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Abstract

Let I' = GL(2,F,[T]) be the Drinfeld modular group, which acts
on the rigid-analytic upper half-plane 2. We determine the zeroes of
the coefficient modular forms ,¢;. on the standard fundamental domain
F for ' on €2, along with the dependence of |,f;(2)| on z € F.

MSC 2010: 11F52, 11G09
Keywords: Drinfeld modular form, rigid-analytic contour integration, mod-
ular invariant

Introduction. In this article we study Drinfeld modular forms on the full
modular group I' = GL(2,F[T]), where F is a finite field with ¢ elements.
Such forms arise from different sources, e.g.

e coefficients of the “defining equations” of Drinfeld modules,
e FEisenstein series,

e para-Eisenstein series (coefficients of the exponential functions of rank-
2 lattices),

e coefficients of the division polynomials of Drinfeld modules.

As in the case of classical elliptic modular forms for SL(2,Z), the basic inter-
est is in their relations, expansions at infinity, congruence properties, zeroes,
special values.

Serious work about such questions for the first two types of modular forms
started in the late seventies (see e.g. [?], [?], [?]) and was continued with the
description of their expansions at infinity and congruence properties modulo
primes [?]. Later, Cornelissen [?] and the author [?] described the zeroes of
Eisenstein series as well as the corresponding j-invariants. Like their classical
counterparts, the zeroes z in the natural fundamental domain F of I" satisfy
|z = 1.

Motivated from arithmetical questions like the determination of the rami-
fication of Galois representations attached to Drinfeld modules, the third
family of modular forms (baptized para-Eisenstein series in [?]) was studied
in [?]. In the present paper, making use of techniques introduced in [?] and
[?] (which relate the growth/decay of modular forms with their zero distribu-
tion pattern via non-archimedean contour integration), we start the study of
the fourth group of modular forms .0, where a € A =F[T], 0 < k < 2dega,
see (1.15) for the precise definition. These forms are crucial for the under-
standing of the interplay between the arithmetic of a Drinfeld module and



the geometry of the lattice by which it is uniformized. They are the coeffi-
cients of the division polynomial ¢, of a “generic” Drinfeld module ¢, and
are thus referred to as coefficient forms.

We succeed in determining the absolute values |z| of the zeroes z of ,¢;, in F
(Theorem 5.1) as well as of the associated |j(z)| (Theorem 4.11). In contrast
with the case of Eisenstein series (but similar to para-Eisenstein series), these
|z| are in general larger than 1, but always of shape ¢° with 0 < ¢ < k—1. The
crucial part of the proof is in section 4, where, by a complicated induction
argument, we determine the Newton polygon of the companion polynomial
(see Definition 1.13) of the form gal.

As a by-product of our study, but of independent interest, we find the
description Theorem 3.4 of the modular j-invariant function restricted to

.'Fk:{ZEf| |Z|:qk}.

We apply the results about the zeroes to derive the decay properties of the
ol on the fundamental domain F. In Theorems 6.7 and 6.11 we give precise
formulas for the spectral norm (the supremum, which in fact is a maximum,
and in most cases even the constant absolute value) of ¢, on F,, in case
k < d = dega (where |,¢;| becomes eventually constant), and in case k > d
(where ¢}, is a cusp form and thus decreases fast at infinity), respectively. As
a consequence we find (Theorem 6.16) that, after a suitable normalization,
the ./, for dega — oo tend to the para-Eisenstein series of weight ¢* — 1.

The present paper seems to be the first one that systematically studies the
zero patterns and growth/decay properties of families of Drinfeld modular
forms. It possibly sheds new light also to similar questions about classical
modular forms.

The paper was finished in the fall of 2009, when I was on sabbatical leave
at the National Center for Theoretical Sciences in Hsinchu, Taiwan. With
great pleasure I acknowledge the hospitality of that institution, and I would
like to heartily thank the colleagues in Hsinchu and in particular the director
of the NCTS, Professor Wen-Ching Li, both for valuable discussions and for
their support during my visit.

Notation. Throughout the paper, we use without further definition the fol-
lowing notation, which is largely compatible with e.g. the articles [?] [?] [?]
7]

F is the finite field with ¢ elements, with algebraic closure F,

F®*) the extension of degree k of F in F,

A = F[T] the polynomial ring in an indeterminate 7', with field of fractions
K =F(T) and K., = F((T™")), its completion at infinity,
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| . | the absolute value on K, normalized by |T| = ¢ and uniquely extended
to Cy, the completed algebraic closure of K,

| . |; the “imaginary part” function on Cy, |z|; = inf,ex_ |2 — x|,

Q0 =PYCy) —PYK,) = Csx — K the Drinfeld upper half-plane, equipped
with the action of I' = GL(2, A) through fractional linear transformations,
Cso{7} the non-commutative polynomial ring over C., with commutation
rule 72 = 27 for v € Cy, identified with the ring of F-linear polynomials
Sa; XT (7= X7).

Similar notation will be used for R{7} (“polynomials” with coefficients in
the subring R of Cy) and Co{{7}} (“power series” in 7).

The following denote special elements of A = F[T]:
k] =T —T, k=0,1,2,...
Dy =[k[k—1]7---1" " k=1,2,..., Dy:=1.

