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Abstract: We show that the classical de Finetti theorem has a canonical noncommutative
counterpart if we strengthen “exchangeability” (i.e., invariance of the joint distribution
of the random variables under the action of the permutation group) to invariance under
the action of the quantum permutation group. More precisely, for an infinite sequence
of noncommutative random variables (x;);cN, We prove that invariance of the joint dis-
tribution of the x;’s under quantum permutations is equivalent to the fact that the x;’s
are identically distributed and free with respect to the conditional expectation onto the
tail algebra of the x;’s.

1. Introduction

The de Finetti theorem states that an infinite family of random variables whose distri-
bution is invariant under finite permutations (such a family is called exchangeable) is
independent and identically distributed with respect to the conditional expectation onto
the tail algebra of the random variables. Since the implication in the other direction
is fairly elementary one has the equivalence between exchangeability and conditional
independence. See, e.g., [Kal] for an exposition on the classical de Finetti theorem.

In a noncommutative context classical random variables are replaced by, typically
noncommuting, operators on Hilbert spaces. The expectation with respect to a probabil-
ity measure is then replaced by a state on the algebra generated by these operators. Of
course, the notion of invariance of mixed moments still makes sense. Thus one can ask
what exchangeability means in such a context. It turns out that in the noncommutative
world there are actually many quite different possibilities for exchangeable random vari-
ables. It was shown in [Koel] that they all possess some kind of factorization property;
but, as one sees from the variety of examples, one cannot expect that exchangeability
implies some fixed kind of independence. Indeed, both independence and freeness
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Theorem 1.1. Let (A, ¢) be a W*-probability space and consider an infinite sequence
of selfadjoint elements (x;);cN in A. Assume that the x; (i € N) generate A as a von
Neumann algebra. Then the following two statements are equivalent:

(a) The joint distribution of (x;);eN with respect to ¢ is invariant under quantum per-
utations.
(b)Y The sequence (x;)ieN is identically distributed and. free with respect to) the
@-preserving conditionallexpectation E onto the tail algebra\of the (x;);cN.

Our paper is organized as follows. In the next section we colle§t the preliminaries.
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some basic properties of the corresponding conditioftdl cxpe

give the proof of the other implication of our de Finetti theorem Theorem 1.1. The paper
closes with an example which shows that, as in the classical case (see [DF]), one needs
infinitely many random variables in our de Finetti theorem: quantum exchangeability of
finitely many random variables does not necessarily imply freeness with amalgamation.
We would like to mention that a recent preprint of Curran [Cur], which was inspired
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3. Operator-Valued Free Random Variables are Invariant
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Proposition 3.1. Let (A, ¢) be a noncommutative probability space, B C A a unital
subalgebra, and E : A — B a conditional expectation such that ¢ = @ o E. Consider
a sequence (x;);eN in A which is identically distributed and free with respect to E.
Then the joint distribution of the sequence (x;);cN With respect to ¢ is invariant under
quantum permutations.

Proof. Fixn,k andi= (i(1),...,i(n)) with 1 <i(1),...,i(n) < k. We have
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Proposition 5.1. Let (A, ¢) be a W*-probability space and consider a sequence of sel-
fadjoint elements (x;);cn in A. Assume that the joint distribution of (x;);cN With respect
to ¢ is invariant under classical permutations. Then the sequence (x;);cnN is identically
distributed with respect to the conditional expectation E onto the tail algebra of (x;);eN-
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(1) Free case:

(a) If G,= 5, then (x;)ien are freely independent and identically
distributed with amalgamation over B.

(b) If G,= H,, then (x;);en are freely independent, and have even
and identical distributions, with amalgamation over B.

(c) If G;= O, then (x;)ien form a B-valued free@emicircularyamily
with mean zero and common variance.

(d) If G.= B}, then (xi)ien form a B-valued free semicircular family
with common mean and variance.
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