points of X fixed by g has empty interior.

| A\

Lemma
If A is torsion-free, and 3 : G ~ A is a faithful action, then the
dual action 5 : G ~ A is topologically free.
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Part 2, by Malay Mandal

Proof of lemma

@ Forge Glet Fg={x¢e A Bg(x) = x}- We will show that
if (Fg)° #0theng=e.

@ Note that Fy is a subgroup of A.
@ F4 has nonempty interior = F, is open subgroup.

@ fgis continuous = F is closed subgroup.
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Part 2, by Malay Mandal

@ A is discrete, abelian elnd torsion-free — A is
connected = F4 = A.

@ We have x(g~'p) = x(p), Vp € Aand Vx € A
— g 'p=p, Vp. As § is faithful, we have g = e. [ |

Now o : Z2 ~ Z[1/pq] is faithful = from the previous lemma
& : Z ~ Z[1/pq] is a topologically free action.
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Semidirect product vs crossed product

Outline

g Part 2, by Malay Mandal

@ C~-algebra of semidirect product vs crossed product
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Part 2, by Malay Mandal

Semidirect product of two groups

Let G and I' be two discrete groups and suppose that 5: ' ~ G
is an action.
The semidirect product is defined as the set

{(g,t)ge G te F}
equipped with the operation

(9,1) - (h,s) := (gBi(h), ts).

This gives the set a group structure (with the identity (e, e)).
We denote this group by G x T.
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Part 2, by Malay Mandal PGS

Semidirect product vs crossed product

C*-dynamical systems

Definition

By a C*-dynamical system we mean a triple (A, o, ') where A
is a C*-algebra, I' is a discrete group, and « : I — Aut(A) is a
group homomorphism.

Given a C*-dynamical system we may form the algebraic
crossed product *-algebra

Ce(T, A) {Zass| F C T finite , as GA}
seF

with operations

(ass)(bit) .= asas(br)st, (ass)” = ag-1(as)s™
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Part 2, by Malay Mandal PGS

Semidirect product vs crossed product

Covariant representations

Definition

A covariant representation of a C*-system (A, «,I") is a pair
(m, u) consisting of a representation = : A — B(7{) and a unitary
representation u : I — U(H) satisfying:

m(as(a)) = usm(a)us;, Vserl, Vae A

If (7, u) is a covariant representation on 4, we get a
x-representation

mxU: Ce(l,A) — B(H);, mxu(ass)=m(as)u(s).
We get a C*-norm on C¢(I, A) as follows: for x € C¢(T, A)

1X||max := sup § [[(mxu)(x)|| | (7, u) all covariant representations ;.
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Part 2, by Malay Mandal

A x I and Universal properties

Completing with respect to this C*-norm gives the full crossed

product C*-algebra A x I := CC(F,A)ILHW.

@ Recall thatif u: I — U(H) is a unitary representation we
get a x-homomorphism

Yu: C(M) = B(H);  vu(dt) = ur.

o If (m, u) is a covariant representation of (A, I, «) on H the
x-representation = x u extends continuously to the full
crossed product

TXU:AxT — B(H).
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Part 2, by Malay Mandal

Actions
Semidirect product vs crossed product

Crossed and semidirect products

Suppose A and I are discrete groups with an action 5 : ' ~ A.
The universal property of C*(A) gives us an induced C*-action

BT — Aut(C*(A);  Be(6x) = g0

We then have

There is a C*-isomorphism

C*(AxT)=C*(A) xT.

ISem24, Project 3 C*-uniqueness of group algebras



Part 2, by Malay Mandal

@ ¢p:AxT — C*(A) xT, (x,8) — dxSis a unitary
representation. By the universal property of C*(A x ') we
then get a x-homo ¢ : C*(A xT) — C*(A) x T.

@ Now v:A— C*(AxT), x — (x,er)is aunitary rep, so we
get a x-homomorphism 7 : C*(A) — C*(A xT) with 7|5 = v.

@ Also,u: T +— C*(AxT),y— (en,y)is aunitary rep.

@ (m,u)—covariant representation (by semi-direct product).

@ Universal property of full crossed product C*-algebra gives
a x-homomorphism W : C*(A) x I — C*(A xT).

@ Now we can prove that Wo® = Id and do W = [d.
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Topologically free actions and ideal structure

Part 3, by Timothy Rainone A useful description of C* (Z[(‘—,])

Outline

Q Part 3, by Timothy Rainone
@ Topologically free actions and ideal structure
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Part 3, by Timothy Rainone

Topologically Free Actions

Throughout, I is a discrete group with neutral element e, X is a
compact Hausdorff space, and I' ~ X is a continuous action.
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Part 3, by Timothy Rainone

Topologically Free Actions

Throughout, I is a discrete group with neutral element e, X is a
compact Hausdorff space, and I' ~ X is a continuous action.
Given t € I, we have the open set of elements displaced by t:

Di:={xe X |tx+#x}.
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Part 3, by Timothy Rainone

Topologically Free Actions

Throughout, I is a discrete group with neutral element e, X is a
compact Hausdorff space, and I' ~ X is a continuous action.
Given t € I, we have the open set of elements displaced by t:

Di:={xe X |tx+#x}.

The action ' ~ X is called free if for all t # e, D; = X.
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Part 3, by Timothy Rainone

Topologically Free Actions

Throughout, I is a discrete group with neutral element e, X is a
compact Hausdorff space, and I' ~ X is a continuous action.
Given t € I, we have the open set of elements displaced by t:

Di:={xe X |tx+#x}.

The action I ~ X is called free if for all t £ e, D; = X.
The action ' ~ X is called topologically free if for all t # e,
Dy = X.
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Part 3, by Timothy Rainone

Topologically Free Actions

Throughout, I is a discrete group with neutral element e, X is a
compact Hausdorff space, and I' ~ X is a continuous action.
Given t € I, we have the open set of elements displaced by t:

Di:={xe X |tx+#x}.

The action ' ~ X is called free if for all t # e, D; = X.