1. Basic concepts [?] [?]. An A-lattice A in C is a finitely generated
(hence free) discrete A-submodule of Cy of some rank r € N. With A we
associate its exponential function

z
zr—ep(z) =2 H <1_X>’
0£AEA

an entire, surjective and F-linear function from Cy, to C, with kernel A. It
may be expanded as

(1.1) enlz) =3 oz,

k>0

which we regard as the element Y ap7" of C,o{{7}}. (Note that the non-
commutative multiplication f o g in Co{{7}} corresponds to inserting the
function g(z) into f(2).) It satisfies the functional equation

(1.2) en(T'z) = or(ea(z))

with some polynomial ¢r € Co{7} of shape

(1.3) dr(X)=TX + X"+ + ¢ X" =T +qr+-+g71,
where r = rank(A) and g, # 0. The F-algebra homomorphism

¢: A — Cu{r}

a +—— Qg

(1.4)

uniquely determined by ¢r yields a Drinfeld A-module of rank r over Cy,
and the above describes bijections between the sets of A-lattices of rank r in
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Cw, of polynomials ¢r of shape (1.3), and of Drinfeld A-modules of rank r
over Cy, respectively.

(1.5) The most simple example is the Carlitz module p given by pr = TX +
X?=T+r,1i.e., when the attached lattice A = TA =: L has rank one. Here
the constant T € C\,, determined up to a ¢ — 1-th root of unity (i.e., up to
an element of F*), is such that (1.2) holds, that is,

er(Tz) =Tep(z) +ep(z)d.
Comparing coefficients, we find
(1.6) er(z) =Y Dit2".
k>0

The reader should think of 7 as an analogue of 27i, with 7 = 3.14159.. ..
We have (see [?] 4.9-4.11 for similar formulas)

(1.7) 7 =~ [ -G/ + e
i>1
in particular, [797!| = ¢9. For later purposes, we put
1 1

(1.8) t(z) = 2 (72) = Fenl)’ s(z) = t(2)771,

which are invertible holomorphic functions on the Drinfeld upper half-plane
Q.

Rank-two lattices A are up to scaling of the form A, = T(Aw + A), where
w € Q. The associated polynomial (1.3) is

(1.9) O =T + g(w)T + A(w)7?,

where g and A are holomorphic functions of €2 with A invertible. In fact, they
are modular forms of respective weights ¢ — 1 and ¢*> — 1. Here a Drinfeld
modular form of weight k for the group I' = GL(2, A) is a holomorphic
function f: Q — C, subject to

az+b
cz+d

(1.10) f( )= (cz+d)f(z) for (zz) el

and that has an expansion (convergent for small values of s, i.e., large values
of |z];)

(1.11) f(z) = aps(2)*



in the uniformizer s(z) at infinity. We often abuse notation and write simply
f = ars*. The form f is a cusp form if its zeroth coefficient ag vanishes.
The modular forms of weight k form a Cy-vector space M(I'); we write
M) = & Mg(I") for the algebra of all modular forms. Then M(I') is the
polynomial ring C[g, A] in the algebraically independent forms g € M,
and A € Mp_1(I"). The modular invariant is defined as

(1.12) j(w) = g(w)™/Aw);

it is invariant under I and yields a biholomorphic identification j : T\ 2 =,
Cw of the quotient space I'\ € with the affine line over C',. Each modular
form of weight £ has a unique presentation

(1.13) F(2) = 07 (i(2)) A=) g(2)"

with a polynomial ¢; € Coy[X], a € Ny, 0 < b < ¢, and a(¢*—1)+b(g—1) = k.
We call ¢ the companion polynomial of f. The j-values j(z) where f(z) =0
(i.e., the zeroes of p(X), and j = 0 if b > 0) are briefly called j-zeroes of f.

The main examples of modular forms are:

(1.14) The forms g, A as above. They are normalized such that their s-
expansions have coefficients in A, with starting terms

g=1—[1]s—[1]s 4. A= —s+ s —[1]s7 4. ..
(see [?] 10.11, 10.3. The present normalization agrees with gnew, Apnew loC.
cit. 6.4).

(1.15) More generally, let ) be the Drinfeld module corresponding to w € €
(i.e., to the lattice A, cf. (1.9)), let a € A, and write

o) = Y dblw)

0<k<2dega

Then ./, is modular of weight ¢* — 1 for I, a coefficient form. The purpose of
the present paper is to determine its zeroes, j-zeroes, and decay properties.

(1.16) The Eisenstein series of weight k
1
By(w) = Z k
(0,0)#(a,b)e A2 (aw T b>

is well-defined (i.e., convergent) and non-zero if 0 < k = 0(¢— 1), and defines
an element of My (') [7].



(1.17) Write the exponential function e, of A, as

ew(z) = Z g (w)z?".

k>0

Then ay(w) is modular of weight ¢* — 1, a so-called para-FEisenstein series.

The principal arithmetical properties of the Ej (mainly when k = ¢* — 1 for
some i) and the ay, and their zeroes are studied in [?], [?], [?] and [?]. Except
for section 6 (Theorem 6.16), they play no major role in the present article.

2. The fundamental domain F. We put

F = {2€Q]|z] =|z; > 1}, and for n € Ny,

2.1
(2.1) Fo = {2€Q| |z = |2 = ¢"},

which are open analytic subspaces of 2. Further, for a holomorphic function
fon F,, we let

[flln = sup{|f(z)[ | 2 € Fu} = max{[f(2)[ | z € Fu}

be the spectral norm on F, (see [?], our general reference for rigid analytic
geometry). Due to the presence of many elements of finite order in I' =
GL(2, A), we cannot expect a fundamental domain for I on  in the proper
sense (i.e., a subset of 2 with a “reasonable” topological structure and which
maps bijectively onto I' \ ©2). However:

2.2 Proposition.

(i) Each element z of Q is I'-equivalent to at least one and at most finitely
many elements of F.

(it) If v € T satisfies v(F,) N F # O then v(F,) = F, and v € Ty,
where Ty = GL(2,F) and T, = {(2)) € T | a,d € F*, degb <n}, n >
1. Conversely, each v € '), stabilizes F,,.

