
2

T νn (y) =
1

n

n∑
i=1

uiνyu
−i
ν

T 0
n(y) =

1

n

n∑
i=1

ui0yu
−i
0 T 1

n(y) =
1

n

n∑
i=1

ui1yu
−i
1

Lemma. For ν = 0, 1 let Fν2 ⊆ F2 be the set of all reduced words in u±1
ν . With the notation as

above we have

lim
n→∞

T νn (y) =

{
y if y ∈ Fν2
0 else

Recall that canonical trace is defined as follows: τ : C∗r (G)→ C

τ(x) = 〈δe, xδe〉 .
If x =

∑
t∈G αtδt ∈ C[G] ⊆ C∗r (G) then we get

τ(x) =
∑
t∈G

αtτ (δt) = αe,

Given n ∈ N we define a linear map Tn : C∗r (F2)→ C∗r (F2) by

Tn(y) := T 1
nT

0
n(y) =

1

n2

n∑
i,j=1

ui1u
j
0yu
−j
0 u−i1 .

Lemma. Let x ∈ C∗r (F2) be arbitrary. With the notation as above we have

Tn(x)→ τ(x)1 =: T (x)

in norm as n→∞. That is, limn→∞ Tn = T in the point norm topology.

Figure 1. Public Domain, Jim.belk at English Wikipedia, Public domain, via
Wikimedia Commons




















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































3

Lemma (Lemma 2.6 from ISEM notes). Let A be a unital Banach algebra. If x ∈ A with
‖1− x‖ < 1, then x is invertible and x−1 =

∑∞
n=0(1− x)n.

Proposition (From Joseph’s part). For every group G the canonical trace τ : C∗r (G) → C is
faithful.

Theorem. The reduced group C∗ -algebra C∗r (F2) of the free group on two generators is simple.

Corollary. The canonical map C∗f (F2)→ C∗r (F2) is not an isomorphism.







































































































































































































































































































































































































































