The action ' ~ X is called topologically free if for all t # e,
Dy = X. Equivalently, I ~ X is called topologically free if for
all finite subsets F C T

ﬂ D; isdensein X .
teF\{e}
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Part 3, by Timothy Rainone

Topologically Free Actions

Throughout, I is a discrete group with neutral element e, X is a
compact Hausdorff space, and I' ~ X is a continuous action.
Given t € I, we have the open set of elements displaced by t:

Di:={xe X |tx+#x}.

The action ' ~ X is called free if for all t # e, D; = X.

The action ' ~ X is called topologically free if for all t # e,
Dy = X. Equivalently, I ~ X is called topologically free if for
all finite subsets F C T

ﬂ D; isdensein X .
teF\{e}

I ~ X topologically free ~ ideal structure of C(X) x T.
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Topologically free actions and ideal structure
A useful description of C* (Z[1])

Part 3, by Timothy Rainone

LetT ~ X be a topologically free action. If | C C(X) %, I is any
non-zero closed ideal, then | 1 C(X) # {0}.
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Topologically free actions and ideal structure
A useful description of C* (Z[1])

Part 3, by Timothy Rainone

LetT ~ X be a topologically free action. If | C C(X) %, I is any
non-zero closed ideal, then | 1 C(X) # {0}.

Our proof will use the idea of definite states.
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Topologically free actions and ideal structure
A useful description of C* (Z[1])

Part 3, by Timothy Rainone

LetT ~ X be a topologically free action. If | C C(X) %, I is any
non-zero closed ideal, then | 1 C(X) # {0}.

Our proof will use the idea of definite states.

Let B be a C*-algebra and suppose ¢ € S(B) is a state. If p is
definite with respect to a self-adjoint element k € B; that is
©(k?) = p(k)?, then for every b € B we have

@(bk) = ¢(kb) = ¢(k)p(b).
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Topologically free actions and ideal structure
A useful description of C* (Z[1])

Part 3, by Timothy Rainone

LetT ~ X be a topologically free action. If | C C(X) %, I is any
non-zero closed ideal, then | 1 C(X) # {0}.

Our proof will use the idea of definite states.

Let B be a C*-algebra and suppose ¢ € S(B) is a state. If p is
definite with respect to a self-adjoint element k € B; that is
©(k?) = p(k)?, then for every b € B we have

p(bk) = ¢(kb) = o (k)¢(b).
Proof. It is easily checked that kK — (k)15 belongs to the left ideal
L, :={be B|p(b*b)=0} C ker(y).
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Topologically free actions and ideal structure
A useful description of C* (Z[1])

Part 3, by Timothy Rainone

LetT ~ X be a topologically free action. If | C C(X) %, I is any
non-zero closed ideal, then | 1 C(X) # {0}.

Our proof will use the idea of definite states.

Let B be a C*-algebra and suppose ¢ € S(B) is a state. If p is
definite with respect to a self-adjoint element k € B; that is
©(k?) = p(k)?, then for every b € B we have

p(bk) = ¢(kb) = o (k)¢(b).
Proof. It is easily checked that kK — (k)15 belongs to the left ideal
L, :={be B|p(b*b)=0} C ker(y).
Therefore, if b € B then bk — p(k)b € ker(p).
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Topologically free actions and ideal structure
A useful description of C* (Z[1])

Part 3, by Timothy Rainone

LetT ~ X be a topologically free action. If | C C(X) %, I is any
non-zero closed ideal, then | 1 C(X) # {0}.

Our proof will use the idea of definite states.

Let B be a C*-algebra and suppose ¢ € S(B) is a state. If p is
definite with respect to a self-adjoint element k € B; that is
©(k?) = p(k)?, then for every b € B we have

p(bk) = o(kb) = ©(k)(b).
Proof. It is easily checked that kK — (k)15 belongs to the left ideal
L, :={be B|p(b*b)=0} C ker(y).
Therefore, if b € B then bk — (k)b € ker(¢). Now compute... O
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Part 3, by Timothy Rainone

Proof of Theorem

Let / C C(X) %, I be a closed ideal with /N C(X) = {0}. We will
show that / = {0} by showing that /, = {0}.
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Part 3, by Timothy Rainone

Proof of Theorem

Let / C C(X) x, I be a closed ideal with /N C(X) = {0}. We will
show that / = {0} by showing that /, = {0}.

Let a € I,.. It suffices to show that f := E(a) = 0, since the
expectation E is faithful. If ¢ > 0 we will arrive at ||f|| < e.
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Part 3, by Timothy Rainone

Proof of Theorem

Let / C C(X) x, I be a closed ideal with /N C(X) = {0}. We will
show that / = {0} by showing that /, = {0}.
Let a € I,.. It suffices to show that f := E(a) = 0, since the
expectation E is faithful. If ¢ > 0 we will arrive at ||f|| < e.
Fix x € X. Since f is continuous there is an open neighborhood
U of x with

ze U = |f(2) — f(x)| <¢/3.
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Part 3, by Timothy Rainone

Proof of Theorem

Let / C C(X) x, I be a closed ideal with /N C(X) = {0}. We will
show that / = {0} by showing that /, = {0}.
Let a € I,.. It suffices to show that f := E(a) = 0, since the
expectation E is faithful. If ¢ > 0 we will arrive at ||f|| < e.
Fix x € X. Since f is continuous there is an open neighborhood
U of x with

ze U = |f(2) — f(x)| <¢/3.

Now find a b € C¢(I, C(X)) with ||a — b|| < £/3, and say

b=> b, b C(X).
teF
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Part 3, by Timothy Rainone

Proof of Theorem

Let / C C(X) x, I be a closed ideal with /N C(X) = {0}. We will
show that / = {0} by showing that /, = {0}.

Let a € I,.. It suffices to show that f := E(a) = 0, since the
expectation E is faithful. If ¢ > 0 we will arrive at ||f|| < e.