Proof. [?] 6.5. O

It is important to understand the behavior of some basic functions on F.
The following table is a compilation of [?] 2.13-2.18, as far as g, A, j are
concerned, and follows for s by direct calculation from its definition. It gives
the values log, || f||, for the functions f = s,g, A and j.

2.3 Table.

f s g A |
loquf”n _qn—H 0 _qn—H qn—H




Each of the above | f| is constant on F,, (n = 0,1,2,...) with the exception of
f =g or jon Fy, in which case we have only the inequalities log, [g(z)| <0
and log, |7(2)| < q for z € Fo.

2.4 Remark. For our given functions f, the values of log, |f| “interpolate
linearly” for z € F, z & |JF,. Viz, let |z| = |z]; = ¢" ¢ with n € Ny,
0 < € < 1; then a tedious but straightforward calculation gives e.g.

-1

_ 7‘L+1(1_ q
q

log, [s(2)] = —¢

€),

and similar formulas hold for the other functions under consideration. This
can best be understood by relating €2 with the Bruhat-Tits tree 7 of K.,
where F corresponds to the standard fundamental domain of I' on 7 and
the distinguished subsets F,, to its vertices, see [?] sect. 1. It will turn out
that, moreover, the modular forms we consider have their zeroes in F in fact
in | F, (see (2.5), (2.6) below). This justifies to focus attention to the F,.

2.5 Example. Let g; be the Eisenstein series of weight ¢* — 1, normalized
with absolute term 1 in its s-expansion. Then ([?], [?] Theorem 8.5):

(i) All the zeroes of g; are simple;
(i) if z € F is a zero of gi then z € Fy;

(iii) for each z, € F**+) —F C F, there exists a unique zero z € Fy of g
with |z — 29| < 1, and these are all the zeroes of g; in F.

2.6 Example. Let o be the para-Eisenstein series of weight ¢* — 1 (see
(1.17)). Then ([?] Corollary 8.12):

(i) All the zeroes of «y, are simple;
(ii) if z € Fis azero of ay then z € F,,, where 0 <n < k—1,n=k+1 (2);
(iii) for each n as in (ii) there exist precisely (¢ — 1)¢* zeroes of ay in F,.

3. Description of j restricted to F,.

3.1 Definition. Let z € Cy satisfy |z| = ¢" withn € Z. Then z =
T" - u- (1 + x) with well-defined uw € F — {0} and x € Cy, |z| < 1. We call
L(2) := u the leading coefficient of z.

The map L : Fy — F — F is well-defined and surjective, as is

L:{z€Cx | log,|z| =¢"} = Up — F —{0}.



Since moreover 1" : F =, Fn and j maps F;, onto Ugnt1 if n > 1, we may

define a map j, : F —F — F through the commutative diagram

Fo - Upn
(3.2) Ll | L
F-F 2 T,
provided that L(j(z)) depends only on L(z). In case n = 0, we must replace
(3.2) by
Fo — U ={2eC] log,|z| <q}
(3.3) L] L
F-F 2 T,
where L' restricted to U, agrees with L and L'(z) = 0 for log, |z| < q.

The goal of the present section is to derive the following explicit description
of j,.

3.4 Theorem. The maps j, are well-defined and given by

gn(z) = (27 =2)7"7D forn >1
(29 — z)ot!
T (20— )Pt forn =0.

Remark. The formula for n = 0 differs in sign from [?] 3.6, due to a different
normalization taken there.

For the proof we need to collect a number of facts about the functions in
question.

(3.5) The power series A/s and g[—;]l belong to Al[s]] and, writing A/s or %

as Y50 a;s', the a; satisfy dega; < i ([?] Proposition 6.7). In particular,
the series converge on F (see (2.3)) and yield the right values g(z), A(z),
respectively.

Suppose that z € F, with n > 0. We see by (2.3) and (3.5) that in both
g=1—[1]s—[1]s" 7" 4... and A = —s+59—[1]s?" +. .- the leading terms
1 resp. —s dominate and thus determine L(g(z)) and L(A(z)). Therefore,
for z € F, with n > 1,

. _ 9" (2) — L(—s () = —L(s (2
(3.6) LM@%JXA@)—L( (2)) = —L(s7(2))




holds. Let’s next consider z € Fj, where some more terms must be taken
into account. We need the following sharpening of (3.5).

3.7 Lemma. Write g = ZiZO a;s" with a; € A. Then for i > 2, the strict
inequality dega; < 1+ q holds.

Proof. This follows from combining the following facts from [?] (with the
notation given there, which we will not repeat here):

e g=1-11] Z 7 (loc. cit. 6.4)

a€A monic

o Z tt = 5" z:(l/fa)q_1 (by definition (4.6) of f,)

a€A monic
of degree d

e f, and 1/f, as power series in s satisfy property (x) of (6.7).
[l

3.8 Corollary. For z € Fy we have L'(g(z)) = L'(1 — [1]s(2)). (Here again
as in (3.3) we write L'(w) = L(w) if the argument w has mazimal possible
absolute value 1 and L'(w) = 0 otherwise.)

Proof. By (3.7) and (2.3) the higher terms a;s'(2) of the s-expansion of g(z)
don’t contribute to L'(g(z)). O

Since |A(z)| is constant on Fy with dominating term —s, we have L(A(z)) =
L(—s(2)) = —L(s(2)) for z € Fy, and so

(3.9) L'(j(2)) = —L'(1 = [1)s(2))"" /L(s(2)).

We are thus reduced to determining the right hand sides of (3.6) for n > 1
and of (3.9) for n = 0, respectively, on F,.

