QUAUTUM CYHHETRIES
OF EIVITE GRAPHS

- A CURVEY —

MoriT2 UELER
(SAARLAND UUIVERCTY)

/{/O('HA A"Hm{‘?c /Uohcova\.-u‘;al:’»ve C\eowe#] ge\n?uw 20 zauw«? 2021



T HE CONTEXT
T HE OBJECT S
COME RESULTS

L QSYM(T)
L QT

L > (1)



COMTEXT : QUANTUM GROUP A/OT [0ME

QUANTUM G ROV PS QV\Q[T’\‘C atjeLrafc

HopF

LOC, ComP, QUAVTUM GROVPRS
CoMPACT QUANTUM GRourc

COMPACT
MATRIX

MLEERRAS

&uuwful«n S7v~—\w\e£f;(’£ o€ ayovﬂﬁs , M. Uele COMTEXT * QFJECLTS -

RESULTS

/20



COUTEXT : QUAUTUM MUATHEMATICS

CLASSICAL

NONCOMMUTATIVE

TOPOLOGY
MEASURE THEORY
PRORARILITY TH.
DIFF. GEOMe TRY
(Loc. com.) GROUPS
(NFORMATION TH,
COMPLE X ANMALYC(S

C>-ALGERRAS

VO A/ EUMANA, ALG.
FREE PROC. ; QU. PROK
MOMCOMM. GEOMUETRY
(Lac. comP.) QU. GROUPS
QU. MNFoRMAATIOA TH.
FRCE AMALYSIS

(N wont tw S7wme{;f?e£ o€ avovﬂns R M. Uele CONTEXT *» OFJECTS = RESULTS 2/20



T HE CONTEXT!
T HE OBJECT S
COME RESULTS

L QSYM(T)
L QT

L > (1)



THE OLJECTS: COMPACT QUANTUM GROUPS

£ Y\/orowow 2 A9 201 n e ﬂ\/ ( (/t 143 CO,,,,(MC{- P %%,Jrob\“ﬁ}

CM
F 0 A= (Auy  aeijen) (€MQ4)
) ( :.Q R J;(M{T>34 " C/{/{ (A) wVQfAiLL
(i |AA Aﬂ/l®w,u/4,u{‘)’k——>‘%4 Ui ® Ui = bom

Eudbtall it [ Whietewiez | AR | (A4 QS

N A commbibive & 36 £ L) ampeck gup: AXC(G)
2) oor idegration s VLo AC Hoor shafe ((dob)e A=(Loid)eA=E)
2) Alelisator 3 (A, A, S e) e A dece Hopl cliebore

) Cotegpeiel vepresecbelion teoey 1 Tomcke~Cerin [ Cclor-lgl ype deel

Q v ot awn Sqwnetries of ayo«,lﬁs , M.Ueber COUTEXT » OF]JECTS » RESULTS X /20



THE ORJECTS: QUANT UM PERMUT ATIOANS

M FL\/MZ /(‘A%Oglf S (C(“) U\> {re& < wme{\nc_oym J”’“V

CE)im (A, a5, Afijon [ uy=uif=ui® “"f““ )

]

(B L Ut—u?":v7

Ct\eckc: S:,- S a CMQC) /

CLec'c: g,,\ - gm'(— roy e yua‘:/'wu-\ Werwu'/-ﬂ‘/‘;ﬂ'%!
NE /MV\L@) MO&(\C un({av7 &D W ()E(l/—\u{:ﬁg\a“' ko Brix
hewce C($j> = C(Sw)

aj e ev, (4, ()= S))
OPEV: A8 c65ST 2 e C(S %?L@:%(g) G DO

Q uant wim Sywmnetries o{ avowlﬁs , M. Ueber CONTEXT » OFJECTS = RESULTS Y4 /20



THE OLJECTS: QUANTUM PERMUT ATIOMS

\par tatioes 71,1%134»\ Ioermaq{\qﬂ\bﬂ
iy, Calo-
S cl G
Y = “
U,
w 3T C(K)g/i\*(/fp Y prgectons) /‘ /]
F Pty p
) O %(j' ) O 24 43
= () s (Pytyf
gl 4]l o] o = <) T ) e
o A O 1(44 B O Z(/r 4)
0)
0o
Al jol ol o (ol [elel o
ol ol A1 O . o> A O>
(o 1 ®) (o 5 @)