Fix x € X. Since f is continuous there is an open neighborhood
U of x with

zelU = |f(z) — f(x)| <¢/3.
Now find a b € C¢(I, C(X)) with ||a — b|| < £/3, and say
b=> b, b C(X).

teF
Then
|f — bel = [[E(a) — E(b)|| = [[E(a— b)|| < |IE[/la— bl <e/3.
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Topologically free actions and ideal structure
A useful description of C* (Z[1])

Part 3, by Timothy Rainone

For any y € U we have

O] < [f(x) = F(Y)] + [f(y) — be(¥)| + [be(y)
<e/3+|If = bellu + [be(y)] < 2¢/3 + [be(y)-
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Part 3, by Timothy Rainone

For any y € U we have

1Tl < [f(x) = fW)I + [£(y) — be(¥)| + |be(y)]
<e/34||f = bel|lu+ |be(y)| < 2¢/3 + |be(y)]-

Using topological freeness we will choose a certain y € U
making |be(y)| small.
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Part 3, by Timothy Rainone

For any y € U we have

1Tl < [f(x) = fW)I + [£(y) — be(¥)| + |be(y)]
<e/34||f = bel|lu+ |be(y)| < 2¢/3 + |be(y)]-

Using topological freeness we will choose a certain y € U
making |be(y)| small.
In fact we pick

ye (ﬂ Dt>mU7é®,

tGFO
where Fy := F \ {e}.
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Part 3, by Timothy Rainone

For any y € U we have

1Tl < [f(x) = fW)I + [£(y) — be(¥)| + |be(y)]
<e/34||f = bel|lu+ |be(y)| < 2¢/3 + |be(y)]-

Using topological freeness we will choose a certain y € U
making |be(y)| small.
In fact we pick

ye |l (D) nU#0,
tGFO

where Fy := F \ {e}.
We seethaty # t~'.yforany t € F.

ISem24, Project 3



Part 3, by Timothy Rainone

The evaluation map ev), : C(X) — C, f— f(y) is a state on
C(X), and since C(X) N/ = {0} there is a well-defined state

¢:C(X)+1=C; d(h+&) =evy(h) = h(y)

which we can extend to state ¢ on C(X) x, I'.
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Part 3, by Timothy Rainone

The evaluation map ev), : C(X) — C, f— f(y) is a state on
C(X), and since C(X) N/ = {0} there is a well-defined state

¢:C(X)+1=C; d(h+&) =evy(h) = h(y)

which we can extend to state ¢ on C(X) x, I
Note that ¢ Kills / and is definite with respect to self-adjoint
elements of C(X); indeed, if k € C(X)s.4. then

p(K?) = K2(y) = k(y)? = p(k)?.
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Topologically free actions and ideal structure
A useful description of C* (Z[1])

Part 3, by Timothy Rainone

Claim. For every t € Fy we have ¢(u;) = 0.
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Part 3, by Timothy Rainone

Claim. For every t € Fy we have p(ut) = 0.
For t € Fy we know t~'.y # y. Urysohn’s Lemma gives a
k € Co(X,[0,1]) with k(y) # k(t1.y).
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Part 3, by Timothy Rainone

Claim. For every t € Fy we have p(ut) = 0.

For t € Fy we know t~'.y # y. Urysohn’s Lemma gives a

k € Ce(X,[0,1]) with k(y) # k(t'.y). By our above fact we
see that

k(" y)p(ur) = ar(K)(Y)e(ur) = p(ar(k))p(ur)
= p(ar(k)ur) = p(utk) = p(ur) (k) = p(uk(y).
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Part 3, by Timothy Rainone

Claim. For every t € Fy we have p(ut) = 0.

For t € Fy we know t~'.y # y. Urysohn’s Lemma gives a

k € Ce(X,[0,1]) with k(y) # k(t'.y). By our above fact we
see that

k(" y)p(ur) = ar(K)(Y)e(ur) = p(ar(k))p(ur)
= p(ar(k)ur) = p(utk) = p(ur) (k) = p(uk(y).

Thus (k(t~".y) — k(¥))e(ut) = 0 which means (u;) = 0.
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Part 3, by Timothy Rainone

Claim. For every t € Fy we have p(ut) = 0.

For t € Fy we know t~'.y # y. Urysohn’s Lemma gives a

k € Ce(X,[0,1]) with k(y) # k(t'.y). By our above fact we
see that

Kt y)e(ur) = ar(K)(¥)e(ur) = par(k))e(ur)
= p(ar(K)ur) = p(utk) = (ur)p(k) = o(ur)k(y).
Thus (k(t~'.y) — k(y))e(u) = 0 which means ¢(u;) = 0.

Now for each t € Fy we write b; = h; + ik with hy, k; self-adjoint,
and using our fact again we get
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Part 3, by Timothy Rainone

Claim. For every t € Fy we have p(ut) = 0.

For t € Fy we know t~'.y # y. Urysohn’s Lemma gives a

k € Ce(X,[0,1]) with k(y) # k(t'.y). By our above fact we
see that

k(ty)p(ur) = ar(K)(¥)e(ur) = e(on(k))e(ur)

= p(at(k)ur) = p(utk) = o(ur)p(k) = (uk(y).
Thus (k(t~".y) — k(¥))e(ut) = 0 which means (u;) = 0.
Now for each t € Fy we write b; = h; + ik with hy, k; self-adjoint,
and using our fact again we get

o(brur) = p(hrur) + ip(Keur) = o(ht)(ur) + io(ke)p(ur) = 0.
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Topologically free actions and ideal structure
A useful description of C* (Z[1])

Part 3, by Timothy Rainone

We now have

p(b) = ¢ | > b | = o(brtr) = p(be) = be(y).

feF feF
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Topologically free actions and ideal structure
A useful description of C* (Z[1])

Part 3, by Timothy Rainone

We now have

p(b) =¢ <Z btut) =Y o(brur) = ¢(be) = be(y).

feF feF

Finally, since ¢(a) = 0 (¢ kills I and a € /) we have

be(y)| = lp(b)| = [¢(b) — ¢(a)] < [l¢ll||b— al <e/3.

ISem24, Project 3 C*-uniqueness of group algebras



Part 3, by Timothy Rainone

We now have

p(b) = ¢ (Z btut> = (bur) = p(be) = be(y).

feF feF
Finally, since ¢(a) = 0 (¢ kills I and a € /) we have

be(y)| = lp(b)| = [¢(b) — ¢(a)] < [l¢ll||b— al <e/3.

