| ECTORE A = TREE PROLALILITY

MAIV IDEA: A uV\'ujca((C-C(lJCL\rq — Samples (" random variables ")
/_/_7

\: A E> fEM)l:ia. fetnal —  olcervations ("exl;ectq{.’o.,.")

(Xk) “‘G"\/ A —  knowing xeA ("Mowenfsu/
{(e z > € 5" "dickeibubion)

&‘- H°\/ to compule expression ()( x "
Provfcleal »Jerlcnou g{‘ZK(()S o-fJ %%(71)7, k, Le N7 ) 2

(Whit do we know about mixed woments 4 X asek q 2%)

> TNDEPEMDEMCE Cowc EPT
FOR Mot - COUMITATIVE SITUATIONMS



L ECTORE A : FREE PROGALILITY
MAIV IDEA: A unital &—qL}eL\rq

. A ——= @ lin. fetnal
ke with (1)=A {

_E_X_ o) A z L.oo (_ﬂ, [P) = { X: L > € meauralle } = class.  randowm variakles

LQ(X\: LE(X): ()(Jﬂ) QXPeL":q{Ton

Rule Lor mruehﬂ:xe,x woments < TNDEPEMGUCE - [E(XY)=EM)-E(Y)

L) A:/('{q(() nxn wmatyices , Lf"—ﬁ\' trace
C) A:/{’{u ( Loo('ﬂ,ﬁ))) Vamalom Ma{r?ces ) "(’-’—ﬁ"@ {.E

d) /4 = f(“—) O?em-tovs on a [hlect Srace y kq (x)czk‘i;f>
Tk, iTh=4

Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Basics in free probability |

QZ [L-‘(-lz

Qi ‘zt-.(-lz

Qi ‘Z._,(.;z




HISTORY OF frREE PROSAGILITY THEORY:

Pre -

Thew:

"Smll oLs?(vaEio«;
Can lead to Lig
Aiscovevies "

VEev T e

f\..cow?\-d{
(bl

/erva') X (V% A/eumm 4‘33&(//’3‘!0‘; L \/own /(/eubvwmv\ OlléeLm;) fusP?veJ ]Crouq
tvb«awkwm M&Lanics . /('1 = K(“) (_[oseJ L«7 Mu\u\'Pl-)an) a.lj, Pfus, l;w‘;“j

generic cluss of examples . L(6):= TG P € g(L%6), G Jiserebe rup
Voiculescu 4380 1 wanks dosolve  |L(E) #LIE) e ©
.Faits) Lut observes -Fmr x::ﬂ;)) cA=L(E ) ) () =< x36,2,> -
Q") depends only om "90F) g (5) s Ll FREE (WDEPEDENLE
Voiculeseu A334:  Lacce M limids o{ vaneom potrices behave ][reel7 indep.
em£7 43905 Combinatorial approad. to ]fvee ProL)Se’c pack itiong

j}?o«ue MEA ASSO\S : -g\(ee '!"\cwemev\{s (g‘,:DcL. fvocesses)' 457-—-?{0{&5 D( WP. D{Sn

Haaéem? v«IA /1550\5 L 'l:‘fauﬁ-(fwlmg L7 J:bck}fue ofer.) use o{: ll'\-.L; RMA—) O(,,qla

b']\(emq) /Ul'cq) ge(covid) $“7qLu~,euLo) /{'11'"30) Zel;msc‘.}) Couu’us) TLWL‘SJVM_;@M)
AV\.(Lel-ev?cL) Av;?heucj;) keuf"_gl,\.", /VﬂVa'C, Skow‘Emw‘S) ﬁo'ze:)b) CaP:{“:“e/"'

| Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Background and outlook |




CONCRETE DEFINITIONS.

a) (/1— )“mom-cmmm{a{?ve robalility cpace” L= A unidal @ -al elva
l({ F 7 P ((-A’-}é [?neafé/ ‘((”)zA

