
LECTURE 1 : FREE PROBABILITY

MAIN IDEA : A unitalc . algebra Samples (
"

random variables
" )

µ
(& possible further structure )

eat y : A  → �1� tin
. fcthal observations (

"

expectation
" )

SP were
:

with 441=1

feo * yt (& possible further structure )
M

{ qlxk ) Ike IN } ,xeA knowing 'aA (
"

momenntdsg
"

fri but ;on
" )

Q : How to compute expressions y(×a^y92x93 ... ya
"

)
provided we know ylxk) and ycyl) , k.lt IN ?

(
"

What do we know about mixed moments of × and
y ?

"

)

~> INDEPENDENCE CONCEPT

FOR NON - COMMUTATIVE SITUATIONS



Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Basics in free probability 

LECTURE 1 : FREE PROBABILITY

MAIN IDEA : A unitalc . algebra

y : A  → �1� tin
. fctnal

with 441=1

Ex. : a) A  =P ( R
,

P ) = { X :D → E measurable } = class
. random variables

y(H= LFCX )={XDIP expectation

Rule for computing mixed moments ? INDEPENDENCE : EIXYHEHTEIYI

seeded
. b) A=µuK ) nxn matrices

,y=trtrace Q : Rule ?

×y*T -7 §) A=µu( Lock
,
IP ) ) random matrices

,

y=tr@
E Q : Rule ?

✓ d) A  = BIH ) operators on  a Hilbert space , yH=< × } } > Q : Rule ?

Jett ,
11311=1



Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Background and outlook

HISTORY OF FREE PROBABILITY THEORY :

Pre :  • Murray & von Neumann 19304/1940's : Von Neumann algebras
, inspired from

quantum  mechanics : µ EBCH ) closed bymultiply
add

, adj .

, ptus .

limits

generic class of examples : L (G) :  = EGTPT " E B ( l2G )
,

G discrete
group

Then : • Voiculescu 1980 's : wants to solve LC

E)
¥4Fn )

,
ntn ?

fails ,
but observes for

yEffE
)
,

c- A :=L ( F ) , yH=< × }o
,
}o > :

"

small observations F 4th

caaisioieidist"

"
8

y (( xty
"

) depends  only on

"

ylxk
) if

(f)
~ > Rule : FREE INDEPENDENCE

• Voiculescu 1991 : Large N limits of random matrices behave freely indep .

• Speicher early1990's : combinatorial approach to free prob ,
set partitions

• Diane mid 1990 's : free increments (stock processes)
, asymptotic  of  rep .

 ofsn
• Haagerup mid 1990 's : transforms by Fook

space  open ,
use of links RM ← Op .  alg

very
- • Dykema ,

Nica
,

Bercovici
, Shlyakhtenko , Mingo,

Belinski
,

Collins
,

Thorbjolrnsen
,

incomplete Anshelevich
,

Arizmendi
,

Kemp
,

Lehner
,

Novak
,

Skoufranis
,

Boiejko , Capitaine
,

...

list '
.



CONCRETE DEFINITIONS :

a) (A g)
"

non - commutative probability space
"

:c =) A unita Q - algebra
y : A  → E linear

, q( 11=1

POSSIBLE UPGRADES (additional assumptions) :

• ( A. g)
*

.

ncps , if there is an  involution
*

: A  → A
and y is positive ,

i.e. 4 ( xtx ) 20 that

• ( A. g) Encps , if A is a unital E- algebra
and y is positive ( i. e. a state )

. ( A. g)W*.

ups , if A is a von Neumann  algebra
and y is a  normal state

• (AiyltracialW* .

ncps , if  in  addition

ylxykylyxl
Vx.

yet



CONCRETE DEFINITIONS :

a) (A. g)
"

non - commutative probability space
"

:c =) A unita Q - algebra
y : A  → E linear

, q( 11=1

" "

Elements XEA are called random variables .

b) (A
, 91 ncps ,

AIEA
,

IEI subalgebras
,

At :

" "

C it ( Alice classical tensor  independent , if ×y=y×

ttxeti
,

yetj
, #j

and

ylxn
.