‘ T » CTS = RESULTS § /20
Q uant aim s7wwe£f,eg o\C GVD‘!)LS , M. Uebker CONTEXT * OF]E. /



THE OLJECTS: QUANTUM SYUMETRY OF w POINTS

: KJDMS: Xm:g//' ~--)V’§> C(Xw): C’*q}”/“‘ M P | %‘PK;/’>

S X LTk [ Salx Yol ¥, | (g, i) — &)

St X o« Q) — CSHe C(K.) “lom
(),' H%u;k®{){c = F?
[ [)?Z: 2:1 Wielip ® f’kfg e Zu;i@rlc —_r) AL, Zq:|
< S € L e

:&CZ l>lc =N
S.j_ AKX il w?/h ’n\ﬁ qc'fwﬁbw(b — g+ =3 ngu—.(n P@."J:s>

%v‘.f@f.{:%vﬂcvm@ﬁ(’z (> = ‘Z\/,c@f = V= J

&uaméuw S7wwe{;1;€£ O€ avov)bg ) M. Ueger COMTEKT = OK]E—CTK e RESULTS

6 /20



THE OLJECTS: QUAYTUM AUTOUORPHICU GROUPS OF GRAPHS

= (1409, ) ik gop el okl 20, ({40
At (1) :=

r\DQ{» [&““\Cq ZOO‘C} . AA‘I’+(? “W{"A"" qM'lLOM vr) U'M (jvm»f
(A«Jr (§)) = > (u [u —M\T= | )LM «quA-A)ME w)

S |£=|¢ 6,5 - g.,. ao lm_ava() (57\/\4&«2%‘61 oé \.1

B 7R L I S C (AT e— C(S )
i S LI 5
WALLdsY [l [, C (AL ><~<(§ )

F has T/wwh« 57we4\4’95 e= AN S A (D) = CAFT)) moncorn.

&uw{uw S7wu«e{;f;€£ O€ avov)bs 5 M. Ueger COUTEXT * QCJECTS - RESULTS 7 /20



THE OLJECTS: QUAUTUM AUTOUORPHICU GROUPS OF GRAPHS

D= (T4, B) fle pph Wb adcbie 2 e M, (F013)
COATTEN = > (g Lug =l =) Zwy =24 =, ug=zu)

=00 mpeeks AFT)-ST 4 S, 2t L gy

AN
N

Pe.): _ oo - [0 A o o U (= = i
* P T ¢ pre e C(AA (P)) » C ((’),fV fvod> e 01/57\«
Y O o 0 / P P o d
O o414 0 U l > /1[> [; o ©
1( Ty
A R O DV
E _ OA 1 o _ [y, O A-Yyy i L
‘ r\_ 2 A 0o o 1= O umn O /"344 AAJ{ (O) ;A«; )) & DVQTM
2 1 o0 0 A A-4as O Uaq (@) L
O o4 0 O /f'qM O Uga

Q uant aim s7wwe{;f¥eg o€ aw‘pbs , M. Uebker COUTEXT * OFJECTS » RESULTS R /20



T HE CONTEXT!
T HE OBJECT S
COME RESULTS

L QSYM(T)
L QT

L > (1)



Sote RESULTS: EX(CTEMCE OF QSYU | SPECIFIC EXAUPLES

):Ali? QQ&SYL{/( o«“ SVh()ng Ok/ Ho\w\lmiv\és H’(V\Z }QL%OH A(M ”L) (C\,\ew K(\/\IZ)/ rPe-‘-Q:S,ea)
CLMW §Lw4+1 Moore <o(|«w«ek. 2) cuboc Adl’““ce ’{V““Slc]\\ft (avd(-'u 7/(0) ﬁ«:@&w % S

P gt fde uresu e (Upui=o f saen)
popekes of 1 A= 8

gl«v\ lCwal-e/ l““) 7 _’3/7213/731?/ Dwe C/(‘(CV\[W_‘E avo\()lﬁﬁ), .