PoSSIBLE UPGRADES  (addod g phivns)
? (/4! \ - weps ] ’“"fo X an l'v\\IOIM"‘-I.BVl *:A ﬁA
L( avd P&e ),':( ﬁosi{{va ) .e. ‘.( ()(&x) 20 V)(é/‘

? (/4[ \C*-V\C S/ [ A r,( a um"l:a( C,*-oll equ
Lr avd ('; s Pfs.'(.'va (i.e. q_c'l:crl:e_) 3

* (/41"{\ U*'V‘C[’S/ \.g’ A’ i$ a Vou A/Q\Auaun qbekm

am‘ Qe f,( a V\orv-\a( S-éate

) (/4(‘[’\ ‘évoc.'u| U*‘ neps f{: i addition ‘-((kt’\;ﬂf(jx) v;(,7é/1




CONCRETE DEFINITIONS:

a (/A. “V.o.,\__ ommutative porobalility ¢ ee!| L= /{ unidal &—al elvan
) (Ag) e = Q- A€ Gren, 4(1)=1

n Ir

Eleveds xed ave called vandow vayilles
) (49l nepe,  Aieh jiel sddsdls | AEA
(/1;),-ér "class:ca(/{ew rhaefew,leufj i{ sq =y x Vye/i.‘)«,c-/ld NEX
ad 4l JT%{x henever ;€A and ol i ace wabual dffesnt
(il (Aieg {:veeL] mole\benAeu{:/{vee/// rf
(()(YA'...'Yh)=O whevever XAC—A'O with LEnt ., eed (((’(5)50 \73
(i) Elemeks x.c A yiel ave called 4‘:«:&/ .‘]( A :< alg (1) <4 are F(ee
*.%ee ) .‘{ A = a'g(k;,x;’,‘A) <A are Free



CONCRETE DEEINITIONS:

(/d' )"V\on—commwl,o\{iue voLaL:L;'E £ ace,,/ :6=) /4 Um,lLal. &-al CLV‘\
it ’ U Q(:A——>df l:nea,a/ ¢ (1)=4

(A)ier. 'FM’H wdependent/feee L
(e(YA la Yu.) O ULev\eVe( G{A k/\Hq :f’l¥ :fnn Gl L‘(}()-o V

TLe ru‘.e For cgp,?u{.‘ué mied womeuts :

5

(/1]‘() MC‘)S ) XI'?C_/t ‘FVCC, ((J(x7x|7) = Z ‘ = £€(k7k7) = (e(f’)ce z)
x,V,&A ‘F"'ﬁe = n%(’“’ (‘7,4) ]ZAL =2 *-‘6(")’7 Le('/ f(’i
S.’v\ce ({ ( X‘K(’(X)/') =0 ) "e (‘1‘ ‘f("]M) =0 ( Cev\'éenué i ))
we bave g [(X~Le(x5/1) (-l 4) (x-l)1) (7—((’(7)/{)3 =0

=2 Qf ()<¢1><7 ) = ﬁf)(xl)\((7)7_+ ke(x)z &f(‘]z) - \f(x\z&(’(qr

M-’ XY C—(A-,Lp) -Free =S /“l mixed womenks ey e co».t»!-,ul -Ffom '-(("k), ‘f(']().




CONCRETE DEFINITIONS:

(,A— "tIlOV\-COMmu'Lo\'L3ue robalility ¢ ace” L=) /4 unidal @-al elran
l({) F 7 f ((-A"}é [?neoyal ‘((”):A

" I
(Af)fél ‘F‘Ieel-] \'ucjehbe“oleu'é/{\lee J f{»
(()(Y,,',,_-)(,,,):O whevever XAGA,A \/(H« fﬁtf:lf—.f -'M od L((XS)CO \7&
_[,i x) A:Loo()(,ﬂ)\ classical yandom var. ) (67 '_E :JS]_“{P
x,"{ inole[)emlen% tn the ugual sense => )(,7 c(aSS./{ensw \'mlel).
L) TLe évoufs 6;!: E 5 6155 E < CZ: E\+M aye {vee " {Le Sevse
ILE)#LE) , - 2| x. e G, .'Af,,u{,ih) ’(ﬁe => X-.'¥ +4e