By our above estimate we arrive at |f(x)| < . Since x was
arbitrary we conclude ||f||, < e.
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Topologically free actions and ideal structure

Part 3, by Timothy Rainone A useful description of C*(Z[%])

Outline

0 Part 3, by Timothy Rainone

@ A useful description of C*(Z[1])
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Part 1, by Ar
Part

Part 3, by Timothy Rainone
Part 4, by chk

Given d > 1, we are considering the (discrete) additive
subgroup of Q:

1 a
A Z[d} {dn|an,nO}
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Part 1, by A

Given d > 1, we are considering the (discrete) additive
subgroup of Q:

1 a
A Z[d} {dn|an,nO}

A can be realized as the inductive limit of the system

z2-%2-%2-%7 . —lim(z,-d) = A
n
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Part 1, by
Par

Part 3, by Timothy Rainone
Part 4, by

Given d > 1, we are considering the (discrete) additive
subgroup of Q:

1 a
A Z[d} {dn|an,nO}

A can be realized as the inductive limit of the system

z2-%2-%2-%7 . —lim(z,-d) = A
n

Identifying the circle group T with the Pontryagin dual Z and
dualizing this system gives the topological projective system:

TELTELTEL T py(z) =29
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P

Part 3, by Timothy Rainone
Part 4, ki

Given d > 1, we are considering the (discrete) additive
subgroup of Q:

1 a
A Z[d} {dn|an,nO}

A can be realized as the inductive limit of the system

z2-%2-%2-%7 . —lim(z,-d) = A
n

Identifying the circle group T with the Pontryagin dual Z and
dualizing this system gives the topological projective system:

TELTELTEL T py(z) =29

The projective limit (in the category of topological spaces) is
compact Hausdorff; we denote this limit by

(X, (mn)n) == im(T, pg).
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Part 1, by Ar
Part

Part 3, by Timothy Rainone
Part 4, by chk
Pa

More concretely, X has picture
X = {(Zk)k ’ Zk € T; Zx = ZI((1+1}; Tn - X = T, ﬂ'n(zk)k = Zp,

and is equipped with the relative product topology X C [, T.

ISem24, Project 3



Part 1, by

More concretely, X has picture
X = {(Zk)k ’ Zk € T; Zx = ZI((1+1}; Tn - X = T, ﬂ'n(zk)k = Zp,

and is equipped with the relative product topology X C [[, T
Useful fact: if (zx)x € X and m > n, then

m—n
Zn — Zg,
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Part 1, by A

More concretely, X has picture
X = {(zk)k ’ Zk € T; Zx = ZI((1+1}; Tn - X = T, ﬂ'n(zk)k = Zp,

and is equipped with the relative product topology X C [[, T
Useful fact: if (zx)x € X and m > n, then

m—n
Zn — Zg,

Our goal is to show that X is homeomorphic to A; the
Pontryagin dual of A.
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’ : Topologically free actions and ideal structure
Part 3, by Timothy Rainone

A useful description of C* (Z[1])

More concretely, X has picture
X = {(zk)k |z €T, zx = z,‘(’+1 }; mn: X = T, mn(2k)k = Zn,

and is equipped with the relative product topology X C [, T.
Useful fact: if (z)x € X and m > n, then

m—n
z,=2z3""

Our goal is to show that X is homeomorphic to A; the
Pontryagin dual of A. We do this by establishing:

There is an isomorphism of C*-algebras

1 CH(A) = C(X): (d2)((2)k) = 25-

ISem24, Project 3 C*-uniqueness of group algebras



Part 3, by Timothy Rainone

The evaluation isomorphism

First we considerA any discrete abelian group A with its
Pontryagin dual A, and Qx := Q(C*(A)); the character space of
C*(N).
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Part 3, by Timothy Rainone

The evaluation isomorphism

First we consider any discrete abelian group A with its
Pontryagin dual A, and Qx := Q(C*(A)); the character space of
C*(N).
Each character y € A gives rise to a character h, on C*(A)
satisfying h, (6¢) = x(t), and the map

A= Qp; x = hy

is @ homeomorphism.
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Part 3, by Timothy Rainone

The evaluation isomorphism

First we consider any discrete abelian group A with its
Pontryagin dual A, and Qx := Q(C*(A)); the character space of
C*(N).
Each character y € A gives rise to a character h, on C*(A)
satisfying h, (6¢) = x(t), and the map

A= Qp; x = hy
is @ homeomorphism. Dualizing we get the x-isomorphism

C(Qn) — C(A).
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Part 3, by Timothy Rainone

The evaluation isomorphism

First we consider any discrete abelian group A with its
Pontryagin dual A, and Qx := Q(C*(A)); the character space of
C*(N).
Each character y € A gives rise to a character h, on C*(A)
satisfying h, (6¢) = x(t), and the map

A= Qp; x = hy
is @ homeomorphism. Dualizing we get the x-isomorphism

C(Qn) — C(A).

Composing with the Gelfand isomorphism
Y=y + CF(A) — C(Qn) gives the x-isomorphism

ev: C*(A) — C(A); & — (eve:x — x(t)).
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Part 3, by Timothy Rainone

Building « via a unitary representation

Given Z; € A, the map
Ud% X = C; Ud%(z) =np(2)? = Z2

is clearly continuous and T-valued, so Ud—"’n is a unitary in C(X).
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Part 3, by Timothy Rainone

Building « via a unitary representation

Given Z; € A, the map
Ud% X = C; Ud%(z) =np(2)? = Z2

is clearly continuous and T-valued, so Ud—"’n is a unitary in C(X).
We claim that

:‘“’

U: A — C(X); U(dan> —U

d'

is a well-defined unitary representation of A.
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Part 3, by Timothy Rainone

Building « via a unitary representation

Given Z; € A, the map
Us : X—=C Us(2)= n(2)? =z
is clearly continuous and T-valued, so Ud—"’n is a unitary in C(X).
We claim that
a

U: A — C(X); U<dn> =U

:‘“’

d'

is a well-defined unitary representation of A.
well-defined: Suppose % = d% with m > n. In that case

zp=29""so

28 = (28 ") = 2" = 2

1ISem24, Project 3

_ ,bd"d=" _ _b
z =z,



Unitary Rep: Next, if % and d% are in A with m > nthen
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Part 1, by A
Pal

