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THE OBJECTS : COMPACT QUANTUM GROUPS

Def . [Voronowicz 1980) : ne IN
.
G- (Au) compact matrix gurgoroup,

if lit A- = (1) uij , sei , je n )
( CMQG )

"i ) "=L uij ) , ^
.
.
.
.

" ,
ü - ( " iF ) ⇒

.
. . - n
EM

"
(A) invertibk

(iii ) D : A-→ A- ①min A
, uij H hin ⑦ Uicj

*
- how

.

Fundamental Rms [Woronowicz 1980) : ( Au ) (MQG .

1) A commutatiue
""
IG EGL.IE ) compact group : AECCG )

2) Haar integration : 7! h : A-→G Haar state (lid①b)ob = (h⑦ id ) ob =L)
3) Algebraization : 3- (Ao , bla . . S , E) EA den se Hopf algebra
4) Categorial representation theory : Tanaka - Kreis ( Schur -Weyl typeduality
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THE OBJECTS : QUANTUM PERMUTATION S

Def . [Wang 1990) : 5¥ (CST ) , n) free symmetrie gn . group
( CST) : = ( * ( 1 , uij , AEIJEN tuij - u =

uij
?

, Knin = ? Ukj = 1)
"

magic unitary
"

Check : SI is a CMQG ✓ ?! "" "%: rü.

"i ) a- luij ) , ^
.
.
.
.
" ,

ü - ( " iF ) % .. - n
EM

"
(A) invertibk

( iii ) D : A-→ A- ①min A
, uij HEE 4in ⑦ Uxj

*
- how

.

Check : Su E Sat more quantum permutation !
TEMNLE) magic unitary ⇒ T permutation matrix

here ( CST )→ ( Csu )

@ijCrI--rijIuijI-sevij0PENi7SnEGESnt2.i.e
.

:( ( ST )# BECK)
, vijh-kwiiowrjt-h.vn .

uij Ins Wij Ins evij
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THE OBJECTS : QUANTUM PERMUTATION S

permutation quantum permutation
54 ¥ seit

U T "
U

"

7T : ( CST ) → EH, p, gpwjections )
" "

¥:) o ¥ ) o II )
⇒ C) noncommntat.ve (Ptt TP )

0 1 O O ⇒ asü) # as)

l : : : :) ¥:*:::*:)
(: :) o lt :) o
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THE OBJECTS : QUANTUM SYMMETRY OF n POINTS

n ponts :X { 1. . . .is } , ( ( Xnt ( ps . . . - pnpoj.li?pr-- 1)

5nA Xn : a : Sax Xn → Xn
,

Cr
,

i ) ts Ni )

Satz X. : a : ( (k ) → (CS ( ( Xn )
*
- hom

.

Pi Pfui . ④ Pk = :p?

Pi! ! " iruieo.fr?e.--E?iI;r=pi.pi*=pi , -4¥
Snt maximal with this action ! ⇒ SI = Qsym ( n point)

[ Vii ① Pk = vii.vie ① piepe =p! =p! =# vi. ①pk ⇒ vii.vi.
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THE OBJECTS : QUANTUM AUTOMORPHISM GROUPS OF GRAPHS

D= ( { 1
.
. . .

,
n}
,
E) finite graph with adj - matrix EEM "

( { 0,1 } )
Aut (M : = { re Snl TE = Er } E Sn anton

. group
(Symmetrie off)

Def . [Danica 2005) : Ant TV ) quantum automorphismen group
( ( Ant TCM ) : = ( * ( uijtuij-uij-uijzg-u.ie :[Uicj = 1) " E- Eu )

Autt IM E Sat ( ( Antti ← ( CST )
÷: u u .

tut IM E su ( ( ÄHM )← ( II )
ß has guanlhm symmetrie :<⇒ AHM # tnttl ⇐ KATH)) noncomm

.
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THE OBJECTS : QUANTUM AUTOMORPHISMGROUPS OF GRAPHS

D= ( { 1
,
- in} , E) finite graph with adj - matrix EEM "

( { 0,1 } )
( ( Anttlf )) : = ( * ( uijtuij-uij-uij3-uir-EUrj-1.uE.cn )

EH :P = ! ! n point AHV ) = Si # Su , n > 4
,
has qsym

⇐- = : :-& :) "" ÷::
"
""

1 2

Er
. ] : ß =

° °
E = 01 0 Um 0 1-411 0

99 ¢ ! ! ;)
"

(o an 0am )
htt 1¥!) , nogsyn

1-Uns 0 411 0

0 1-411 0 Um
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SOME RESULTS : EXISTENCE OF QSYM
,
SPECIFIC EXAMPLES

NO QSYM : old grnphs Ok , Hamming Hlnß ) , Johnson Jlnz) , Ihnen KKR) , Petersen,
[Danica , Bichon,
chenevier
,
Schmidt] Moore (diamefe 2) , cubic distance - transitive ( oder > 10) :- ÷ ! . .- san % !

