
free QIT
pros .

i  e

@ .

de Finetti -

quantum groups



LINK FP - QG : FREE DE FINETTI



Digital Object Identifier (DOI) 10.1007/s00220-009-0802-8
Commun. Math. Phys. 291, 473–490 (2009) Communications in

Mathematical
Physics

A Noncommutative de Finetti Theorem: Invariance
under Quantum Permutations is Equivalent
to Freeness with Amalgamation

Claus Köstler1, Roland Speicher2,⋆

1 Department of Mathematics, University of Illinois at Urbana-Champaign, Altgeld Hall,
1409 West Green Street, Urbana, IL 61801, USA. E-mail: koestler@uiuc.edu

2 Department of Mathematics and Statistics, Queen’s University, Jeffery Hall, Kingston,
ON K7L 3N6, Canada. E-mail: speicher@mast.queensu.ca

Received: 16 October 2008 / Accepted: 27 January 2009
Published online: 4 April 2009 – © Springer-Verlag 2009

Abstract: We show that the classical de Finetti theorem has a canonical noncommutative
counterpart if we strengthen “exchangeability” (i.e., invariance of the joint distribution
of the random variables under the action of the permutation group) to invariance under
the action of the quantum permutation group. More precisely, for an infinite sequence
of noncommutative random variables (xi )i∈N, we prove that invariance of the joint dis-
tribution of the xi ’s under quantum permutations is equivalent to the fact that the xi ’s
are identically distributed and free with respect to the conditional expectation onto the
tail algebra of the xi ’s.

1. Introduction

The de Finetti theorem states that an infinite family of random variables whose distri-
bution is invariant under finite permutations (such a family is called exchangeable) is
independent and identically distributed with respect to the conditional expectation onto
the tail algebra of the random variables. Since the implication in the other direction
is fairly elementary one has the equivalence between exchangeability and conditional
independence. See, e.g., [Kal] for an exposition on the classical de Finetti theorem.

In a noncommutative context classical random variables are replaced by, typically
noncommuting, operators on Hilbert spaces. The expectation with respect to a probabil-
ity measure is then replaced by a state on the algebra generated by these operators. Of
course, the notion of invariance of mixed moments still makes sense. Thus one can ask
what exchangeability means in such a context. It turns out that in the noncommutative
world there are actually many quite different possibilities for exchangeable random vari-
ables. It was shown in [Koe1] that they all possess some kind of factorization property;
but, as one sees from the variety of examples, one cannot expect that exchangeability
implies some fixed kind of independence. Indeed, both independence and freeness
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provide basic examples for exchangeable random variables. (See also [Leh,Koe2] for
more on this.)

However, if one moves into the noncommutative realm, one should also take into
account that invariance under permutations is a commutative concept and should be
replaced by its noncommutative analogue. To provide such noncommutative analogues
of actions of groups was one of the motivations for the creation of the theory of quantum
groups, which has been developed very extensively within the last 20 years or so. In
particular, Wang introduced in [Wan] the noncommutative analogue of the permutation
group Sn , namely the quantum permutation group As(n). So if one considers noncom-
muting random variables, it is natural to replace the requirement of invariance under
permutations by the stronger requirement of invariance under quantum permutations.
Classical (commuting) independent random variables do not satisfy this stronger form
of exchangeability any more and, as we will show in our main theorem, this noncom-
mutative version of exchangeability singles out again a very special situation - namely
freeness with amalgamation. In the same way as classical exchangeability is equivalent
to conditional independence, quantum exchangeability is equivalent to freeness with
amalgamation.

Thus our noncommutative de Finetti theorem is another instance of the general phi-
losophy that freeness plays in the noncommutative world the same role as independence
plays in the commutative world. Note that freeness is not a hidden assumption in our
de Finetti theorem, but it is a consequence of replacing the permutation group by its
noncommutative counterpart.

Here is the statement of our noncommutative de Finetti theorem. All relevant notions
will be defined in Sects. 2 and 4.

Theorem 1.1. Let (A,ϕ) be a W ∗-probability space and consider an infinite sequence
of selfadjoint elements (xi )i∈N in A. Assume that the xi (i ∈ N) generate A as a von
Neumann algebra. Then the following two statements are equivalent:

(a) The joint distribution of (xi )i∈N with respect to ϕ is invariant under quantum per-
mutations.

(b) The sequence (xi )i∈N is identically distributed and free with respect to the
ϕ-preserving conditional expectation E onto the tail algebra of the (xi )i∈N.

Our paper is organized as follows. In the next section we collect the preliminaries.
On one side, we present the definition of the quantum permutation group and the notion
of invariance under quantum permutations. On the other side, we recall the basic defi-
nitions and relevant results about free independence with amalgamation. In Sect. 3, we
will prove the “easy” implication of our de Finetti theorem, namely that freeness with
amalgamation implies invariance under quantum permutations. This is actually not as
elementary as in the classical case (where it follows directly from the fact that indepen-
dence is a rule for expressing mixed moments in terms of moments of the single random
variables) and we will have to use some of the basic theory of freeness for this proof. In
Sect. 4, we will define the tail algebra of our sequence of random variables, and show
some basic properties of the corresponding conditional expectation. Section 5 will finally
give the proof of the other implication of our de Finetti theorem, Theorem 1.1. The paper
closes with an example which shows that, as in the classical case (see [DF]), one needs
infinitely many random variables in our de Finetti theorem: quantum exchangeability of
finitely many random variables does not necessarily imply freeness with amalgamation.
We would like to mention that a recent preprint of Curran [Cur], which was inspired
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3. Operator-Valued Free Random Variables are Invariant
under Quantum Permutations

We will now first prove the “easy” direction of our de Finetti theorem, namely that
random variables which are free with respect to a conditional expectation E are invari-
ant under quantum permutations with respect to any ϕ which is compatible with E . In
contrast to the other direction this can be done in a purely algebraic frame, thus we will
treat this implication in the context of an arbitrary non-commutative probability space.
Note also that this implication does actually not require that our sequence is infinite.