Let’s start with the case .

We have s(2)~ = e (72)47!, where ey (z) is given by (1.6), thus

3.10 Lemma. Write d; for Z=——29". Then for z € F,,

i
D;

(U |dn| = |dn+1‘ = |dn + dn+1|;




(it) if i is different from n, n+ 1, then |d;| < |d,]|.

Proof. |d,| = |dpy1| > |d;| for i # n, n + 1 follows from log, |z| = n > 1,
log, |D;| = ig" and log, [7~!| = ¢. By (1.7) we have L(7%") = —1, thus
L(d;) = (=1)'L(2)". Since L(z) ¢ F, no cancellation can take place in
dp, + dpy1, 50 |dy + dpga] = |dy| = |dpa]. O

By the lemma and (3.6) we have
L(j(2)) = =L(s(2)7") = +(L(dn) + L(dp41))*""
= (F1P LG+ (C1 L)) = (L)~ L)),

which at the same time shows the well-definedness of j, and the formula
asserted by the thoerem for n > 1.

There remains the case [n = 0]

For z € Fo wewrite s(z) =7 lea(2) ™1 =T'71 3 4 = a)q —— (7] 2.2(v)+3.4(v)).

Now (S pen eit) = LS e ey Soee s = (), 7[1] =
—1+ smaller terms, hence from (3.9),

) L

29—z

() = L1+ (5 ).

This shows first that L'(j(z)) depends only on L(z), so jo is well-defined. If
further z = L(z2), i.e., z € F — F, we get

L) = (U () (o = 2,

(Zq2 _Z)q+1

EEmrat Theorem

which, upon simplifying and recollecting terms, equals
3.4 is proved.

3.11 Corollary. For z € F we have the following equivalences:
(i) log, |j(2)| < ¢ & z € Fy and L(z) € F®
i(2)| =q and L(j(2)) =1 < 2z € Fy and L(z) € F®
(2)] =q and L(j(2)) # 1 & z € Fy and [F(L(z)) : F] > 4
)

"' >1)and L(j(2)) = —1 < z € F,, and L(z) € F®

() log, |7 (2)|
(v) log,|(j(2)] = ¢"*' (n > 1) and L(j(2)) # —1 & z € F, and L(z) ¢
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Proof. (iii) is a consequence of (i) and (ii), (v) a consequence of (iv).

(i) By (2.3), log, |j(2)| < q < 2z € Fy. We have strict inequality if and only
if jo(L(2)) = 0, which is equivalent with L(z) € F®),

(ii) For z € Fo, L'(j(2)) = 1 & jo(L(2)) = 1 & L(2) € F® | where the last
equivalence results from an easy calculation.

(iv) Aslog, |j(2)] = ¢"™" & 2z € F,, we are reduced to showing that for z €

J— 2
F —T, the equivalence j,(z) = —1 < 2z € F® holds. Now j,(z) = (=)
=-1& 27 =2 [l

zq2 —24
29—z

equals —1 <

4. The polynomials [3;;(X) and their Newton polygons. We wish to
determine the zeroes of the forms ,¢;, defined in (1.15). To this end, we study
their companion polynomials ,¢,, restricting first to the case where a = T

4.1 Definition. Let X be an indeterminate, let ¢ be the Drinfeld module
over the polynomial ring A[X]| defined by ¢7 =T + X7+ 72, and write

¢Td: Z 6d,k(X)Tk.

0<k<2d

The first few of the polynomials Bqy are given by

(4.2)

B = T,X,1 fork=0,1,2,

Bow = T (T9+T)X, X 4 (T9 +T), X +X,1 fork=0,1,...,4

Bap = T3 (T% + T + TX,(TT + T+ T) X0 + (T2 + TT+H 4 T?),
XCHatl 4 (T 4 T 4+ T) X + (T + T4 T)X,
XC+e ¢ x©O+ L xatl 4 (Tq4 + T 1 T),Xq4 + X7+ X, 1
fork=0,1,...6.

As we will see in a moment, (34 almost agrees with the companion polyno-

mial ¢y of f = pal,. Its elementary properties are given in the next propo-
sition. We always write “deg” for the degree of a € A in T', and “degy” for
the degree of a polynomial in X.

4.3 Proposition. Putting 34 =0 for k <0, we have for d,k > 0:
(i) (recursion I) Bay1, = quﬁd,k + qu_lﬁd,k—l + Bak—2;
(i) (recursion II) Bai1p = TBax + X B, + 53;72;
(111) Bar(X) = XX(k)godyk(Xq“) with a polynomial pqr € A[X], where
X(k) =0 (resp. 1) if k is even (resp. odd);

11



(ZU) degX /Gd,k S dk = qqk:11 ;

(v) suppose k < d. Then equality holds in (iv), and the leading coefficient
of Bay is monic of degree (d — k)q* as an element of A;

(vi) suppose k > d. Then Bqy is monic of degree

2(k—d) __ 1
degy @m =dj — q—;
qg—1
(vii) if k is even, the absolute term of [y is monic of degree (d — g)qk, if k
is odd, the linear term of Bay is monic of degree (d — %)qk

Proof. (i) and (ii) follow from comparing coefficients in ¢ga © ¢pr = Prar1 =
¢1 © ¢pa, respectively. The proofs of (iii) to (vii) are excercises in induction,
using (i) and (ii). O

Since the X1modular invariant j equals g?™' /A, property (iii) above shows
that (g is the companion polynomial ¢y of the modular form f = 74f,.
Hence knowing the zeroes of (3, is as good as knowing the zeroes of raf,
itself. We will determine the Newton polygon of 3, over K.