/{/( Con \QLK a COotn g s cle (N c y WM JJ
[ﬂd“ q%gthl f 5/‘( {()le \I)LeJré p (Jr\q-é, €9 g, culie %Ljﬂi le FQ < 0 )
%l%a g:[/\v« 4{1 CL‘CL“["/ L}XL{ ND\‘\S/ Zrowy SV‘\VLS/ H’“"‘“"“A‘é H Q >Z mew w—\l

Some u‘,\iirf‘r.{-cg! kcc; [

open s J(63), Yk (ken, Payley B (bona), Tlle A2- e %7%2

A vomnt awn S7wwe£f?e§ o€ awvﬂﬁs , M. Uebker CONTEXT « OFJECTS = RESULTS 9 /20
L QUM



SoMe RESOULTS: Ex(CTEMCE OF asrd Tool ¢

[Slidh 202013 (\ L /fwo irgjbu, aqunwovaBws =) Y\ Uens OVSTM
D F = T, G =
A oc=y ‘c/?é\/'-(t”()qﬁ ot >

T T, e ‘I(P) 0((\'\0 |
i A ?) T, V¥ = T, (=]
P 1-p
oo T, O |O eop O 9
. T
2) Lz (@) ~ U= O /1-\( ‘i( O
494 & o

Ir

[/{/eclmq(c\( gctm».?:“'(.\\/, 207,0\: gl\nu/xom—\ "7“)9 O\%W%Lﬂ ]é\r &S/\’\Aé "C(/’-\,\J’.r(r)) o Q-
[E:LJ‘/ Lev‘auiovglrwl gclmu}/gc(wmc“‘/&l-een—,rm(g/\/. Zc)/‘jl'. Cow[?w';(r ﬁ[(g,?L‘(Ol Q()fvoact (GV‘;LME( L01§I’-§)

Q uont aw s7wwe{;,;eg o\C 8“"/’“ , M. Ueber CONTEXT » OFJECTS - rzgs;}ﬁgs) 10/20
—



SoMe RESVULTS: EX(CTENCE OF QSvd, AL (T)= ¢

Rl P e I P
Pl gt fort =

2-(3. st J(‘gd’. qd’Ou—.‘

[l 2002,2000):  AM (T T )= AP, S

SLuu rh,J \A;S’ Covtcte >

no

15

= Cov«ﬂ)ul:é /’-HH(P)

(Clgﬁd%\av\l' ()V“tl n«c{‘)

(KW‘\C“” &(([Aal-\ 2001/ ClAC‘SSa-fol 20/{(”1% Srlmﬂcnl(7 «Fr J(th/ Cﬁd&f’\“"’/ LQX\CO(SW]()L;C (JY\WL«C.{'S

[Sctwl% ?,Dlozl FQ,,, = |

i l %(uu cle wodl = AFT(FQ) = SOl

OFE/{/: AV\'P’ OQ FQ»‘) n eveq J L\XL( WOQS/ H\awo«w—g“wg/ g

A AT FALD) = A ablesncbin gronp? A =2

&uw{uw\ S7ww\e{;f?e£ og aw»v)lns ) M. Uele

CONTEXT * OFJECTS -

RESULTS
- QSYMY

1/20



SoMe RESOLTSC: PROCARIL(STIC STATEMENTS

me@ £7w\u«c4\/\\65 Lmre VA&M/\AM 5\7‘«4&6{‘\(,\:5
ZBVQPLS ”)—>O cs /U——><>o ”)—>O G5 /U——><>o
H_:rvtc\;;— ey Agé'ﬂ {LL«[PJV\(- Maucivslea = Rolecs 204 9-]
Free P4 as V= ob P4 as Y= op
[Cedss- Renyi A5¢7] [Quake-Sebinidt - W, 2044)]

clead, AH ()= el —s A+ ={e]
opep: e="7 QAN AHM)={e]  AF M) #ef L

[CL\:N0\$%"\“L\/0\S:LL\-’£B 20201'- (‘) — O O\[SD LQ‘D( %}\H‘é\ﬁ\\ avr,, (

Q uont un S7ww\e£f?es o\C avo(PLS , M. Ueber COUTEXT » OFJECTS = RESULTS “2/20
- QIYMTY