Part 3, by Timothy Rainone
k

Unitary Rep: Next, if % and d% are in A with m > nthen

m—n
U<a - b> (2) = U(d diJr b) = 220" "b — Zad™ " b
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Unitary Rep: Next, if % and d% are in A with m > nthen

dm_na+b m—n m—n
U+ g )@ = U( g =

— @2 = 2zt = U( 5 ) @ U )@

~(v(@) van)) @

By the universal property of C*(A), there is a unital
sx-homomorphism ¢ : C*(A) — C(X) satisfying
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Unitary Rep: Next, if % and d% are in A with m > nthen

dm_na+b m—n m—n
U+ g )@ = U( g =

— @2 = 2zt = U( 5 ) @ U )@

~(v(@) van)) @

By the universal property of C*(A), there is a unital
sx-homomorphism ¢ : C*(A) — C(X) satisfying

¢(5A)ZU%.

an
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Unitary Rep: Next, if % and d% are in A with m > nthen
a b d™"a+b m—n m—n
U<+>(z): U(drnJr ) = Z3d" b _ zad" " b

— @2 = 2zt = U( 5 ) @ U )@

~(v(@) van)) @

By the universal property of C*(A), there is a unital
sx-homomorphism ¢ : C*(A) — C(X) satisfying

¢(5A)ZU%.

an
Evaluating at z € X we get w(éd—i)(z) = U%(z) = Z2.



Part 1, by Ar
Part
Part 3, by Timothy Rainone
Part 4, by chk

1ISem24, Project 3



Part 1, by A

The range of ¢ is a unital C*-subalgebra of C(X).
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Par dal
Part 3, by Timothy Rainone

The range of ¢ is a unital C*-subalgebra of C(X).
Also, the range ¥(C*(A)) separates points;
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The range of ¢ is a unital C*-subalgebra of C(X).
Also, the range ¥ (C*(A\)) separates points; indeed, if
(zZK)k = z # w = (Wx)k in X, then z, # w, for some n, so

Y(0g-n)(2) = Zn # Wn = Y(dg-n)(W).
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The range of ¢ is a unital C*-subalgebra of C(X).
Also, the range ¥ (C*(A\)) separates points; indeed, if
(zZK)k = z # w = (Wx)k in X, then z, # w, for some n, so

Y(0g-n)(2) = Zn # Wn = Y(dg-n)(W).

By the Stone Weierstrass Theorem, 1 is surjective.
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The range of ¢ is a unital C*-subalgebra of C(X).
Also, the range ¥ (C*(A\)) separates points; indeed, if
(zZK)k = z # w = (Wx)k in X, then z, # w, for some n, so

Y(6g-n)(2) = Zn # Wp = P(dg-n)(W).
By the Stone Weierstrass Theorem, 1 is surjective.

To complete the proof we need only show that 1 is injective,
and we do this by constructing a commutative diagram.

ISem24, Project 3



Consider the sequence of continuous maps

P A =T pa(x) = x(d™"),
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Par jal

Part 3, by Timothy Rainone

Consider the sequence of continuous maps
P A =T pa(x) = x(d™"),
These satisfy p o pp.1 = pn. Indeed,

p 0 Pnit(x) = p(x(d~ D)) = (d~ ()9
X(dd= "Dy =y (d™") = pa(x).
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Consider the sequence of continuous maps

Pn: A — T;  pn(x) = X(din)-

These satisfy p o pp.1 = pn. Indeed,

p0 Pnit(x) = pix(d=M1)) = y(d=(1+1))d
= x(dd~ ") = x(d™") = pa(x)-

By the universal property of X there is a unique continuous
map h: A — X satisfying 7, 0 h = p,.
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Part 4,

Consider the sequence of continuous maps
pn:A—=T; pa(x) = x(d™").
These satisfy p o pp1 = pn. Indeed,
poPrii(x) = p(x(d™ ")) = x(d~ D)7
= x(dd~ (") = x(d™") = pa(x):

By the universal property of X there is a unique continuous
map h: A — X satisfying 7, 0 h = p,.
We dualize h and obtain a unital x-homomorphism

Th:C(X) = C(A); Tp(f)=foh.
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We claim that T, 04 = ev.

cr(N) —E—— ¢(A)

D
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We claim that T, o zp = ev.
cr(N) —E—— ¢(A)

/Th

For every & € Aand y € A

Thobl63)00 = Too U g5 ) 00 = U( ) o 00
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We claim that T, o zp = ev.

(N ——— C(A)

/Th

For every & € Aand y € A

Tooth(6.5,)(x) = ThoU<da,,)( ) = u(;"n) o h(x)
= (a0 = a0 = 10 ) = x( g ) = v (0

By linearity the x-homomorphisms T, o 1) and ev agree on C[A],
and by continuity they agree on C*(A).
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We claim that T, o zp = ev.

(N ——— C(A)

/Th

For every & € Aand y € A

Tooth(6.5,)(x) = ThoU<da,,)( ) = u(;"n) o h(x)
= (a0 = a0 = 10 ) = x( g ) = v (0

By linearity the x-homomorphisms T, o 1) and ev agree on C[A],
and by continuity they agree on C*(A).
Finally, since ev is injective, so is .
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

Outline

o Part 4, by Marco Roschkowski
@ Statement of the Theorem (Furstenberg’s Approximation)
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

Furstenberg’s Theorem

Theorem (Furstenberg)
If B C T is an infinite closed subset such that

B={zF% | ze B and r,s e N}, (1)
then B=T.

Why do we need this?
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

Furstenberg’s Theorem

° C*(Z[plq] x 72) = C(X) x Z?

1ISem24, Project 3 C*-uniqueness of group algebras



Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

Furstenberg’s Theorem

0 C*(Zlpg) % Z%) = C(X) x 72
@ Need to show: /< C(X) is trivial
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

Furstenberg’s Theorem

0 C*(Zlpg) % Z%) = C(X) x 72
@ Need to show: /< C(X) is trivial

o | = Cy(B°) with B C X closed
(B={xeX | f(x)=0Vfel})
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

Furstenberg’s Theorem

0 C*(Zlpg) % Z%) = C(X) x 72
@ Need to show: /< C(X) is trivial

o | = Cy(B°) with B C X closed
(B={xe X | f(x)=0 vfel})
@ Furstenberg=B=X—1=0

ISem24, Project 3 C*-uniqueness of group algebras



Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

notation

o will identify T with [0, 1)
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

notation

o will identify T with [0, 1)
0~ 1
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

notation

o will identify T with [0, 1)
0 0~1
o t+— € homeomorphism

ISem24, Project 3 iqueness of group algebras



Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

notation

Definition
A subset B C T is said to be xp — invariant if p- B = B.
(p-B={p-z | z€B})

Theorem (Furstenberg)

If B C T is an infinite, closed subset, which is
xp— and xq — invariant, then B = T.