A J>

{in =
A€, 4-CR c 4=CE,. {231 | (T4~
Xje A ) it &M‘LX\Z@E,@
ge(Xd) =0

k()(?(4 et Xn) = 0




CONCRETE DEFINITIONS:

(/A-IL() "VIDV\—'COIMW!IA{O\{;UQ FVOLF‘\L:L;£7 _(()aceil L= A M“'I‘Lal, &-alz)eLm

| g A= ooy, ()21
(Aligrfreel iedepeadect/fice i
(e(w,,-..,-x.ﬂ)-"O whevever X\SC—A'.) with LFnd.t i, ad L{("j)% \7(S

Ex:c) H Hillet spuce , QU vector I LA, " vacion veckor
Fn-=-COe é 4" Fock spuce
Aie B ( F(H) Ly, A5 ke A
Tel. £(3)eA via SAHA=3
“(4{ creation opevator f[@) (448-- ©1.) := 3@«74 8. -®q.
Lo Buell ot = L03) L1) e/ *—{fee

Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Basics in free probability |




ASPECT A+ Ao/~ CoMMUTATIVE DISTRIFUTI 0N
)ess: (A4) 3-V\cr9) Kpyow Kn €A, {L((x;f‘ x;i") l”éjf‘«) £i¢ (A,*TI “d'oi-i *'J"SJC'-HO{ L

?fo‘z'- 8 (Ay) , /E/ru() *’ucrf L(,«f ai“«{ul (ieo. ple)=0 = >(=°), Kgymkia €4 ) s eL.
QUi _x) = g i) Mok = aly (%) =7 (g )

(A,L() CtV\Cfs, xeA nonmal (* = "?‘) =) 1 Meagure on CC 22 .,{ ([-) (P(xk “‘)
Co oxext /Ax f e Wk Len,
‘E_k R) /1: Lw(ﬂ/”))/ X€A 7)/1/1>(—-—' olf;ét;qu:(ov\ o% X (C‘assic«‘ _(euge)
L) /4:/{/“(6)/ (P‘JW xe nofml ) .Ahé( Efé.wlues /4/' = .:,'ri g*k
C) (.A ‘{ ""C'N UGA u’uzun 'A um\v w\.{av7 Q l{(u) 0 kéZ\ 03)/4 >«
J) (/1,L( -ncps  ceA, c=<*, Qel. Semc,(c(a ( q(s* )5 Ch/L()( &)<

Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Bas n free probability |




JSPECT 22 FREE PROR. L CoMRINMATORICS
Del: pePld kit .§[> (6, U], Vinl= 8 %5 | uv fon ) Vot Llocks’

é/./((h) Rowcyoss; f.g, < -4 ‘Szztl S sel &4 el i4: Joes /UOT occue
F gk skt sad b

De%: (A—,L(J ncrs J K“:Ak...)fA - & inuc‘L?veL, Je(:v\ea' L7 “w\omeuf - Cumulant O(Hb\'q '

(e()('] “aca >(|A) - PGZ/UC(TF (,(4/ ~~~))(M) u.’éL \Kr)(k,,... )(H) "”. KIV’ ( J\\éV) "LuMulnu"‘.S‘l

L:x.://é'. Azgqséirg

et | ) = W, (%) =,/

I_l Le(xd)(z) Kl\ (X X'L\ + \( (Xq/ )(z)
= K, (x)%K4(%) + Kz(’(q,)(-,,) = I, I/

N L L R TR TR TR

=K OC\)KA(Y‘I) Y (k3)+ *Kz =) KZ\/



JSPECT 22 FREE PROR. L CoMRINMATORICS
Del: pePle) puctitin, (F (U], Vinl = % | UV fon ) Vot Llocks’

‘)é/"/(("“ honC¥ossin : "'S' 5;4,{4&57_!!(.1 ) gA,SzéV" ) é‘:{lél{j :Hj dloes /UOT Qe
e