T HE CONTEXT!
T HE OBJECT S
COME RESULTS

L QSYM(T)
L QT

L > (1)



SoMe RESULTS: QUAUTUM [SOUORPHISUS OF GRAPUS

X,L LMP\A —Mornc "‘Qk RoLeston ZOIOX

"g—_ M’ Serl AS“//(O\LAC(L\SI(h‘?fDLQ\ISDM 5o\twa -$Severa; - Vﬁvvq&oi\g Za/fﬁ] Q —;( k/f) E{)) I(/l l: 7 }\":/’,'L

Y\/\ _;:BV Yl’z o g K C(gh)—> A y /l Sow?t C ’qlg(&wn'. ‘\T((,\) 2/1: {Z —r,—((ﬂ)
F (7 Z E) {%A PL M ad ot /44 (913)
L x|, 2 VIR IR ) PSS, e o (et 1)
9/3 Vé/av‘(/AM (é))/ Vld :\/IJ ~\/,$ ) %V‘Ki%%é d p) \/£Av£?\/ E %4 m:! (/UL (f 172 jh); F:ﬂd,f,w)

m=A " ve S, ; x()::/H(V\‘- V\A i)VZ (;”J = W‘M’&(){S»

(\ = é&f; (\4 ;ﬁ( Oz flece ace qufts whicl, awme a}/w,Jm

(YOu«ov()hfc Lt cof (Zonmo\‘()hu‘c[

OPEUa gmaltu e_kaH()Lq; 2 <//5 é‘\/(é23 ¢ >

/13A1.04820

Q uont a S7wwe£1?e§ o\C avOV)lnS , M. Ueber CONTEXT » OFJECTS « RESULTS A%/20
LQ\T



SoMe RESOLTS: LWES WITH QUANUTUNA IWFORUATION

Now (ocal aa\me: ° 5( a P,, ’—‘(V,., (:ﬁ,‘)/ Y“(V C \/, {V’

° .—e?ue_e éMS \{A/VKE \/,, U\/2 fo /che 4(:&

’ /“\ce_gﬁpL utft; W\/“—. WA/\‘/K G\/AC)VL

S EON | PARVRR PV EV RS

(2) Al 2 veckees wCow Iy ove livked &= e 2 vackees ]Co«., I} e lioked
T/—mcjc"» A/(\'CL X(ﬁog AW C(aﬁs?ca 7 > O/r = Pz

’\/Hszr‘%ﬁ—//(mc?‘msb—ﬁﬂ&ssowSp\va{—&v&rf‘m;—\/ vilsoky 20 /‘i A(lcﬂ & KDL V.\A \\/m (V‘M"‘}L‘LH gM#d? C__%) B :”1/ VZ

Q uaunt am S7WW\€{;1;€§ o§ ayowlﬁs , M. Ueber COUTEXT » OFJECTS = RESULTS A¥ /20
LQ\T



SoMe RESOLTS: LWES WUITH QUANUTIMA IWFORUATION

\
Mlﬁew‘hs\ winCska = Bobesson = Sane ~Severini - Varvidgiotiog 20/&] : P Sc" P SME 30&"65
w201,
Ij—Lu«P.hu:—/f/{mC(nugkc‘~ POLCJSO“- 20101

Lol L;(A onf ey Comtbroidds suskes,..
ovXiv 25:(4} Ai T\gt‘ P\K\">/L++”\) X( 7/(4 L S) oy L 7 C {.\( 57 g
[MMS"’O_(ZQM‘E&'V“VQ\NLN- 7/0/1%1 g( ’7/4/', #uc‘k%S) ?roéew‘u; G{Sequ} Lgﬁj/

X/ V\'CW\] K/ 7/1/\— Laf Ia £<qurejjm

[go)éfw QOA%X : Cg (§7MC[I‘{OWOMS éal««e)