In the following, we write £ = 2m — 1 for odd and k = 2m for even k. If
Bax # 0 then d > m. We aim to describe 3, for such d, k.
4.4 Definition. Let k = 2”;7; 1 be given and m < d < k. A number

¢ € Ny s a critical exponent for (4, with associated critical degree o if:

case k =2m — 1 odd‘

[ )
1 (d—m)qg"
¢t (d=m)q"
¢+ b3 | (d—m— 1)
N+ 4 B 4 g5 | (d—m— 2)gF
: : d —m rows
Gl 2D 0-¢"

12



’ case k = 2m even‘

[ )
0 (d—m)q"
qk—l + qk—Z (d —m — 1)qkz
)g*

: : d —m rows

The critical exponents for Bqy with d > k are the same as those of By, with
critical degrees augmented by (d — k)q*

Note that the largest critical exponent of 34 equals the degree degy 54.

For given (d, k) with d > m, we produce a polygonal chain as follows: For
each critical exponent ¢ with critical degree §, draw the critical point (¢, —0)
in the euclidean plane, and connect neighboring critical points through a
straight line. If is immediate from the definition that the slopes of these
lines strictly increase, i.e., for consecutive c.exponents /1 < {5 < {3, the slope
2—22 is strictly larger than ‘Z;T‘;. In other words, our polygonal chain is
convex, and will in fact turn out to be the Newton polygon of 3, over the
valued field K, (we use the notation and conventions of [?] II sect. 6). More
precisely, B4 enjoys the properties described in the next proposition, which

is our principal technical result.

4.5 Proposition. Let (d, k) with d > m be as before, and write

Bar(X ZbeXe

with by € A.

(1) If € is a critical exponent for By with c.degree §, then degby = 0, and
by is monic as an element of A.

(i1) If € is non-critical and {; < { < {5 with neighboring c.exponents {1, ls,
then deg by interpolates sub-linearly:

l
——(deg by, — degby,).

(-
deg be < deg bél /¢ /¢
21

Proof. We induce on d, where the cases d = 1 and d = 2 may be directly
read off from (4.2). Let now be d > 2 and assume the assertion is shown
for d < d. We want to show that (441, has the properties stated, where

13



2m — 1
2m

If then 3441 = 0 and nothing has to be shown.

If then &£ = { 2(3&_?6 1 } and the assertion is
{ immediate } . { X+ XP 4 X' ... 4 X }
since Byr1p = .

trivial 1
Suppose ’m <d<k-1 ‘ We first treat the case , using recursion I
of (4.3), labelled RI. Below we list the critical exponents/degrees for [y,
Bak—1, Bak—2, and Bay1 5. (Note that the quantity “m” for fByx—1, and By x—2
must be replaced by m’ = m — 1. Further, if £ = 1, the term (;;_» must be
omitted.)

without restriction k& > 1. Write k£ = { } as before.
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B,k

c.exponents c.degrees
1 (d—m+1)q"
¢*! (d—m+1)¢"
qk—l + qk—2 + qk—3 (d _ m)qk:
d—m+ 1 rows
B S ) 0-qk

By induction hypothesis, the c.degrees of Byk, Bak—1, Bar—2 are the degrees
of the coefficients with the corresponding c.exponents as subscripts. RI pre-
scribes that the c.exponents of 34;_; must be enlarged by ¢"*~! when enter-
ing into By41 % (the corresponding c.degrees remaining unchanged), while the
c.exponents of B, remain, but their c.degrees are enlarged by ¢*.

Comparing the four tables and taking RI into account shows that all the
critial coefficients of (411 (those that corresponds to c. exponents) have
the degrees predicted. (Note that (4 _2 can at most contribute to the linear
term of B411%, but not to other c. coefficients.) Moreover, as by induction
hypothesis the critical coefficients of 34%, Bak—1, Bak—2 are monic, the same
is true for Biiq k-

Let now ¢ € N satisfy ¢; < £ < {5 with neighboring c.exponents ¢; and ¢y of
Ba+1,k- Let for the moment r, s, ¢, u be the relevant coefficients of Bqy1k, Bk,
Bak—1, Bak—2, corresponding to terms of order £, ¢, ¢ — ¢*~ ¢, respectively.
By RI, we have

r=T"s+t+u.

Distinguish the cases:

0y =1, 0, = ¢* | Here t = 0, degu < (d—m+1)¢* 2 < deg(T"s) (provided
s # 0), and the sublinear interpolation property SIP of deg s extends to degr.

61 = qk_l + e _|_ q2(k—d)’ 62 — 61 + qQ(k_d)_l + q2(k_1_d) Here S = O = U/7
and the SIP extends from degt to degr.

all other cases| Here still w = 0. Moreover, ¢; and f, are neighboring
c.exponents of Bk, {1 — ¢"F and €y — ¢"~1 are neighboring c.exponents of
Bak—1 and the SIP of deg s and degt is inherited by degr.
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Still in the situation m < d < k — 1, the case is handled in the same
fashion: RI implies that the asserted properties of 84%, Bax—1, Bak—2 turn
over to (441 We omit the details (which would require presenting a table
similar to (4.6) for even k).

There remains the case where . Here 3441 and B4 have the same crit-
ical exponents and in particular the same degrees as polynomials in X. Again
distinguishing the subcases | k odd/k even |, RI shows that the degrees of the

coefficients at critical exponents are augmented by ¢* under £, ~ Bat1.ks
preserving monicity, and the degrees of the other coefficients still interpo-
late sublinearly. Hence (3411 enjoys the stated properties for all &, and the
induction step is finished. n

We let NP(B4x) be the Newton polygon of (B, as described in (4.4), with
breaks (¢, —0), where ¢ is a critical exponent with corresponding critical
degree 9. We write (a,b) — (¢,d) for the line segment that joins two points
(a,b) and (c,d) in the plane and NP + (a,b) for the Newton polygon shifted
by the vector (a,b).