. ...

in
) =

GTIYIXJ
) whenever

xjttij
 and all ij are mutually different

" "

liil ( Ailiet freely independent free , ifylxi. .:xn)=Owheneverxjttijwith intizt .  
.t in andylxjto Vj

liiil Elements xie A ,ieI are called free , if A .

:=alg(
xi.net are free

*

. free , if A.  ÷ alglxi,# net are free



CONCRETE DEFINITIONS :

( A
, g)

"

non - commutative probability space
"

:c =) A unital Q - algebra
y : A  → E linear

, q( 11=1

" "

(Ailiet freely independent free , if
ylxi. . :#=O whenever xjttijwith iitizt .  

I in andylxjko Vj

The rule for computing mixed moments :

x. y classically indep .

(A ,q ) ucps ,

x.yet
free .

ykyxy
) = ? ⇒

ylxyxy
) =

yhilqlyyx.yet
free ⇒

alglx
,^ )

,ably
,1 ) free ⇒

←eat , y -

ylyh
fee

Since ylx-ylxh)=o
, y ( y -e4H)=o( "

centeringtrick'

)
,

we have q[ ( x -q(×H) ( y -yly1) ( × -ylxh) ( y -YGH)] =o

= >ylxyxy) =ylx')y4)2+ytxiylyy-ylxtylyl'
Prop .

: × ,y E ( A. y ) free ⇒ All mixed moments may be computed from

YHT
,

YGT
.



CONCRETE DEFINITIONS :

(A g)
"

non - commutative probability space
"

:c =) A unita Q - algebra
y : A → E linear

, q( 11=1

" "

(Ailiet freely independent free , if
ylxi. . :#=O whenever xjttijwith iitizt .  

# in andylxjko Vj

Ex. : a) A -

. LTKP ) classical random var
. y= IE = Sdlp

) ,
.

×
,y independent in the usual sense ⇒ x. y

class
. ltensorindep .

b) The
groups Gn :=E

,
Gz : : E c- G :=Fn+m are free  in the sense :

HE) ¥4 # ,
utn ? xje Gig ,

int . . it in
, xjte =) xi ...

i Xute

fin

An :=EF
, tz÷EEeA÷CE+m={F¥gg} , 452%7=4

xjetij ,
int .  . tin

, ×j=ZxjtgwithdE=o ⇒ xn :
. :xu=Zpgg ,pe=o

⇐jl=O yk , :-.  . k ) = 0



Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Basics in free probability 

CONCRETE DEFINITIONS :

(A g)
"

non - commutative probability space
"

:c =) A unita Q - algebra
y : A → E linear

, q( 11=1

" "

(Ailiet freely independent free , if
ylxi. . :xn)=Owhenever xjttijwith iitizt .  

# in andylxjko Vj

" "Ex
. :c) It Hilbert

space ,director,HRH=t

,
vacuum vector

.

FCHI :-. ER @ m@ HO
"

Fook
space

A : :B ( FCHH
, YH : :< xr ,r >

,
xeA

.

}eH .
l( 3) c- A via K 3) Ri  =3

"

left creation  operator
" { K 31 tyro .  . oyn ) :  =3 @ yno .  . by .

3
,

...

}nEH orthonormd =) lb
.
)

,
...

K 1) e A *
- free



Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Basics in free probability 

ASPECT 1 : NON . COMMUTATIVE DISTRIBUTIONS

Def : A ,yl '
.

naps ,
×

, ...
.net . { ylx.fr .

...
.xil"

llntijen
, Est {1*7}

"

joint
*

- distr
.

"

of xa . .
.x

,

Prop .

:  a) (Aiyl
,

( By )

*
 naps , y ,y faithful ( i.e. ylxtxto  ⇒ to )

, in
,

. .
.net

, % . . .yueB .

ylxin
'

'

.

...
.xif"

) = 4 ( y.tn
... y ,I"

) Fi
, c. k  =)

±
-

alglxn
.