[H—@HOM —/(/(e7u« Pau\tges~§u‘(:\limuo 20/{‘{&2 BV“J)\A L‘ol«-.e\noy()\/'&bx ac\wﬁ,/

EK(WWWGW&CAMAH,AM& 10w1 ?Aa\—\%"”‘\ Jv\avyb Lwl»m(jc,h(’ )

[ Paleen < Leboron 2014 LR)wcL’muoug)
[ Ef%ler 20201 l/\outoCulég‘_(’ 6- T&Hb"“ﬁ MCMC gt()oCﬂ_(

[RO&_&L@»QJM—«{J{ ZO?.'DII P ng E (de\ au{.OL-.. > V L\a; HM«)\-‘E&/CQ( 370-«—\(7

[Slodt 20251
P L&s 2 c/{,’%j 0’\-\{01'-' = (l L\As %aaﬁa\ 37»\«_.(/»7

Q uont am $7ww\e£f?e§ o€ avovﬂﬁs , M. Uebker CONUTEXT » OF]ECTS « RESULTS AS5/20
LAQ\T



SoMe RESULTS: QUAUTUU OV AS2 THEOREM

H/P auavkg» L(): H —/)P ava{)\, Louohm()lﬁ.‘jl,. D= ( ')'VJ =) k()(()’v kﬁ(\\))
[Lovasz /(gé:}] OAQ//PZ ) VHSMPLZ \%((H—’)ﬂ, Lowzl:\fq'.“—’-)f’z L\ouﬂz‘
0 0 o Yl ey ot b= Lo ]

¥
[Aucichee e 2005): g 2fey e b I ploe gl [ £: o, hon|= [ gl T, bon]

«

e auw~— Gw ched Me(“ D) c e ) (Ao\.«- Suw
D ?/A L. (j ‘-1\(7 lée ? S[A V4 'ﬂ\ t V)’ J rpL Coutg
glo mi C(ARJGGLQJM ém()\» onihw()Lrgh!

QUUV\{;WM S7wme{;f;e£ O€ GVDV)L‘S ) /“ﬂJfgff COMTEXT * QCJECTS - RESULTS //6 /20
L QT



SoMe RESOLTC: REPRESEMUTATION THEORY OF  A.tH(T)

|2€‘>. H«uw? Ofr cou(wcjt hcﬂljf&( 7w«‘£wtm wa;(x 5 IV\']Q(’J;"JL‘(( S(?aceg LL\/oanuc} ZOI

|&M-\ Lc. \Cve ]

Red) 7[K{ §+ . Mo "‘®k;"‘w)

g-f—
EM =fTC i R O P Pl
“ ea;7” I s = S(MH % r{; p Mmr_mxc?g /()lawf ()w%’%\ - O( {4.,,1@(??
H ok 6
i AAZ& a‘iﬁﬂ% oty ()= g Lo o Pl gople 4 7

( EC/INAKEW«{O\ 20 41})

D’(‘Rl 3V“r>t4 IS0 aalme /‘1/.\“30 m‘g Dvﬂdﬂd &= -”va\i\ﬁk—. LO\/O'S?— (ﬂ%« - V‘Q‘)- tl., 0€ %ﬂ{ﬁ(r)
QIT ALG CoMt Q6

Q uont aw s7wme£f?e§ o{ avowlﬁs , M. Uebker CONTEXT = QFJECTS - EE(SQULTS A7 /20
\T



T HE CONTEXT!
T HE OBJECT S
COME RESULTS

L QSYM(T)
L QT

L > (1)



SoMe RESULTS: QUAVTUU SYMUETRIES OF GRAPH ALGERR AS

CT{yl=ar CP\/ (m\\ )Vé\// Se Y’“HM( o jee b l §e P PrCa) )ZSQS@ Pv>
et gt B ) are Aok add conece ap ‘ 4(" )4¢)

[ Glocdt LY 2043): Qg7w (M) = 44T (7) , e = () V‘CS()echs g7l~l~‘c’{\n\93
(A) AXT) V(T | ve bave Leftleit) ach CX(R) — C(AHHM) O CXT) ]