Fix a set B with these properties
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

outline of the proof

For S C T let S’ denote the set of limit points of S.
(8={z| ze SNS\{z})

Lemma (Lemma 1)
IfBNQ+# @, then B=T.

Lemma (Lemma 2)

Ifo #£ S CTis closed and xp—, xq — invariant .
Then SNQ # 2.
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

Outline

o Part 4, by Marco Roschkowski

@ Proof
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

outline of the proof

proof of Furstenberg’s Theorem.
@ Binfinite = B # o
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

outline of the proof

proof of Furstenberg’s Theorem.
@ Binfinite = B # o
@ B' xp—, xq —invariant = B NQ # &
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

outline of the proof

proof of Furstenberg’s Theorem.
@ Binfinite = B # o
@ B' xp—, xq —invariant = B NQ # &
e =B=T
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

Lemma (Lemma 1)
IfBNQ # @, then B=T.

Write {p"q° | r,s € No} ={s1, S2,...} with s; < Sj11.
Then sii1/si — 1 (i — o).
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

@ First, suppose 0 € B, fix small ¢
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

@ First, suppose 0 € B, fix small ¢
o Takene Nwith1 < sj.1/si<1+e¢
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

@ First, suppose 0 € B, fix small ¢
o Takene Nwith1 < sj.1/si<1+e¢
@ Choose z € Bwith 0 < |z]| < ¢/sp
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

@ First, suppose 0 € B, fix small ¢

o Takene Nwith1 < sj.1/si<1+e¢
@ Choose z € Bwith 0 < |z]| < ¢/sp
o {sjz | i > n}is €-dense
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Part 4, by Marco Roschkowski

@ Now,r=n/teQnpB
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Part 4, by Marco Roschkowski
Part 5 N Che /

Lemma 1

@ Now,r=n/teQnbB
o (nt)y=(t,p) =(t,q)=1](-,-) greatest common divisor]
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@ Now,r=n/teQnbB
o (nt)y=(t,p) =(t,q)=1](-,-) greatest common divisor]
@ p, q invertible (mod t)
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Part 1, by
F
Par
Part 4, by Marco Roschkowski
Part 5, by Ujan Chakraborty

Lemma 1

@ Now,r=n/teQnbB

o (nt)y=(t,p) =(t,q)=1](-,-) greatest common divisor]
@ p, q invertible (mod t)

o =3Ju:pY.q"=1 (mod t)
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Part 1, by

Pa imc
Part 4, by Marco Roschkowski
Part 5, by Ujan Chakraborty

Lemma 1

Qo
Qo
Qo
Qo
Qo

ISem24, Project 3

Now,r =n/te QnB

(n,t)=(t,p) =(t,q) =1][(-,-) greatest common divisor]
p, q invertible (mod t)

= Ju:p“ q"=1 (mod t)

B—r,B —r xpY—, xq" — invariant and 0 € B’



@ Now,r=n/teQnbB

o (nt)y=(t,p) =(t,q)=1](-,-) greatest common divisor]
@ p, q invertible (mod t)

o =3Ju:pY.q"=1 (mod t)

@ B—r,B —r xpY—, xq" — invariant and 0 € B’

Qo

p'-(B-—r)=p"-B-p"-r
=pY-B—(mt+1)n/t 2)
=B—r (mod 1)
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@ Now,r=n/teQnbB

o (nt)y=(t,p) =(t,q)=1](-,-) greatest common divisor]
@ p, q invertible (mod t)

o =3Ju:pY.q"=1 (mod t)

@ B—r,B —r xpY—, xq" — invariant and 0 € B’

°
p'-(B-—r)=p"-B-p"-r
=pY-B—(mt+1)n/t (2)
=B—r (mod 1)
o =B=T
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

Lemma (Lemma 2)

Ifo # S CTis closed and xp—, xq — invariant .
Then SNQ # 2.

@ Assume SNQ =g
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

Lemma (Lemma 2)

Ifo # S CTis closed and xp—, xq — invariant .
Then SNQ # 2.

@ Assume SNQ =g
@ Fixe>0,t>1/e
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

Lemma (Lemma 2)

Ifo # S CTis closed and xp—, xq — invariant .
Then SNQ # 2.

@ Assume SNQ =
@ Fixe>0,t>1/e
o pY q"=1 (mod t)
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Statement of the Theorem (Furstenberg’s Approximation)

. Proof
Part 4, by Marco Roschkowski

Lemma (Lemma 2)

Ifo # S CTis closed and xp—, xq — invariant .
Then SNQ # 2.

@ Assume SNQ =

@ Fixe>0,t>1/e

o pY q"=1 (mod t)
0SetS5)=S,S.1=5n(S—1/t)
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

1) Sj xpY—, xq" — invariant
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

1) S xpY—, xq" — invariant
2) S; closed
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

1) S xpY—, xq" — invariant
2) S; closed
3) §j C R\ Qinfinite

y
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

1) Sj xpY—, xq" — invariant
2) Sjclosed

3) §j C R\ Qinfinite

@ Now S;,1:

y
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

1) Sj xpY—, xq" — invariant

2) Sjclosed

3) §j C R\ Qinfinite

@ Now S;,1:

3) K=S§-S={z-2'| z,Z € §;}

y
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Part 4, by Marco Roschkowski

S; xpY—, xq" — invariant
S; closed
Si C R\ Q infinite
@ Now S;,1:
K=S-S={z-2| z,Z € §j}
o Kclosed, infinite, xpY—, xq" — invariant
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Part 4, by Marco Roschkowski

S; xpY—, xq" — invariant

S; closed

Si C R\ Q infinite
@ Now S;,1:

K=S-S={z-2| z,Z € §j}
o Kclosed, infinite, xpY—, xq" — invariant
e0eckK
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Part 4, by Marco Roschkowski