/
Proof : general fort : us -- su ⇒ (Uii Urs = o if Ei . # Eins )

pwpeiiesoft.rs:
! ! ! : i oe

Shrikhande
, Paley Pg

,
Pss
,
? some circnlautgraphs , . . . ÷:*:

" " " "

uiiuei = " E) ""

" „ = uiiueiuii

"

iii.
m . .

QSYM : complete graph , complete bi parkte , cycles , cube , fdded cute FQN Cnodd )
,

FEI III] aetsch, 4×4 ndds , crown graph, Hamming Html) 3)
, Hagman - Sims,

some nudirected trees
,
.
. .

OPEN : JA , 3) , Jlnik ) ( k :D, Paley Palast) Tutte 12- cage , . . . qsym
?
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SOME RESULTS : EXISTENCE OF QSYM
,
TOOLS

[Schmidt zozo) : P has two disjaht automorphismus ⇒ P has

qsymhizetntlrldisj.int:< ⇒ Hier :( ¥ ! )
in

:(÷ : :) . -4¥:?)O O 1
O O

[Nedita
,
Schmidt

,
V. 2oz) : sina.ru/ypealgaithm for testing

"

( (Anttl)) noncomm.
"

[Eder
, Levandovskyy, Schanz , Schmidt,-pass ,

V. 20191 : Computer algebra appwacl. (Gröber basis)
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SOMERESULTS : EXISTENCE OF QSYM
,
Autt (f) = ?

show that
nij nute

no

9 fiitegmph gsym
?

-
qes

computetnttvye.g.hasdisj.am/om.-Bichon2oo3,2oo4
) : Antt ( Pw

. . - w f) = Antut ? Si (disjointpnd.at)

[Banica- Bahn 2007
,
Chassanid 20161 : similady for direct, Cavtesiaykxicogmphic products

[ Schmidt zu] : FQN = !!!! fddedcube , nodd ⇒ AHTIFQ) > SO !
( ( SO ;) = E uij-uijutu-uut.tl

OPEN : Anttof Ffn , neuen , 4×4 ndds , Hyman-Sims , . . .
?

" " " :

:)

79 : AHV ) # AHV ) =An altona
group

? Ant : = ?
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SOME RESULTS : PROBABIILISTIC STATEMENTS

have Symmetrie, have quantum symmetrie

graphs IP-so as N-so IP-so as µ-so
[Erdös - Renyi 19631 fhnpini - Mancinska - Robeson 20173

trees IP -71 as N-so IP→ 1 as N-so
[Erdös - Renyi 19631 Dunk -Schmidt - W. 201g}

charly tuttle ) > { e } ⇒ tut = fe }

OPEN :
"

⇐
"

? 79 : AHM :{ e }
,

htt + Ee } ?

[Chirvasitn-Wasihwskizozo) : IP→ 0 also for quantum graph,
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SOME RESULTS : QUANTUM ISOMORPHISMS OF GRAPHS

&[Lupin-Mancinska - Robeson 20203

Def serioes-Mauahska - Robeson - Sand -Severini - Varuitsiotis 2019) : f. = ( Vi
,
Ei )
,

/ Vith
,
F-1,2

ß Ey ! :<⇒ JIT : ( CST )→ A
,
A some - algebra : Fln) 4=4*14 )

D= ( { 1
.
. . .

,
n }
,
E) finite graph with adj . matrix EEM

"
( { 0,1 } )

Aut (M : = Er c- Sul TE = Er } E Sn anton
group

( Symmetrie off)

e.g : VEMNIMMIGD
, vij-vij-vj.IT?viEEkj=1sVEi4r Det . ÷! %. "

m -1 : vesn
, y

: >ADH :ME! ( irj ⇐ ylilryljl )

f =P, Ey 1=71 there are graphs which are quantum
isomorphie but not isomorphie !

OPEN : Snakes example ? ( 16 EINE 23 ? )
1712.01820
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SOME RESULTS : LINKS WITH QUANTUM INFORMATION

noulocal
game

: agieren ! = ( Vs , En ) , 1=14 ,
Ez )

, 141141

• referee gies 4,43 E Vs ÜVZ to Alice & Bob

• Alices Bob reply with wa , wg Ethik

• wir
, if : h) ( { 4,43 , WA , Wß } nv ; 1=2 ,

F- 1,2

4) the 2 verlies from I are liked ⇐ the Zvertiasfom ? are liked

Fact : Alice & Bob wir classical
,

⇐ DER

serioes-Marissa - Robeson - Sand -Severini - Varuitsiotis 20193:Alice & Bob vis with quantum Strategy # ß Eg ß
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SOMERESULTS : LINKS WITH QUANTUM INFORMATION

serioes-Maucisska - Robeson - Sand -Severini - Varuitsiotis 2,419) : ßEGß
"

er> nonlocal
Jamesarth 2016

[Lupin: -Mancinska - Robeson 20203 & qu.orbito.IS , Linear binary auswärts systems, . . .