Pvr > %\;\vk @[Fk Se = Z.Ms(e)g(f) v(e)r({) ) %[

_Z) G VR L’ZH Y aLJr as alsve =) U CC(& 91[@)[7 pelediag o?[/w 1

[@am@-ihlgh 2013) 7“%6-“- S7w~e¥\7 01( C%(P) L fhe Sunse oLF Of&/«aow—( ]m](”’g““ﬂ /S()ecff“l éff()t'&
YJOW»L»\( ——/L{““J*\ 2‘5’{3]3 /{/CQ/ kMS S"%{fS od

Quomtom sqwmetries of qrephs ) M. Uebe r COMTEXT * OF]ECTS - szsgLr)s A7 /20
L [c=(h



Some RESULTS: QUANTUU G RAPHS

3"“(“‘ (%/(’J Mg) 2) o CCV\ _L.> @V\
d
feo . A
gt (LA o @A @4 (1
r\J&aue‘( 20411
] Do Severini— Uder 2011
[ Mak - Qether - Veudse 2019
[ Cennen —Clivvagib - E'{/l” ~ oweic~ Peclen ~ Sem Ueellgucks 20207
&uamfwm S7WM6{}1;C§ o\C av%{)lnﬂ ) M,Ue‘ger CONTEXT » OK]FCT—S e RESULTS 4?]/20

L XY



SoMe RESOLTS: QUANTUU GRAPH C*- ALGEGRAS

CFOG)-C(S8—FOG) [ SSTE=S, SC=Cs¥, )"
FOG)=C (G, tjets Ad, actq.,df | = ST i“‘ <, T T A 26 )
AFTG) = AR ) et e mm = Q= A (§n pted) ,L gphs I

A (G) VRO (L b Q%JIFO(@F/M*(@)

[@mw\wﬂ‘ET%tﬂ/{ ~VO((S‘L,~U. 20 20]

&UUM‘&MIM S7V“\M€{;1;f§ O€ ayo«)lnﬂ ) M. UeLer CONTEXT » OK]ECTK e RESULTS ?O/?_O
L (Y



Koo\ﬂﬁ oY ,{/me{vw (TNM(S 5
At

/A/eslnve‘/?-\/’l/u;cjc) Conmpe vméw -5 ond tbeir pep. caben. 2073

C( g'/p
lv—w«c(l,-\w«/ A wndehive Jv 7/,10‘» I (j\nw’;s ool J:AJ.;(// 2008

Qﬂ‘\'\/x"‘ - CDW«-\‘}W«—. S7t~»~ctv‘7 yw{f o\( r\mq-f S()acg/ A49K

é:[i%/ g:&; am‘l\;;—w hu\u asz(u o L‘ﬂ-f OW{YLL ] Zooé 1
mco\/ Gt~ Ge L-—\OVPMSL.. 5‘,@..(’( o oL-.oJeu\ecps &g;qf £/ S

A}06. 0883 | AB0A.0294 42 , “A3A0. 412 8% , “A906.06 (Clidt)

wmath (0605263, tnall/06013C8 | wafl [ 0103019 ( Bepich, ~ Rickeat])
AU 04441 | A306. 4109} (V' SQblore compely)
ASDC.OCHH | A0y, 00%SE (CLesans ()
AH12.04 820, A31.029C2, 2044, 1414 (‘amLaL’la/cc)
A6A1.09%3% 4311.04810, A940.0645F  2042.43323 (ﬂw—‘c:«slf"-paLos«U
A604.0¥13S, A1, 039S 1304, 04305 (Mashs et \aulot )

/(‘302,41253/ /(?01.00360/ zoog,o}zzj/ Ago).ozxm/ 20410386 (aaw;)

A109.643Y 430608328 AMA4.04183 134.0333 (vysTﬂ C‘(Jv«(vtc))
A00C.015y  4002. 2644, 4144, 0F94C ATAL 1474, 2004.03¥L6 (%_m,ug )

‘fHANKS