.

in )

E±alg
(y , ,

. . y . )
( i.e. distlh

,
. . .×u)=dist ( ya ,

... yn ) ) C & ( H , . .
h ) €0 ( ya . . .y . )

wtcx , ,
...

in ) ⇐ htlp ,
. . yn)

b) (A. yl [ -

ncps ,
XEA normal ( ×±×=xx± ) =)

Fµ
measure on E : fzkIldµH=ylxkx±l)

×=×± x

.  . .  . . .  . . .
on R - - . fk ,leNo

Ex. : a) A = LTA ,P)
,

×eA ⇒µ×=distribution of × ( classical sense )

b) A=µnK )
,yitr,

XEA normal
,

tn . .
t.CC Eig .

values
,

MEFIK
,

£4
.

c) (AM) tncps
,

uet ,uT=ui=t .

"

Haar unitary
"

, if ylukl :O
,

k£2403
, fruits

d) Hill tncps,
SEA,s=i

,
Sen

.

"

semicircle
"

,

if
4624=522. ,

462*1=0



ASPECT 2 : FREE PROB
.

& COMBINATORKS

"  " "

Def : PENN partition , if p
. { K

,
"Vr }

, VinVj=0, #j , ,§nVi=h,
.in }

,
Vitol

"

blocks

PENCCH
"

noncrossiny

"

, if

q<.4<sz<
tr

,

Snszevi
, tntztvj ,itj does NOT occur

11

Def :( A,y|

ncps
,

Kn :A× . .
.xA→E inductively defined by moment - cumulant formula

"

4th .

...

' Xu

)=§µqYp(
K

,
.  " k ) with kph,

. .
.tn ) :=

.

# Kµ; ,
( lxjtjev;)

"

cumulant's '

Ex
.

: NC : ^ 2 3 4 5 6 78

k

u=^ :ylxn) = Knlxn ) ⇒ Ks✓

n=2 : y(xnxz)=K( k ,k ) + K ( K ,×z )
,

= K
,

I Xn )kn( xD tkz ( k ,Xz ) =) Kz ✓

his : YIKXZXZ )=K t K tk tk tk
) ) ) )

= Kdk )K^lXz)KnlX])t . .  . try =) Kz✓



Further reading: Nica, Speicher, Lectures on the combinatorics of free probability, 2016

ASPECT 2 : FREE PROB
.

& COMBINATORKS

"  " "

Def : PENN partition , if p
- { K

,
" .Vr}

, VinVj=¢, #j , ,§nVi=h,
.in }

,
Vitol

"

blocks

PENCCH
"

non  crossing

"

, if s <

its
< sz< tr

,Snszevi, tntztvj ,itj does NOT occur

11

Def :( A,y| ncps,
Kn : Ax . .

.xA→ ¢ inductively defined by moment - cumulant formula
"

4 ( H .

...

' Xu )=§µKp ( k
,

" # ) with kph,
...

K ) := # Kµ; ,
( lxjtjev;)

"

cumulant
's '

14
,  -

: a) UEA ,y ) Haar  unitary ⇐ uk=uut=1 &
Kznluiit

,
...

,u,u*
) =

kzmluiu
,

...

ni
a)

=HTE1
,

b) SECA
, y ) semicircle ⇐ s=s± & Kz (

5,51=52
,

K=o else k=o else

Thin : A , ,
...

Am
ethyl free ⇐ th : Knlxn

... . x. . ,
... xe ,

. .
.×u)=0

, if Fxketik , Hettie , ii. tie

"

vanishing of  mixed cunulauts
"

class
.

: 4th '

...

' Xu)=§pµcpl K
,

.  " * )

An
,

... Ame (Ay ) tensor indep.

⇐ th :cnlxn
, . . .×k ,

... xe ,
. .

.×u)=0
, if FXKEAIK

, Hettie ,
i
, # ie



Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Random matrices and combinatorics 

ASPECT 3 : FREE CONVOLUTION OF MEASURES

Let
µ ,

U be probability measures  on IR
,

determined by moments
.

let A. g) be a ncps , x. yet free
, µ×=µ , µ=u ,

i.e. Sntkfultkylxk)

Def .
: a) µ au :=µ+ , ,

i.e. fntkdeiauttl = ykxty
"
)

b)
µ a v :=µyt×yt

"=µ,
with xy turned self - adjoint

"

Explicit way
to compute µau :

1.) Compute the "

Cauchy tstiettjes transforms
"

GµH:= ,§¥tdµlH & Gv

2.) Compute the "R - transforms
"

uniquely determined by Gp 1 tz + RAH) = 7 & Rv

3.) It holds Rnau=R,
+ Rv

"

additiuity of He R - transforms
"

4.) Use 2.) to obtain Gnau and then use
"

Stieltjes inversion
"

der # ultl= - Ft

gijy
In

Cinoulttic
)



ASPECT 4 : FREE PROB
.

