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Further reading: Timmermann, An invitation to quantum groups and duality, 2008, Introduction and CH 4
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Further reading: Blackadar, Operator algebras, 2006

[ INTERLUDE : ( &
- ALGEBRAS ] top.gg/geonetry nonconutopdgylquantun  space z

X compact  space A possibly noncomm .

Ct -

algebra
°

S
"

'={xHR" ltxitn } Cska . . .xy^lxi=¥
,

Exits )

f =( v. E) = d ( f ) graph Ct - algebra

Def ( Gelfand ,
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CONCRETE DEFINITIONS :

Def .

: G=( A. b)

CNQG
:c ⇒ . A unital Ct - algebra

Compact QuantumGroup • S : A  → A O min A  unital
*

- hour
.

( "
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Rem : a) a CQG is not a group
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⇒ KCGI
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Further reading: Neshveyev, Tuset, Compact quantum groups and their representation categories, 2013
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Further reading: Weber, Introduction to compact (matrix) quantum groups and Banica-Speicher (easy) quantum groups, 2017/2018 (?)   
OR Timmermann OR Neshveyev-Tuset

ASPECT 1 : HAAR INTEGRATION ON CQG 's :

class
.

situation : G compact group
REI F. Ma,

"

Haar measure
"

:

!flsHdµdsl=§f6ldµb) ttfeckl ,teG

Thu : ( AS ) CQG ⇒ I. h :A→E
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ASPECT 2 : COMPACT MATRIX QUANTUM GROUPS :
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Further reading: Weber, Introduction to compact (matrix) quantum groups and Banica-Speicher (easy) quantum groups, 2017/2018 (?)   
OR Timmermann OR Neshveyev-Tuset

ASPECT 2 : COMPACT MATRIX QUANTUM GROUPS :
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.
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.
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, qeft ,^]\{ 0 }

q=n : C ( SUQC4) = C ( SUCH)



ASPECT 3 : SCHUR - WEYVTANNAKA - KREIN FOR CMQG :

REPRESENTATIONS

classical situation : G compact group ,
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, if U cont
.
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Further reading: Weber, Introduction to compact (matrix) quantum groups and Banica-Speicher (easy) quantum groups, 2017/2018 (?)   
OR Neshveyev-Tuset

ASPECT 3 : SCHUR - WEYVTANNAKA - KREIN FOR CMQG :

TANNAKA - KREIN FOR CMQG :

Thin : a) (A ,u) CMQG ⇒ Rep CA
,
ul :={ fin .

dim
. unitary rep . } W - tensor cates .

b) R W - tensor categ .

⇒

F.
( Au ) CMQG : D= Rep ( Au)

Hence : Duality { W - tensor cates . } a { CMQG }

Main ingredient of the proof :

interpret morphismsteR as

"

intertwines
"

Tu=vT
,

u ,veR
P

( i.e. T : Hu → Hr linear
maps )

W - tensor category involves I
,

BEN ⇒ I @ I
,

It
,

IEER



ASPECT 4 : BANICA - SPEICHER QUANTUM GROUPS :

Recall :
keno

set partitions p= e P( 4,3)
, q=

EPH ,4)
LENO

operations p@q=
Ex : a)E={

all partitions)

pq
=  = b) e={all blocks sing

c) E={ noncross
. part .}

p±= d) C=(b) n( c)

Def .
:E=(e( killhgeanoehfepafokil) category of partitions , if

p ,qeE ⇒ poor , pq ,p±eE &
,

EE



Further reading: Weber, Introduction to compact (matrix) quantum groups and Banica-Speicher (easy) quantum groups, 2017/2018 (?)   
OR Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017, CH Easy quantum groups 

ASPECT 4 : BANICA - SPEICHER QUANTUM GROUPS :

Machine : Given a category of partitions E

define natural linear maps Tp :CE
" )£k→CE

" Ml
, peak ,l)

of
R :=span{ Tplpee } W - tensor category

( since Tpotgttpoq etc )
Ex. : a)£←{ all partitions)¥ obtain a Banica . Speicher QG

( aka
"

easy QG
"

) b)Q←{all blocks sixty

Philosophy : BSQG's are completely determined c)
SI⇐{

non cross
. part .}

by combinator ics of partitions d) Onto (b) n( c)

Def .
: E= ( e( killhgeanoehfethfokil) category of partitions , if

p ,qeE ⇒ poor , pq , ptee &
,

EE



ASPECT 5 : QUANTUM SYMMETRIES :

ACTIONS

classical situation : G compact group ,
X compact space

2 : GXX → X action rs x : CCH → ECGXXIEECG) @ CCH

f tfox

Def : ( A b) CQG
,

B unital C± algebra .

An action is

a :B →

AoninBunitaltihon.s.t.Cid@Hox-CSoidloxfspanxCBVAoNEAoni.B
dense

We
say that IAS ) is the quantum symmetry of B

, if it

is
"

the maximal
"

quantum group acting on B
.



