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Abstract

We use gradient estimates for solutions of elliptic equations to obtain Korn’s

inequality for fields with zero trace from Orlicz–Sobolev classes.

As outlined for example in the monographs of Málek, Nečas, Rokyta, Růžička [MNRR],
of Duvaut and Lions [DL] and of Zeidler [Ze], the well-posedness of many variational
problems arising in fluid mechanics or in the mechanics of solids heavily depends on the
positive answer to the following question: given a bounded domain Ω ⊂ R

n, n ≥ 2,
with Lipschitz boundary ∂Ω and a field u : Ω → R

n with zero trace, is it possible
to bound a suitable energy norm (being determined by the variational problem under
consideration) of the Jacobian matrix ∇u = (∂αui)

1≤α,i≤n in terms of the norm of the

symmetric gradient ε(u) := 1

2
(∂αui + ∂iu

α)
1≤α,i≤n ? Estimates of this form are known as

Korn type inequalities, and the most elementary variant reads as follows: for any function

u from the Sobolev space
◦

W1

2
(Ω; Rn) (see Adams [Ad] for a definition) it holds

(1)

∫

Ω

|∇u|2 dx ≤ 2

∫

Ω

|ε(u)|2 dx .

In fact, if u denotes a smooth function with compact support in Ω, then (1) can be
obtained by partial integration, and the validity of (1) for Sobolev functions with zero
trace is immediate. We note that L2– variants of Korn’s inequality go back to the works
of Courant and Hilbert [CH], Friedrichs [Fr], Èidus [Ed] and Mihlin [Mi].

Next we pass to the Lp– case with exponent 1 < p < ∞. Then it was shown by
Gobert [Go1,2], Nečas [Ne], Mosolov and Mjasnikov [MM], Temam [Te] and later by the
author [Fu] that there exists a positive constant K = Kp,n(Ω) depending on p and the
dimension n as well as on the domain Ω such that the inequality

(2)

∫

Ω

|∇u|p dx ≤ K

∫

Ω

|ε(u)|p dx

is fulfilled for all u ∈
◦

W1

p(Ω; Rn). A nice proof of (2) is presented in Theorem 1.10, p.196,
of [MNRR] based on results of Nečas about equivalent norms on Lp(Ω; Rn) in terms of

negative norms, which correspond to norms on the dual Sobolev space
◦

W1
p(Ω; Rn)∗.

Our short note now has been inspired by Remark 5 in the paper of Mosolov and Mjas-
nikov [MM], where it is stated that ”using the theorems of Simonenko [Si] and Koizumi
[Ko1,2] regarding the continuity of singular operators in Orlicz spaces, one can prove in-
equalities of the type of Korn’s inequality in the corresponding spaces”. To be precise,
let us introduce the class Φ of all functions ϕ : [0,∞) → [0,∞), which are increasing and
satisfy lim

t↓0
ϕ(t) = 0, lim

t→∞
ϕ(t) = ∞.
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DEFINITION 1. A function ϕ ∈ Φ is Young function, if ϕ is convex together with
lim
t↓0

ϕ(t)/t = lim
t→∞

t/ϕ(t) = 0.

DEFINITION 2. Let ϕ denote a Young function.

a) ϕ is of type (∆2), if there is a constant K > 0 such that ϕ(2t) ≤ Kϕ(t) holds for
all t ≥ 0.

b) We define ϕ to be of type (∇2), if for a constant K̃ > 1 it holds ϕ(t) ≤ 1

2 eK
ϕ(K̃t),

t ≥ 0.

REMARK 1. The (∆2) property – also known as doubling property of the Young function
ϕ – guarantees that the Orlicz class Kϕ(Ω) and the Orlicz space Lϕ(Ω) coincide (see
[Ad], Chapter VIII, for notation). Moreover, we can introduce the Orlicz – Sobolev space
◦

W1

ϕ(Ω; Rn) of functions with zero trace in the usual way.

REMARK 2. It should be noted that both (∆2) and (∇2) conditions make the Young
function grow moderately. For example, if ϕ is of class C1, then (∇2) follows from the
requirement that

a(ϕ) := inf
t>0

tϕ′(t)

ϕ(t)
> 1

is fulfilled. We refer the reader to the monograph of Roa and Ren [RR], Corollary 4 on
p.26.

With these notation we can give the following interpretation of Remark 5 from the
paper [MM].

THEOREM 1. Let ϕ denote a Young function of type (∆2) ∩ (∇2). Then there is a
constant C = Cϕ,n(Ω) depending on ϕ, the dimension n and the domain Ω such that

(3)

∫

Ω

ϕ(|∇u|) dx ≤ C

∫

Ω

ϕ(|ε(u)|) dx

is true for all fields u ∈
◦

W 1

ϕ(Ω; Rn). In the case of two independent variables (3) can be
replaced by

(4)

∫

Ω

ϕ(|∇u|) dx ≤ C

∫

Ω

ϕ(|εD(u)|) dx ,

where εD(u) := ε(u)− 1

n
(div u)1 is the deviatoric part of ε(u), 1 denoting the unit matrix.

REMARK 3. In their deep paper on stationary electrorheological fluids Acerbi and Min-
gione [AM] prove variants of (3) for special Young functions ϕ (see Theorem 3.1 in this
reference). Their argument is based on a kind of representation formula due to Ambro-
sio, Coscia and Dal Maso [ACD] (using in turn information from Kohn’s thesis [Koh])
combined with an interpolation argument originating from Torchinsky’s work [To].
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Proof of Theorem 1. Our proof of (3) and (4) is based on gradient estimates in Orlicz
spaces for solutions of elliptic equations recently obtained by Jia, Li and Wang [JLW]. Let
u denote a function from the class C∞

0 (Ω; Rn), the general case follows by approximation.
Then, as observed by Dain [Da], we have the formula

(5) ∆uj = 2∂iε
D(u)ij − 2

(
1

2
−

1

n

)
∂j(div u), j = 1, . . . , n ,

where the sum is taken w.r.t. indices repeated twice. We fix a coordinate direction
j ∈ {1, . . . , n} and define v := uj, V :=

(
2εD(u)ij − 2

(
1

2
− 1

n

)
div u δij

)
1≤i≤n

. Then,

according to (5), it holds ∆v = div V and the desired inequalities (3) and (4) are a direct
consequence of estimate (3.1) in Theorem 3.1 of [JLW], since on account of this reference
we have the bound

∫
Ω

ϕ(|∇v|) dx ≤ C
∫
Ω

ϕ(|V |) dx.

REMARK 4. We remark that Krylov [Kr] obtained Korn’s inequality in the Lp–setting
(1 < p < ∞) for fields equal to zero on the boundary by similar arguments as a result of
his studies of the regularity properties of solutions to the Dirichlet problem for the Poisson
equation in norms of negative order.

REMARK 5. Of course the estimates (3) and (4) extend to the class of Reifenberg
domains Ω ⊂ R

n studied in the paper [JLW].

REMARK 6. As outlined in [JLW] and also discussed by Byun, Yao and Zhou [BYZ]
the basic gradient estimate for the Poisson equation with Orlicz space data holds if and
only if the Young function ϕ is of type (∆2) ∩ (∇2). This gives rise to the interesting
question if ϕ ∈ (∆2) ∩ (∇2) is also a necessary condition for the validity of (3) and (4).
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