Proposition 3.1. Let (A,ϕ) be a noncommutative probability space, B ⊂ A a unital
subalgebra, and E : A → B a conditional expectation such that ϕ = ϕ ◦ E. Consider
a sequence (xi )i∈N in A which is identically distributed and free with respect to E.
Then the joint distribution of the sequence (xi )i∈N with respect to ϕ is invariant under
quantum permutations.

Proof. Fix n, k and i = (i(1), . . . , i(n)) with 1 ≤ i(1), . . . , i(n) ≤ k. We have

k∑

j (1),..., j (n)=1

ui(1) j (1) · · · ui(n) j (n) · ϕ
(
x j (1) · · · x j (n)

)

=
k∑

j (1),..., j (n)=1

ui(1) j (1) · · · ui(n) j (n) · ϕ
(
E[x j (1) · · · x j (n)]

)

=
k∑

j (1),..., j (n)=1

ui(1) j (1) · · · ui(n) j (n) · ϕ

⎛

⎝
∑

π∈NC(n)

κE
π [x j (1), . . . , x j (n)]

⎞

⎠

=
∑

π∈NC(n)

k∑

j (1),..., j (n)=1

ui(1) j (1) · · · ui(n) j (n) · ϕ
(
κE
π [x j (1), . . . , x j (n)]

)
.

Now we note that, by the vanishing of mixed cumulants for free variables, the term
κE
π [x j (1), . . . , x j (n)] is only non-vanishing if ker j ≥ π , where j = ( j (1), . . . , j (n)).

Furthermore, by the identical distribution with respect to E of our random variables, for
any j with ker j ≥ π the term κE

π [x j (1), . . . , x j (n)] has the same value, which we denote
by κE

π . Thus we can continue the above calculation as follows:

k∑

j (1),..., j (n)=1

ui(1) j (1) · · · ui(n) j (n) · ϕ(x j (1) · · · x j (n))

=
∑

π∈NC(n)

ϕ
(
κE
π

) ∑

j (1),..., j (n)=1,...,k
ker j ≥π

ui(1) j (1) · · · ui(n) j (n).

The sum over j (1), . . . , j (n) with ker j ≥ π means that we sum for each block of π
independently over one j-variable. Since π is non-crossing at least one of its blocks is an
interval, i.e., of the form {p, p + 1, p + 2, . . . , p + s} for some 1 ≤ p ≤ p + s ≤ k. Then
we have j (p) = j (p + 1) = · · · = j (p + s), the sum over this variable is independent
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of the other sums; and it only involves

k∑

j=1

ui(p) j ui(p+1) j · · · ui(p+s) j .

Because of the orthogonality of different elements in the same row of u = (ui j )
k
i, j=1,

the term ui(p) j ui(p+1) j · · · ui(p+s) j is zero for any j unless i(p) = i(p + 1) = · · · =
i(p + s). In the latter case, ui(p) j ui(p+1) j · · · ui(p+s) j = ui(p) j and the sum over j just
gives 1. In this way we are left with the same problem as before but with the positions
p, p + 1, . . . , p + s removed. For π we have just removed one of its interval blocks.
Since π is non-crossing, we can now find another interval block in the new partition and
repeat the above argument. In this way we can do all the summations over the blocks of
π in an inductive way. In each step the i-indices must agree on the considered block of
π to get a non-vanishing contribution. If they do then the summation over the j-index
for this block gives 1. So in the end we get that

∑

j (1),..., j (n)=1,...,k
ker j ≥π

ui(1) j (1) · · · ui(n) j (n) =
{

1, ker i ≥ π

0, otherwise
.

Thus, by recalling that κE
π is equal to κE

π [xi(1), . . . , xi(n)] for any i with ker i ≥ π , we
have

k∑

j (1),..., j (n)=1

ui(1) j (1) · · · ui(n) j (n) · ϕ(x j (1) · · · x j (n)) =
∑

π∈NC(n)
ker i ≥π

ϕ
(
κE
π

)

= ϕ

⎛

⎜⎜⎝
∑

π∈NC(n)
ker i ≥π

κE
π

⎞

⎟⎟⎠

= ϕ

⎛

⎜⎜⎝
∑

π∈NC(n)
ker i ≥π

κE
π [xi(1), . . . , xi(n)]

⎞

⎟⎟⎠

= ϕ
(
E[xi(1) · · · xi(n)]

)

= ϕ
(
xi(1) · · · xi(n)

)
.

⊓)

4. Properties of the Conditional Expectation onto the Tail Algebra

In order to make the step from quantum exchangeability to freeness with amalgamation
we need some more analytic structure.

Consider a W ∗-probability space (A,ϕ) and suppose (xi )i∈N is a sequence of
selfadjoint random variables in A that generates A as a von Neumann algebra.
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LAWS OF CHARACTERS

Since a CMQG ( Au ) comes with a Haar state h
,

ve have

a naturalC±ncps( A ,h)
.

Which noncommutative distribution does X :=I[nuiieA have ?

Recall :

Aiylctncps,
x=x± =) Fµprob . measure on R st

. fzkdµ×(2.) = qcxk) HKHNO

For Out : X=X*eC( Out) has semicircle distribution vrt h

For On : X=X*eC( On ) has Gaussian distribution vrt h

For Snt : X=X*eC( SI) has Marchenko . Pasteur distribution vrt h

For Sn : X=X*eC( Sn) has Poisson distribution vrt h