-

[msn.pe#r.veYiiEi)PFrNtttN&gn.fnndio-s
,
Frobenius algebra, las, -

& Vicar
, & gu . Latin sguares, . . .

[Soltau 2019) : Ü( synchronousgame)

[Hellas -Meyer- Paulsen- Satriani 2019) : graph homomorphie game
[ Braunau- Ganesan - Harris 2020]

"

guantnmgraphhom.go.me ,
[ Paulsen- Rahman 20193 bisynchwnous
[ Eifer 20203 nonlocalgame on guantnmmekic Spaces

)

[ Robeson- Schmidt 20203 : ß has 3 disj . antun .
=) P has non Local symnety

I #
P has Ü d.j. antun

.

"" 9 has quantum sgnnety
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SOME RESULTS : QUANTUM LOVASZ THEOREM

H
, Pgraphs . y : H → P graph homomorphisn :# ( ivj ⇒ yli ) - ylj ) )

[Louasz 1967) : DER ⇐ HH graph : Ify :HAB hom.IE/fy:H-sPzhom.3I

Q : ME ! Es HH planar graph : Ify :HAB hom.IE/fy:H-sPzhom.H
#

[Mancinska- Robeson 20193 : ß Efz ⇐ HH planar graph : Ify : H→ P, hom.IE/fy:H-sPzhom.H

→
"

genau
tun group techniques

"

show that planar graph
hon

. count

do not characterDe graph Bonovphism !
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SOME RESULTS : REPRESENTATION THEORY OF Antti )

Rep . theory of compact matrix quantum group : intrtnher spaces [Woronowicz 80)
Tanaka -kein

Rep . theory of ST : Mors, Ii
"

,
will

[Danica 99)

| ÷ { T : ②
"ß

"
→ (E)ellis .

/ Tui
"

>
nett }

"

easy
"

gu . group
=

span { Tp I p noncrossiy (planar partition of {1, . . . . ktl }}

Rep . theory of AHV) : Morgen, In
"

,
ü' ) = span { Fly home from planargmphst P }

[Mancinska- Robeson 2019)
( [Chassanid 20193)

[M .

-R) : graph isogamelg.isoofgmphs-sguankmloraszthm-srep.tn . of AHV)
QIT ALG

.
COMB

. QG
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SOME RESULTS : QUANTUM SYMMETRIE OF GRAPH ALGEBRAS

IM Ct ( pvpwj.VN ; se partition . ßEE Isetseprce, F- pv )

where r
, s : E→ V are range

and source map ( if statt ¢)

[Schmidt -W. 20183 : Qsym ( CFD) = Auf TG ) , i.e. THEN respect synneties
1.) Anttlr ) TÜV ) , i. e. have Left f-right) action EIN→ CCATTM ) ⑦ CYP )

Pr H Efre ④ ß# , se '→ ¥, Us (e) s (f)
"
rcesrlf) ① Sf

1.) GICHT left night as above ⇒uijc.GG/satrsfyrektionsofCHttlrDEBanica-Skalski
20137 : gnantinsymnety of CHP ) in the sense of orthogonal fhtationslspeclrdtipks

[ Joardar -Mandat 20187 : NCG, KMS states , . . .
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SOMERESULTS : QUANTUM GRAPHS

graph (4-in }, E) : Ein> an

quantum graph AB,) ,Aa ) : IÖMKI IÖMKI
a Na a -1 Na

[Weaver 2012)
[ Duan- Severini -Winter 20131
[Musb- Rufer - Verdon 2019 )
[ Braunau-Chirvasitn - Eifer - Harris - Paulsen - Su - Wasilevski 20203
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SOME RESULTS : QUANTUM GRAPH E - ALGEBRAS

UAEAEU

"

EUGH ( S :B→ FOLG ) I 55*5=5
,
5*5=55*1 )

"

IFOIGFELSII
"

, ijc.si . . .ua?aeH.....d3lEsir'lSsYFssF=siiIEseFFseE--?.y-riYa-srölsü )
AHTG ) E Anttl B. y ) just like ATTMEST = Attila point } ) frgmphs P

AHTG ) 7 FOLG ) ( but not Qsyn CEOIGIKAHTCGI )

[Braunau-Eifer -Voigt-V. 2020]
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