S; xpY—, xq" — invariant
S; closed
Si C R\ Q infinite
@ Now S;,1:
K=S-S={z-2| z,Z € §j}
o Kclosed, infinite, xpY—, xq" — invariant
e0eckK
o = K=T(Lemma 1)
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Part 4, by Marco Roschkowski

S; xpY—, xq" — invariant
S; closed
Si C R\ Q infinite
@ Now S;,1:
K=S-S={z-2| z,Z € §j}
o Kclosed, infinite, xpY—, xq" — invariant
e0eckK
o = K=T(Lemma 1)
0 S 1=Sn(S-1/t)#£2
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

@ 5y € 31_1
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

(*] 30631_1
0 5=5+iteSfor0<i<t—1
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

(*] 30631_1
0 5=5+iteSfor0<i<t—1
@ sie—densein T (t > 1/¢)
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Statement of the Theorem (Furstenberg’s Approximation)
Proof

Part 4, by Marco Roschkowski

@ S € Si_q

0 5=5+iteSfor0<i<t—1
@ sie—densein T (t > 1/¢)

@ Sclosed= S=T,butSNQ =9
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The Action
The Main Theorem

Part 5, by Ujan Chakraborty

Outline

Q Part 5, by Ujan Chakraborty
@ Actions on the (Abelian) C* algebra vs the Spectrum
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The Action
The Main Theorem

Part 5, by Ujan Chakraborty

The Action on the C* Algebra . ..

@ Recall, the additive group
Z |:plq} = {ﬁ €cQlacz, ne N} with the action

a:7? T [plq], o(r,s)(X) = p'g°x forr,s € Z and

XEZ[plq].
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The Action on the C* Algebra . ..

@ Recall, the additive group
/ [%} = {(Ln €Qlacz, nc N} with the action

a:7° 7 [pq}, o(r.5)(X) = p'g°x for r,s € Z and
1
X EZL {ﬁ].
@ Consider the induced action

)

—

(Consider & : 72 ~ Z [ } and correspondingly

&: 72 mCo(/[;D andrecaIIC*( {qu Co(/[;]).)
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.. and the Spectrum

@ Recall that for a group G and a (compact) topological
space Y, an action £ : G ~ Y induces an action
£ : G~ C(Y) in the following fashion: for all g € G and
fe C(Y), &(f) = fo&, 1, and vice versa.
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.. and the Spectrum

@ Recall that for a group G and a (compact) topological
space Y, an action £ : G ~ Y induces an action
£ : G~ C(Y) in the following fashion: for all g € G and
fe C(Y), &(f) = fo&, 1, and vice versa.

@ There exists an action 3 : Z2 ~ X such that for f € C(X)
andr,s € Z,

Yo dg o (f)=Ffof
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What does the action look like?

o Recall, X = {(Xn)nen € [LnenT | Xn = XﬁL}
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What does the action look like?

o Recall, X = {(Xn)nen € [LnenT | Xn = ffL}

@ Functions of the form f2 € C(X), withae Z, me N,
f(x) = (xm)?, form a dense subset of C(X), by the
Stone-Weierstral3 theorem.
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What does the action look like?

@ Recall, X = {(Xn)nen € [TnenT | Xn = X570}
@ Functions of the form f2 € C(X), withae Z, me N,
f(x) = (xm)?3, form a dense subset of C(X), by the

Stone-Weierstral3 theorem.
@ Recall the isomorphism ) : C* (Z [%]) — C(X),
o0, .\ fa.
(@am) ™
@ Hence,

ONé(r,s) © w_1 (frarll) = 5<ap’qs>

(pg)™
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What does the action look like?

o Forr,s>0,ap'q° € Z, ¢ odgg o (f3) = 9 and

B(_rjs) (X) = Xprqs
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What does the action look like?

o Forr,s>0,80G° € Z, oy 0" (f2) = f77 , and
B(_rjs)(x) = xP'7
@ Forr,s <0, 54(,-75) o ”Lﬂ_1 (fr‘?]) = (5( aplslglrl ), ap|3|q‘r| €7z,

(pg)mHIrI+sl

. _ Isl girl . .
Yodg o (f2)= f;ﬁ|,f+|s|, T being the left shift on X,

B0, 00) = (TI#sl ()P
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What does the action look like?

o Forr,s>0,80G° € Z, oy 0" (f2) = f77 , and
B(_rjs)(x) = xP'7
@ Forr,s <0, 54(,-75) o ”Lﬂ_1 (fr‘?]) = (5( aplslglrl ), ap|3|q‘r| €7z,

(pg)mHIrI+sl

. _ Isl girl . .
Yodg o (f2)= f;ﬁ|,f+|s|, T being the left shift on X,

ﬁ(_,js)(x) = (Tlr\+|s| (X))p|s|q\r|
Ban=T
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What does the action look like?

o Forr,s>0,80G° € Z, oy 0" (f2) = f77 , and
Bl (X) = xP'9

® Forr,s<0,d;gov " (f2)= 5< wlelgl ) ap'slg € 7,

(pg)mHIrI+sl

. _ sl gl , :
Yo d(g oy (f8) = £ ] s T being the left shift on X,

/5’(7,715)(x) = (TIrHIsl(x)yP<a"

Ban=T
@ The case(s) for rs < 0 follow analogously.
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Outline

Q Part 5, by Ujan Chakraborty

@ Proof of C* uniqueness: The Main Theorem
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The Final Theorem

The group 7 [%] X Z? is algebraically C* unique.
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The Proof ...

o Let/<C* (Z [plq} N Zz) be an ideal such that

INnC [Z [plq} X ZZ] = {0}. We need to prove that / = {0}
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The Proof . ..

o Let/<C* (Z {%} N ZZ) be an ideal such that

INC [Z {%} X Zz} = {0}. We need to prove that / = {0}
@ With the topological identification of the spectrum,

C (Z [é} X Z2) =~ (Z %]) 72 = C(X) x 72
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The Proof . ..

o Let/<C* (Z {%} N ZZ) be an ideal such that

INC [Z {%} X Zz} = {0}. We need to prove that / = {0}

@ With the topological identification of the spectrum,
C* (Z [é} X Z2) =~ O (Z %]) X 72 2 C(X) x 72

@ It is sufficient to prove that /N C(X) = {0}, because then it
follows that / = {0}.