& THE SEMICIRCLE

Thin (free CLT ) : Khan e (A. g) free , identically distributed
, ylxu )=O

, ylxikt .

distr
Then ⇐ Fax;

→ S e (A ,y )
,

where s is a semicircle ( with 52=1 )
.

i

Def : an c- IAN ,q )
,

new
,

a c- 1AM)
.

Recall :(Aiyltncps,
SEA,s=i

,

52=1Cannon - s a

"

in distribution
"

y(s24=Cn=fn(In) ,y(s2nty=o

if ynlank ) ¥419
"

) then Kzcs,s)=1,knls,
. . .s)=o,n-t2

measure µ
with

,
,{tkdnftkylsk)

has density

dµfH=ftr4F'
at

I I
-2 2



Further reading: Nica, Speicher, Lectures on the combinatorics of free probability, 2016

ASPECT 4 : FREE PROB
.

& THE SEMICIRCLE

Thin Ifree CLT ) : Khan e (A ,y ) free , identically distributed
, ylxu )=O

, ylxikt .

distr
Then ⇐ Ix ;

→ S e (A ,q )
,

where s is a semicircle ( with 52=1 )
.

I

-1
-

'EProof : y( ( nz¥n×il
"

)inIII. 
illxiniixik )

ya .

... .n=¥µ¥h⇒i
= "

" ¥

,.¥,
, .

¥nµq
,
Kp ( Xin

,
...

,
Xik )

"

moment . cumulant formula
"

Kp ( k 's
,

...

,×ik)=Kpkjn ,
.

. . Xjk ) freeness
( mixed K  vanish)

f
&

in his iii.  in
=

ginyiyjyi, . ..gr , .

&id .
distr

.Yaktfnckp
. # { tin . .ir ) I inii is iii.  in =p }

K

= it
'E [ Kp . n ( n . r ) .

.
... ( n - # blocks in p +1) )

PENC ( k )

=pEµ , ,
up

. n

# " " ' ¥
a [ 1.

n°=yls
"
)

k PENG ( k )



Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Random matrices and combinatorics 

ASPECT 5 :FREE PROB
. & RANDOM MATRICES

THE SEMICIRCLE COINCIDENCE

Def .

. ( R ,lP ) class
. prob . space , aij : A ' E measurable

,

ajtkijli
,j=% . .v

"

randomly
, ;×

"

( A :=Mµ ( Lo ( r
, IPI)

, y= KOE corresponding naps )

aself . adj .

Gaussian random matrix "/
"

Gaussian Unitary Ensemble ( GUE )
"

, if
*

aµ=aµ ( i.e. aijtaji )
, aij indep . complex Gaussian  random var .

, tticjtn ,

lE[ aid -0
, Etaijy = 0

,
# j

,
IEI aijaij]=FThu : %)GUE ⇒aiderssemicircle

,
i.e. y (at ) →ylsk ),N→nth

Proof : ycank ) = Eftrlank) ) =L ,fI,
.¥[ ainiiaiiis :

. .

' a
ii. in ]

k
even

=L -2

ftp.uttke#dijipw...=pEpa.,N

# M
' " ÷

→ { *oN4"
odd

in
,

. . ik N→o

an
"

Haar unitary v. m
.

"

, if

qfw
) unitary ttwel

,
Haar distr

.
⇒

qdirsu
Haar  unitary



Further reading: Mingo, Speicher, Free probability and random matrices, 2017

Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017 - Chapter Free group factors

ASPECT 5 :FREE PROB
. & RANDOM MATRICES

GOOD FOR RANDOM MATRICES : ASYMPTOTIC FREENESS

Def : ( an,
l bµ) random  matrices

"

asymptotically free,

"

if q.lu dish a. belt
, g) free

Thin " a) (at )
,

...