J

\ 1]

' . ( J neps KM=/4k...)'A - & inucl-,?ue( Je (neJ ( MOmeuf - CwMMIanl‘: Ofv-vt—‘lq
el P>, 1 /

(()(W T’ >(u) = Péz//c(fr (’(ﬂl ~~.)X,,‘) Viu. \‘F(xh... )('-\) . jT V(Iv’ ( \‘\\év) 'Cunulquts"

O\) Ué(/’ ) Haay wuéav,( => t«vbw\ Y Ko (MM MU‘) Wz, (L7400 e (4) C‘“ )
L) SC(A—,L{) semicivele. & S=<* Wy (SS) S") =0 else =0 elce

(n"""" /14/.../4.»\ 9(/1:‘() {;ee =2 V"" K"(X" Xy )(“) 0, '( 1)(I:('Ak axl‘/'l ) oty V4

\\

A . «
VamgL.a 0{ b—uxegj C(,\-‘,,‘,‘[q.,,‘&g

Further reading: Nica, Speicher, Lectures on the combinatorics of free probability, 2016




ASPECT 3. FREE CoNVOLUTION of MEASURES

Le{' /{/ L/ Le ‘)mLaLIUé? meALUNES OV m} Ae‘éeflm'neol L7 --\ou\e..ts.
3 k
Let ('A/‘() Leancbos) k,7 el qvee y /AX:/" ) /47’:[/) i.e. ﬁflk J/J(é)’—‘-(’(x)
Dl &) uBL=p,. o S dumu® = @iey)")
Fo @) pBBU Sy sie E @i - gl

Exrlr(..'{ lJa? o Coh‘)uﬁe_ /AEBU :

) Con(a‘:e the "CauzL7/S'[_TeU:Je$ '{:ra.‘,_’,\whs u &: (2):=
(v " 1

L) Compote the "Retracforn” wiguely deberined Ly Cpl

2) '.Eé LDIJL P‘/'ﬂau T P‘/«"’ QU l‘aJOI.'éfv%? D( ‘QLL{ z—ffomy(br'—d '

k) Use 2) to ot 5/«-37:/ ond theu use L'Sffeléd’es fve (Siom

ol/ﬁmu () =- & lw I G/EBU(‘c:r ic)

[y

Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Random matrices and combinatorics |




JSPECT 4 FreEe PRoR. £ THE Sepmicipcle
Th, («Fvee CLT): Cwen, € (A4) -F(ee, :Aeu.ﬁ:c«ll7 dickiiluted L(’(X.A\:O/ o(x)oA,
T'«em ;’? .iX;F 5Y C—(A,‘() y WLefe S is a Sewicivele [u:liln €1=A),

Z
aké//fh,cfﬂ hg/U a(—/lcf). (AM "c‘g ScA g/g S,A
(a'ﬂ\ménu a " in distribution L((Szw) C.. w—A( )/ 1~+) =0
',_(: %[a" )—ij(M) \/Iré‘?\/ Kq(S,S)://J v(n(s,...s)=o)n42

Mea;we/& witl, fka/,(é)ste(Sk)
[o\a} !JZML'Ly alf,((l \(‘4 £t

(1N

-1




JSPECT 4 FreEe PRoR. £ THE Sepmicipcle

Tl“a-. ({vcc CLT)’- (X"‘)"\éfu c (AL() -F(ee, ?Jeu'l:-'cn"7 Aditviluted ) (.()(xh):o/ (10(2‘:)5/7.
Then % i)ﬁ by ¢ clhy) | where

izA

S is a Se--u'c_u"chQ (\J"u\ GfL:A),

l'/“ Yez A g X):ZW’,(, )
e percw
. p (Yu 'x'~k) momest - comlt fopmd
( Y kPéNC(H
“p (Y"u“')x"") £ KP()(S"I"'Y\S") f‘f‘"“"“ :
e T 1 =77 1 [
\(\ i/\ i)_ 13 Y. e JAJ'IJLJH ...Jk
= V\- * L_ KP : #—i(h'.‘.lk) I i/‘ (y ;1 "l.( e e = rz
penClk)
k  e—
w2 K nalu-a) - (- #Lllocks oF +A))
e NC(k) "
perc(k) F {PE/"(z (k)