We have actually shown (recall that k = { 277;”; L })

d<m: ﬁd,k =0, NP(ﬁng) =0

d=m, k=2meven: Byom =1, NP(Gnam) = {(0,0)}

d=m, k=2m—1o0dd: NP(Bnam-1) = (1,0) — (¢"*,0)
(4.7) m <d <k : NP(B4+1) results from appending the line

segment (degy Bar, —q*) — (degy Bax + ¢ 241 4 ¢2-21-2 ()

to NP(Bax) + (0, —¢").

d>k: NP(Buyrk) = NP(Bar) + (0, —¢")

4.8 Corollary.
(i) Ford,k > 0, the Newton polygon N P((4y) lies strictly above N P(Ba11)-

(ii) Leta =Y, a;T" (a; € F) be an arbitrary element of A, of degree d, and
write ¢o = Y g<pcoqali(X)T" for the Drinfeld module ¢ of (4.1). The
Newton polygon NP(,3;) of o3,(X) € A[X] satisfies

NP(afy) = NP(Bar)-
Proof. (i) results from the description given in (4.7). Therefore, the Newton
polygon of ,3, = >, a;(;x depends only on the largest term az7%, which
gives (ii). O
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Together with the relation Byx(X) = XX® g, (X9+1) of (4.3)(iii) we find
that the companion polynomial ,¢; of ,¢ is given by

(4-9) aPr = Z az’%’,k(X)-

For the reader’s convenience, we list the ¢q for d < 3, derived from (4.2).

(4.10)

o1 = 1,1,1for k=0,1,2

o = T2 TI+T, X+ (TC+T), X' +1, 1for k=0,1,...4

Q3 = T3 T+ TH 4 T2 (TT + T+ T)X + (T + T+ 4+ T?),
X4 (T +TC + )X 4 (TP +T94T), X + X0+ 4 X+
(T9" +T¢ +T), XC~+-1 L X1 41 1for k=0,1,...6.

Combining the preceding with the properties of the Newton polygon ([?] II

sect. 6), we arrive at the following description of the j-zeroes of ,¢;,, counted
with multiplicity.

4.11 Theorem. Let .0, (z) be the coefficient modular form defined in (1.15),

where a € A has degree d, and write k = 277;; L } The pattern of j-zeros
of oli as described below depends only on d.
If then o0, = 0.
If’m§d§k22m—1,there are
% j-zeroes x of ., withlog, |z| = 0
¢ " -
qk:—5 " — q5
qzk.—Qd " — Rk

and, not to forget, there is the trivial simple j-zero x = 0.

If lm <d<k=2m| there are

¢"2  j-zeroes x of ,{) with log, lz| = ¢
¢ " _ g
q2k;2d " — Pk,

These are all the j-zeroes of ,¢}.
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If then we have the same pattern as with ' = k. O

5. Location of the zeroes of ./, in F. We keep the notation of the last
section. The j-zeroes of ,¢; described in Theorem 4.11 correspond to z-zeros
in F which lie in F,,, where 0 <n < min(k—1,2d—k—1), n = k+1(mod 2).
The mapping j restricted to F, is ¢"**(¢—1)to 1ifn > 1, (¢* —1)g to 1 on
non-elliptic points (i.e., j # 0) of Fy, and (¢ — 1)g to 1 on elliptic points of
Fo. Thus we get the next result.

5.1 Theorem. Let ), be as in Theorem 4.11. Counted with multiplicities,
it has q"(q — 1) zeroes in F, for each n that satisfies 0 < n < min(k —
1,2d — k — 1), n = k + 1(mod 2), and these are all the zeroes of ¢, in F
(d =dega). Fork odd, these ¢*(q—1) zeroes z in Fy either satisfy |j(z)] = 1
((¢" — q)(q — 1) many) or z ¢ F® —F (¢* —q many). O

JFrom (3.11) we find:

5.2 Corollary. Let k be odd. The ¢"(q — 1) zeroes z of 0} in Fo satisfy
L(z) e F@. O

Let now again a € A have degree d € N, and suppose 2 < k < d. As follows
from Theorem 4.11, the form ,¢, has a unique j-zero ,r, with maximal
possible log, [,2;|. It lies in K and corresponds to the segment of width

qk:

1 and slope ¢* of NP(,,), i.e., the segment of width ¢ + 1 and slope =1

rightmost to the Newton polygon of .3, see (4.7). The two relevant breaks
of NP(,8;) = NP(f4y) have abscissas (; = ? —(¢g+1) and ¢y = -1

—1 q—1
and, as the coefficients b, of 34, (X) with these indices are monic as elements

of A (see 4.5), we have L(,x;) = —1. As a consequence of (3.11) we find:

5.3 Corollary. Let a € A have degree d, where 2 < k < d, and let ,x;, € K,
be the unique mazimal j-zero of .0, as described above. Then L(,x)) = —1,

and the corresponding z-zeroes z € F lie in Fy_1 and satisfy L(z) € F® —F.
O

In what follows we assume that k is odd and derive similar properties of the
j-zeroes of ,¢; with || = 1.
5.4 Lemma. Let k be odd and let 1 < ¢ < ¢*=' be such that the degree deg b,

(where o3, (X) = > by X*) interpolates linearly (i.e., we have equality in 4.5
(i1)). Then ¢ = 0(mod q).