(ay ) independent GUE matrices = > asymptote . free & semicircles

& (dm ) ,
... ( d

;)
deterministic  with oh , ...

d"µ → oh
,

...
du ⇒ & free from ftp..ch}

b) (%) ,
An deterministic

, an → a
, bµ→b

,

I w ) Haar unitary rm .
⇒

knlagyhug.by?IpeeGOOD FOR OPERATOR ALGEBRAS / FREE GROUP FACTORS : RM MODELS

Thu :  a) LIE * RE LlE+ ,
R hyperfinite factor LIE = ht ( u . ,

.in freeHaarunitaries

b) LIKE µ ,.(4Fn+ , .% . , , ) Flirt { telrlt > 0
, MEPIMIMDP

,
to trip)=t}

c) Dichotomy : Either LIEELIE Hutu  or LIE ¥ LIE then

d) HE has no Cartan sub algebra ,
is prime , strongly solid

,
. . .



Further reading: Mingo, Speicher, Free probability and random matrices, 2017

ASPECT 6 : OPERATOR VALUED FREE PROB
.

Def : (A
, B. E)

"

operator . valued ncps
"

, if . A unita E- algebra

• BEA

subalgebrai
TEB

¢BAB
• E :A→B linear

,
Elbnabz ) = bit(a) 4

D= 4 → 1A. B. E) = 1AM) as before

Ex : (Aoielncps ,
A :=µzlA )

,

B :=µzK )
,

E/KhD= #Y,%) )
Def : Ai EA

,
ieI

,
Betti

"

free with amalgamation  over B "/" free wvt E
' '

,

if Elan : ... an )=o whenever ajttij ,
intizt . .  .

tin and Elajko Yj

ADVANTAGE : (Ai ) ,z I might  not be free lover E) but over

Mzki
) (

"

rough freeness
")

~ > Lecture by Roland Speicher at IHP
,

September



Further reading: Speicher, Free probability and its avatars ..., Jahresber Dtsch Math-Ver, 119:3-30, 2017

ASPECT 7 : FREEPROB .
& LARGE REP .

's OF Sn

Representations of symmetric group
Sn :

Young diagrams ~ ) ivred
. representations

) ) . . .

decomposition  of  iv. rep .
:

×
= t

. . .

for × =

. . .

~ , generic shape of ?

Compute y ¥ ~s obtain as limiting shape



Further reading: Camille Male's work

Further reading: Adam Marcus's work

Further reading: Voiculescu's very recent work

Further reading: Mingo and Speicher's work

Further reading: Naofumi Muraki's work

Further reading: Biane, Goodman, Nica, Belinschi, Shlyakhtenko,...

Further reading: Bozejko, Speicher, Woroudi,...

ASPECT 8 : FURTHER NON - COMM
.

INDEPENDENCES

• classical / tensor ylxn.

. ... in) =GTIYIXJ ) if ij mutually different ,
x ; comm

.

• free ylxi. . :#=O if iitizt .
# in andylxjto

• Boolean ylxanysnxohy
"

... xaiys " ) = ylxa.ly/ytl.....qfx94ylysy
• monotone & anknonotone Thin : (An ,Yn )

,
(Az

,
Yi) ncps .

How
many

"

natural "

rules are there on An * Az to compute
• traffic freeness mixed moments from those of An  and Ai ?

a) Ai  unital
. type B freeness b) Ai non . unital

c) without "

ynty ,
= yixyn

"

• second order freeness

• finite free probability

. bi . free probability

•

- -
.



OPEN PROBLEMS IN FREE PROB
.

:

. HE ± HE ?

• free entropy (dimension) : different approaches coincide ? linsuptin ? VN invariant ?

. regularity of  nc distributions : :
no  atoms

,

"

density
"

, free stochastic diff. eq .
...

• Brown  measures

•

.  r .



LITERATURE ON FREE PROB
.

:

• Voicnlescu
, Dykema,

Nica : Free random variables
,

1992
.

•Voiculescu : Free probability theory ,
1997

.

• Hiai
,

Petz : The semicircle law
, free random variables and entropy ,

2000
.

• Nica , Speicher:
Lectures on the combinations of free probability ,

2006
.

• Voiculescu
,

Stamneier
,

Veber : Free probability and operator algebras ,
2016

.

• Mingo , Speicher : Free probability and random  matrices
,

2017 .