Further reading: Nica, Speicher, Lectures on the combinatorics of free probability, 2016 |




ASPECT S FrEE PRoL. £ RAMDOM MATRICES

THE SEM[CIRCLE ColMNCIYENCE

\

Le_t'. (ﬂer\ c.lass. onL.S&ace, ) C(.:)". __O;—)G: weasuvalle Q= (‘";)) \)—4 N Vamlov-\

J
M watyiy

I

aﬂ use({_‘“!d.' domgs,'a.,. V'“““"lm'* Haévfy "/ “&aus.cfau L)vu'.l‘a? Ewseu.LLg (G UL-—)") ;{

q‘/=a”* ((‘-Q- al') = ? ) D‘;J ;"Je?. CDwf‘ex C«wss?an raua’oh Va(-) /é l.l\jéh
X - r .= _4
Eled=0 , ELfl-o i, Efe;al-7

(aﬁ/) £UF =S q,/ ‘g £ Sewict (CL& )1'.0 . Le (a:) — (((gk))/./_ﬂw \'/L

Lf(o‘;)=lf(£r(a ”i LL i iy i |

P

‘__ 4 _4— ﬂ:/UC'z(L) even
T TL S =L NTTE ol
t,, e d>6{ (k) = d P(VH»A Pe?)l(,:) .

dslr
r\/ Haav vwfaq . ) ‘[ aJ"") (Avu{-av? U‘-JG—Q Haar diste, = Y, U Haar waidary

| Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Random matrices and combinatorics |

4
W




JSPECT S0 FREE PRof. £ RAMDOM MHATRICES

LooD For R AUDIM MATRICES . ASYMPTOTIC FREEMESS

‘b€§ . (} \ \ravv/low\ Mo\fftce_( a57w\P{‘|>{*nm"7 {vee I]( 0\ L —“:—" q L G (/ <€) {Me
/Lu-\ . \(a ) ) ,“Je ew"t-{’ GUC- Mm&\ce} => 6(570\4 éo‘t -eree L.ge“‘lcwc(ff
X/ A . Ae{evuﬂ. die with 0&4 o{ — o{ {(ee AFrow J4,..J._I

L) (q/,/ ) ,U Aete(w(m';l.'c} q/(/ -'>4) L/_,">‘> , (‘-1//) H'mr U Lw’ ) /C' )/ (“A/ v /,)
057-1'){0{: Free

| Further reading: Mingo, Speicher, Free probability and random matrices, 2017 |

(00D Foll OPERATOR ALGEMAS | FREE Gaup FAMIS: RM JUdDELS
([L‘"' “) Llﬁ, > R 1 L,ﬁ«m L/E‘l\f (u,,,...u., {vee Haar Un;{ﬂf;eb

O LE, ;/Ak(uﬁwk‘(»n)
C\ };cLoEOM-] v Eidler L’ﬁ. ":LIF,,' Vv\‘fk-\ 11’ LH’; #Uf‘; Vu#k

)\ “ﬁ.\ Lw (20) C«-I(-m SMLuJéeLvo., ¥4 ‘w{we/ S{‘VOB\7 SO(«‘J/-..

Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Free group factors |




JSPECT £ OPERATSR VALUED FREE PRoL.
%1 (A,ﬂ, E) ”0\7e(afof~v«(uecj nc’)g”) \'{ -/ uv\;'Lnl @—akeLm
* LA s, A28
o o RAK
‘ EZA-‘—>K lfuear) E/LAqu)s LAE/G)L-L
Bod = (A86)=(40) as Lefoce
R . () ¢0)
Ex (s, meps A=y (), L= M, (O E // 5)) (Lp(c) :(((J))
Db Aehiel, Beh “feee il amdsonibiveove 8"/ Jeee it €7,
?1‘ F(q,, '...-%):0 whewevey a'éA‘J}fn’-filzt...*fu. aud E/o.-\:a V\S
/AD\/AA/TA&F'. w\ el L{ wot Le {ne (ovey &) Lt over /‘4 (€) ("fmb‘, {meu )
> LEC'!TU\TQ L»’ ﬂo\w«p‘ S&eche( o LHP) Sé[’te“"Le\’

Further reading: Mingo, Speicher, Free probability and random matrices, 2017 |




ASPECT 3. FREE Prok, £ | AnGe rEP)S OF S,

Refregeq{;a":fons o{ 57'-\»:*:/!2 évomf .Su\:

Yow rjia veunng A ivwed. vepreseatations
o O % ) - i
Aeﬁob\fo;:gou 0{ . Vfr. . % >< W = % 4+ ..

- i

Cahfuée /"@ EEI/”@ ~ ollam v as l(h;éb _ch."Ae

Further reading: Speicher, Free probability and its avatars ..., Jahresber Dtsch Math-Ver, 119:3-30, 2017 |




ASPECT X FORTHER  AOW-CoMM. TNDEPEMDENCES

? Clas,t.'ce.l /{evuor (e(* - X ) = T_L({X f% {& lmut..a”7 a'.' e(e..‘f )X,' Comm.
‘Ffee (() . )(,,.) O {‘ =f12¥ Fi, od L{X)-o
ﬁoolem (P( r‘ 7£A f 7 l,., xak'-' l‘) = Lel)(d \f(7 A)L((qu)‘({"L?

| Further reading: Bozejko, Speicher, Woroudi,..
* lv\ow{:o-ne & aué\'u.ouo'éoue TLL- . (A', ‘(’4) {Az ‘f,_ v s va wan m.{-.ve.l
|Furtherreading: Naofumi Muraki's work | V“\LCS are 'H‘\Q e 0w /4 *Al 2
e fra#.‘c {veewe.c; nixed wmoments -‘:«w- {lose b& A4 one r
| Further reading: Camille Male's work A) /A hv‘.éa
L}
? fwe £ -preeuegs L) A won-unital |:
o . . . [
|Further reading: Biane, Goodman, Nica, Belinschi, Shlyakhteinko,... | C) Lllh\out ‘{"*‘("’ - "('l*T"

58 CD"\J OWAQ( {m wesgs | Further reading: Mingo and Speicher's work i

"“:{e ‘FVQC ?’oLﬂLul:“y | Further reading: Adam Marcus's work |

. 4 P o ',
L‘ L ,F'.ee P‘DL“L. ,‘/,7 | Further reading: Voiculescu's very recent work |



OPEN PloflLEUS IN FREE PROL. -
LI, >~ Lf. 7

. \Cm e-tropy (diewon): ,,x.o][;em{ approackes coivcide! (:...Sﬁ‘, Lie U G eariant !
regulucity of we ikildos: ¢ wo ators, "demsidy”, free cloduskic A;{. e

T &D‘Jh measuves




LITERATURE ON FREE PRrOL.:

® %ic»\teuu,'])-?“eha, /Ufuv < ?fee rm«olow. vm.'aLles, /3'32.
Voicuh%u . Free fIDLmL.".17 'n\eow? / A9943 .

o “(m') Pek't'- TL\? Sewicivele lqu) cee va\«o‘ou-. Vaw.'qU!) AuJ wavo‘)‘?) 2000.

. /{/icc\, g?&ch((x LQCLM\IC} Ouv ELe CO\-.L\'\—\u vicS 0.& ‘Ffeé P’oLovL:':J)/lOOé,
VoicuLescu/ S‘éah-.l—-\efe‘(, UQLQ\/". Ffee P«DL«L.':":7 an o()evcf'lzor ﬁgeira_g/ 10/6.

. /“u"«éalﬁfe:che(: Free ?voLe.LI(f% awd vandom watyices, ‘2oM.