Further reading: Goswami, Bhowmick, Quantum isometry groups, 2016

Further reading: Weber, Introduction to compact (matrix) quantum 
groups and Banica-Speicher (easy) quantum groups, 2017/2018 (?)    
OR arxiv:1603.09192

ASPECT 5 : QUANTUM SYMMETRIES :
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.
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X compact  space A  possibly  noncomm .

Ct -
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Sm={ xelltltxitn } Ctcxn . . .xy1lxi=¥
,

Exits )

If (A ,u ) is a CMQG and B=C*( in
,

... xn
, 1) rat " anarchism

) symmetry quantum  symmetry

Iso ( 5
" )=  On QISO ( 59 's )=  Out

Actions boil down to & : B → A @ B

Atinesn.iunaatinesiXilTIUik@XkEx.ia1Cl5ttliftlxn.i.xu.nlxi-xI.Ex
?=A" free sphere

"

,CbI7=((5" )
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 ' it

.
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Comms

fgSij@xiXj-1o1-xlN-ExCx2l-Ey.uk;ukjoxixj=Fg(Euki4kj)0×i×j
⇒ UEMNIA ) orthogonal ~ , Qsym ( 54+1=01

Goswami & Bhowmick : quantum symmetries of Cannes 's

noncom mutative manifolds ~ > quantum ( Riemannian ) isometrics

→ QISO ( 5
 '

'
+

)= Out



Further reading: 
arxiv:1706.08833

ASPECT 5 : QUANTUM SYMMETRIES :

Q
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Sm={xHR" Itxitn } Ctcxn . . .xy1lxi=¥
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Exits )

If (Air ) is a CMQG and �1� =C*( in
,

... xn
, 1) rat " anarchism

) symmetry quantum  symmetry

Iso ( 5
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Actions boil down to & : B → A @ B Attlee
,
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X ; 1- > I Uik @ XK
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Ex : b) X={ tn
,
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AUTCXKSN symn .

group
C(H=C4x , ... .hn/xi=xit=xi2 , Ex ;
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(Au ) some CMQG acting on X
.

Then :

§1@ x ;
= 101 =x (1) =Ex(xk) =Ifuk; OX ,

.
=? ( Tyuki )0×i

Aslnl:'-(
(Sn 'T

:€±(1 uij , ;j=t ,
. . .nl

uijtuijtuijl, ,E4gi=Euik=1Vij )

( Afm,ul
"

free symmetric qgp .
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,
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~ Qsyncn points )=Sn+ ~ > Def . of QAUTC f) e Sat



Further reading: Voiculescu, Stammeier, Weber, Free probability and operator algebras, 2017, CH Easy quantum groups 

ASPECT 6 :REPRESENTATION THEORY REV .  - FUSION RULES :

Thu : ( AA ) CQG
, ufindim . unitary rep .

=) u= @ ur irved
. rep .

~

Hence :  • find all irred
. representations

• explain how u @ v = �1� Ur decomposes

Ex
.

: a) irred . representations of Out indexed by IN :(vkha
. ,N

vk @ ✓ = ✓
lk 'll

to ✓
lk -

llt2
@ ✓

lk 'll +4
@

. . .
@ ✓

Ktl

b) irred . representations of Sntindexed by IN :(vkha ,N

vk @ vl = ✓
lk 'll

to ✓

lktltt
@ ✓

lk - lH2@
. . .

@ ✓
Ktl

c) for Banica - Speicher QG : can express everything in terms

of partitions



Further reading: Timmermann, An invitation to quantum groups and duality, 2008, CH 5.4

ASPECT 7 :

"

ALGEBRAIC
"

QUANTUM GROUPS :

Def .

: G=( A. b) CQG :< ⇒  . A  unital Ct - algebra

Our definition  of  a quantumgroup
: Compact Quant #Group . S : A  → Aominaunitalthom .

( "

co - multiplication
"

)

u  , ,

. ( said )°S= ( id @ b) ot

What about non - compact ? write A- CCG ) .  span SCAIHOAI
, span SIAHAOHEAOMINA  dense

Essential quantization step : ( Go :GxG→G )
group

~ ) (glg( G)
,

... )

which structure ? your choice !

for topologists : Ct - algebras ( since
"

A conn
.

C '
- alg .  ⇒ AECCXI

" )
topology

for algebraist : ( pointed ) Hopf algebras
Def .

:( a .sn#.u=hiueunattfd:n.lunitamrep.

"

,

if Skijkfuik @ ukj &u  unitary

Thu : ( AA ) CQG
,

to :=span{ uijlufndin . unitary rep . of IAA ) } EA

.Then AOEA dense & ( to
, two :Ao→AooAo

,
S

,
e) Hopf algebra

dual to multiplication
+

dual to inve.rs#ualttoneutral element
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