Proof. Without restriction, @ = T Then we proceed as in the proof of
(4.5), using induction on d and starting with d = m. Then £, = Bnom—1 =
X+XC+...X qkfl, for which the assertion is true. Further, the assertion
is stable under d ~» d + 1, as follows from the argument used in the case
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(1 =1, ly = ¢" '] in the second half of the proof of (4.5), where we showed
the stability of SIP under d ~» d 4 1. O

We now consider the polynomial .3, up to terms of order ¢*~!, which cor-

responds to the leftmost segment of NP(,3,) between the abscissas ¢; = 1
and ¢, = ¢"'. Since the slope of that segment is zero,

(X)) = D bX+ > X

1§K§qk71 g>qk—1

with by € Koo, |b1] = |bge-1], |be| < |b1] for £ > ¢"*, and for 1 < ¢ < ¢**,
either |by| < |by| or |be| = |b1| and ¢ = 0(mod ¢) holds. But this implies that
the ¢! — 1 zeroes of ,3, corresponding to this segment are simple and lie
in an unramified extension of K. (Divide the above equation by b;. The
resulting polynomial reduced modulo the maximal ideal of O, has constant
derivative # 0, and we may apply the trivial case of Hensel’s lemma.) Taking
B = Xapp(X ) into account, where 4¢, (X) is the companion polynomial
of ,¢;, we have shown our next result.

5.5 Theorem. Let k be odd.

(i) The qk;1_1 j-zeroes x of 0, with |x| =1 are simple as zeroes of 4 ().
Correspondingly, the (¢* —q)(q—1) zeroes z € Fy of ol), with |j(z)] =1

are all different and simple.

(i) All the x in (i) lie in an unramified extension of Ko,. O

Remark. This is at least partially analogous with properties of the zeroes of
Eisenstein series of weight ¢* — 1, see Example 2.5. On the other hand, each
of the zeroes z from 5.5 (i) with |j(2)| = 1 generates an extension of K, ram-
ified with index divisible by ¢+ 1, as is seen from 1 = |j(2)| = |g(2)[|9T' /A(2)
and |A(z)] = ¢77 for z € Fy (see 2.3). Quite generally, the fields K (z) (resp.
Ko (2)) generated over K (resp. K ) by j-zeroes x (zeroes z) of such mod-
ular forms seem to deserve more investigation. Moreover, (5.5) raises the

5.6 Question. Are all the roots of ,p, simple, i.e., are the polynomials ,p,
separable?

6. The decay of ./, along F. We conclude with describing the decay of
the absolute value |, (2)| along the sets F,, C F, where we exploit the ideas
developed in [?] and [?] (especially (6.11) and (8.13) pp.).

Recall that ||f||, := sup{|f(2)| | z € F,.} is the spectral norm of the holo-
morphic function f on F,,. It is, by standard properties of rigid geometry, in
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fact a maximum, which even agrees with the constant absolute value |f(z)]
for z € F,,, provided that f has no zeroes on F, [?] [?].

JFrom now on we let f be a modular form of weight k£ subject to the condi-
tion:

(6.1) If f(2) =0 for 2 € F then 2 € |y, Fn-

Due to our results so far, all the forms g (2.5), oy (2.6) and ¢}, satisfy (6.1).
As a consequence of (6.1), as follows from the considerations in [?] pp. 93—
94, and [?] 1.7.4, the quantity log, |f(z)| interpolates linearly (see (2.4)) for
z € F,n <log,|z| =log,|z|; <n + 1 between its extreme points log, || f||»
and log, || f|ln+1. We may therefore restrict to considering || f||,, for n € Ny.

For 0 # f € My and n > 0, define
1/ lln41

. ro(f) :=1lo ,
. = s T,

which lies in Z and satisfies r,,(f1 - f2) = rn(f1) + rn(f2). (To be in line with
[?], the present r,(f) is 7(f)(e,) as defined loc. cit. 6.9.)

We further put

zo(f) := number of zeroes of f on F,,

(6.3) counted with multiplicities.

JFrom the formalism of rigid-analytic contour integration ([?] pp. 93-95) we
find the following relations between r,(f) and z,(f):

(6.4) z0(f) = (¢ +Dro(f) + gk
and forn > 1
(6.5) zo(f) = ralf) — qra-a(f).

Details would require the introduction of a bulk of new objects and termi-
nology. Suffice it to say that the common source of both identities is [?] 6.11,
along with the description loc. cit. 7.5 of r,(cz + d) and the action of our
groups I, (see (2.2)) on F,, and on the neighborhood of the vertex v, in the
Bruhat-Tits tree 7 (loc. cit. section 6).

Note in particular that the weight k& enters in (6.4) only, but not in (6.5).
These formulas enable us to relate || f]|, and || f||. for n < n’, provided we
know the zeroes “in between”.

To make this effective, we first observe:

6.6 Proposition. Let f € M, satisfy (6.1) and suppose that its zero-th
s-coefficient ay = ao(f) doesn’t vanish. Let ng be mazximal such that F,,
contains a zero of f. Then |f(z)| = |ao| for z € F, |z| > ¢™ and || f||n, = ao-
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Proof. In the neighborhood of oo, that is for z € F with s(z) small (or |z| =
|z|; large), we have |f(z)| = |ao| by standard non-archimedean properties.
But this means r,(f) = 0 for n > 0.