@ C(X) is identified with C(X)ue , a subalgebra of C(X) x Z2.
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The Proof . ..

o Let/<C* (Z {%} N ZZ) be an ideal such that

INC [Z {%} X Zz} = {0}. We need to prove that / = {0}
@ With the topological identification of the spectrum,
C* (Z [é} X Z2) =~ O (Z %]) X 72 2 C(X) x 72
@ It is sufficient to prove that /N C(X) = {0}, because then it
follows that / = {0}.
@ C(X) is identified with C(X)ue , a subalgebra of C(X) x Z2.

° /mc[z [%} xzﬂ ~ {0} = /mc[z [%H = {0}
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The Proof ...

IN C(X) is a Z? - invariant ideal of C(X).

(This is a general fact for any group G acting on any C(X).)
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The Proof ...

IN C(X) is a Z? - invariant ideal of C(X).

(This is a general fact for any group G acting on any C(X).)
@ Ideal, because C(X)ue is a subalgebra.

@ Ginvariant, because forae INC(X)and g € G, g-a < C(X)
and (g - a) ue = (Ug) (a Ue) (Ug—1).
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The Proof ...

There exists a Z2 - invariant closed subset F C X such that
INC(X) = CO(FC).
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The Proof ...

There exists a Z? - invariant closed subset F C X such that
IN C(X) = Cy(FC).
@ F={xeX|f(x)=0VfelnCyX)}
@ Since the action on C(X) follows from the action 5 on X,
FC is a Z2-invariant subset of X, and so is F.
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The Proof ...

@ Forne N, let m, : X — T be the n'* canonical projection.
Let B := m1(F).

o Recall, X = {(Xn)nen € [TpenT | Xn = xE7,}, and B 1y is
the left shift on X.

@ Fis Z2 invariant.
@ Hence, mp(F) = BVneN.
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The Proof . ..

@ ForneN, let 7, : X — T be the n'" canonical projection.
Let B := m1(F).

o Recall, X = {(Xn)nen € [TpenT | Xn = xE7,}, and B 1y is
the left shift on X.

o Fis Z?2 invariant.

@ Hence, mp(F) = BVneN.

@ By action of 5(71?0) and ,8(*0?1), we see thatVz € B, zP € B
and z9 € B.
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The Proof ...

B has infinitely many points.
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The Proof ...

B has infinitely many points.
@ Suppose not: let B have only finitely many points.
— 3 p e C(T), with p(z) = 37, ;7 and p(B) = {0}
— (pomm) € Co(FC) =INC(X) YmeN
But, recall the isomorphism ¢ : C* (Z [%D — C(X),
6( ) — f2, and hence

(pomm) =1 (ZA/' 5(,-))

j=1

which implies

/mc[z [%H £ {0}

ISem24, Project 3 C*-uniqueness of group algebras



The Action
The Main Theorem

Part 5, by Ujan Chakraborty

The Proof ...

B has infinitely many points.
@ Suppose not: let B have only finitely many points.
— 3 p e C(T), with p(z) = 37, ;7 and p(B) = {0}
— (pomm) € Co(FC) =INC(X) YmeN
But, recall the isomorphism ¢ : C* (Z [%D — C(X),
6( ) — f2, and hence

(pomm) =1 (ZA/' 5(,-))

j=1

which implies

INC [Z [%H £ {0}
A contradiction!
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The Proof ...

@ B has infinitely many points, and hence by Firstenberg’s
Diophantine result, must be T.

@ Hence, F = X, and | = {0}.
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The Proof ...

@ B has infinitely many points, and hence by Firstenberg’s
Diophantine result, must be T.

@ Hence, F = X, and | = {0}.

And that concludes the proof!
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A review . ..

@ Finite = C* unique,
but Infinite == C* non-unique
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A review . ..

@ Finite = C* unique,
but Infinite == C* non-unique

@ Non-amenable —> not C* unique,
but Amenable == C* unique’

1V. Alekseev and D. Kyed, “Uniqueness questions for C*-norms on group rings”, Pacific J. Math. 298:2 (2019),
257-266
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A review . ..

@ Finite = C* unique,
but Infinite == C* non-unique

@ Non-amenable —> not C* unique,
but Amenable == C* unique’

@ Locally finite (finitely generated subgroups finite) = C* unique?,
but Not locally finite == C* non-unique?®

1V. Alekseev and D. Kyed, “Uniqueness questions for C*-norms on group rings”, Pacific J. Math. 298:2 (2019),
257-266

2R. Grigorchuk, M. Musat, and M. Rerdam, “Just-infinite C*-algebras”, Comment. Math. Helv. 93:1 (2018),
157-201

3N. Ozawa showed that the Lamplighter group is C* unique, V. Alekseeyv, “(Non)-uniqueness of C*-norms on
group rings of amenable groups”, pp. 2292-2293 in C*-algebras, Oberwolfach Report 37/2019 16, European
Mathematical Society Publishing House, 2019
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A review . ..

@ Finite = C* unique,
but Infinite == C* non-unique

@ Non-amenable —> not C* unique,
but Amenable == C* unique’

@ Locally finite (finitely generated subgroups finite) = C* unique?,
but Not locally finite == C* non-unique?®

@ Torsion-free (no finite subgroup) == C* non-unique*

1V. Alekseev and D. Kyed, “Uniqueness questions for C*-norms on group rings”, Pacific J. Math. 298:2 (2019),
257-266

2R. Grigorchuk, M. Musat, and M. Rerdam, “Just-infinite C*-algebras”, Comment. Math. Helv. 93:1 (2018),
157-201

3N. Ozawa showed that the Lamplighter group is C* unique, V. Alekseeyv, “(Non)-uniqueness of C*-norms on
group rings of amenable groups”, pp. 2292-2293 in C*-algebras, Oberwolfach Report 37/2019 16, European
Mathematical Society Publishing House, 2019

4E. Scarparo, “A torsion-free algebraically C*-unique group”, Rocky Mountain J. Math. 50:5 (2020), 1813-1815
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Thank you!
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