JFrom (6.5) we find that actually r,(f) = 0 for n > ng, which, together with
the properties stated after (6.1), gives the result. ]

(6.6) applies to the forms f = ¢, with a € A of degree d and . In
this case, the coefficient ag(,¢}) is the corresponding coefficient of the Carlitz
module (1.5). That is, write

Pa =0+ Z WO with ¢ € A,
1<k<d
then 4, = ag(aly). Its degree is log, |ag(aly)| = deg ok = (d—k)q" ([?] 4.5).
Combining the preceding, we find:

6.7 Theorem. Let a € A have degree d. For 1 < k < d the modular form
L satisfies

logq lalilln = (d— k)qu n>k—1
k—2
= (d=kK)¢" =) rilaly), 0<n<k-1

Here the 1;(,0;) may be recursively solved (stepping down from i = k — 1)
from (6.5) and (6.4), using x_1(ol) = 0 and zi(.l;) = 0 resp. ¢"(q — 1) if
i = k(mod 2) resp. i # k(mod 2). O

With a bit of labor we can work out e.g. [|,¢4]|o for the “middle” coefficient
form ,¢;, d = dega, an exercise in summing up multiple geometric series.
Here is the result.

6.8 Example. Let a € A have degree d > 1. Then

d d_ 1
lalallo = éqd_Q(ZZ—l)’ d even
d+1 gt —1
= — 0" —a-5—), dodd

The procedure just employed fails for ,¢;, with ’k >d= dega‘ since then
oL is a cusp form. However we know that its largest zeroes z € F satisfy
log, |2| = 2d — k — 1. Hence ||ly, for n > 2d — k — 1 is determined by the
equation

oli(2) = 0 (G (2)) A(2)HF) g (2)XR)
x(k) =0/1if k is even/odd, u(k) = q"'q—2q_>c(k> Now

1 -
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e the companion polynomial 4, is monic of degree (¢* —¢**~9) —x (k) (q—
1))/(¢*> — 1), as results from (4.3) (iv) and (4.9);

o log, [lj(2)lln = ¢"*;

e |j(z)] > |x| for all the zeroes = of o, if z € F,, n>2d — k — 1.

Putting these together, we find for n > 2d — k — 1:

. q2(kfd) -1
(6.9) log, lalilln = —¢" (=—5——)
g —1
and consequently
2(k—d) __ 1
(6.10) rn(ali) = —gH (——).

q+1
This yields as in (6.7) the remaining spectral norms.

6.11 Theorem. Let a € A have degree d. For d < k < 2d the modular form
L satisfies

2k—d) _ 1
log, [lalilln = —qnﬂ(q p— ), n>2d—k—1
2d—k—2
= log, llalkll2d—k—1 — Z Tilaly), n<2d—k—1,

where the 1;(,0;,) may be recursively determined from (6.5) and (6.4). O

We restrict to presenting two examples, where the first is immediate from
(6.11).

6.12 Example. Let d > 2 and k = 2d — 1. Then

q2d72 -1
logq llaloa—1lln = —q(q2—_1) for n > 0.

6.13 Example. Let d > 3 and k = 2d — 2. For f = ,ly;_o we have
2d—4_1 2d—4_1

log, Iflly = =¢*(*z=) and r1(f) = —¢*(“ 7). As z1(f) = (g — 1),
(6.5) yields ro(f) = —q(%). (Alternatively, we could use (6.4) and the

facts 2o(f) = 0, ¢*¢=2 — 1 = weight of f.) Therefore,

log, [lfllo =log, /s = ro(f) = (¢*' = 7" = ¢**7* + q) /(¢ = 1).

Our last result is about the relationship between the forms ,f;; and the ay
from (1.17). For d = dega > k, let ,¢; be the normalized multiple of ,¢;
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similarly, let & be a normalized, so that agk and &;, have value 1 at infinity.
From the considerations preceding Theorem 6.7, we find

(6.14) ol = aCital
with the coefficients ,c; of the Carlitz module. Similarly,

as follows from (1.6).

6.16 Theorem. Write ., (resp. pu) for the companion polynomial of ol
(resp. ).

(i) As d = dega tends to infinity, ol tends, locally uniformly on Q, to the
para-FEisenstein series ay,.

(i1) In the space of polynomials of degree less or equal to deg @, = deg pug,
we have limy_, o0 @) = k-

6.17 Remarks. (i) Both ., and py have their coefficients in K, hence the
convergence in (ii) takes place in a finite-dimensional vector space over the
locally compact field K.

(ii) The polynomial uy is known to be separable (see Example 2.6), which
thus holds too for ,@; resp. ., if d = dega is large enough. This gives a
partial (though insatisfactory) answer to Question 5.6. Proof of (6.16). Let
F®) = {z € F||z| > ¢*}, an open analytic subspace of F. The commutation
rule

ea(aw) = gafea(w))

for the generic Drinfeld module ¢ associated with the lattice A = A, (see
(1.9)) implies the identity
(Cﬂk - a)ak = Z aéiazli + agk'

1<i<k—-1

For sufficiently large d, all the functions appearing have constant absolute
values on F® (for the a;, see [?] 8.13, note the different normalizations),
given by

log, l|ail[zw = log,|ai(co)] = —ig",
log, [[alill 7y = log, [aci = (d—i)¢", 1 <i<k.

Plugging in, we see that the log, of (aqk — a)ay, and of ¢, grow of order
(d — k)q* with d — oo, while the log, of the other terms grow of order less
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or equal to (d — k + 1)¢"*~!. That is, upon normalization (), U1 tends to dy,
uniformly on F*). Since on the finite-dimensional C,.-vector space M1 (T)
to which our forms belong all norms are equivalent, part (i) of the theorem
follows. (Consider spectral norms on affinoid subdomains of Q!) Part (ii) is
then a trivial consequence. [

Concluding remark. The companion polynomials ¢, of the coefficient
forms ./, have integral coefficients, i.e., in A. If a = p is irreducible of degree
d, then ppq reduced (modp) yields the supersingular polynomial (modp),
which encodes the supersingular invariants. This is but an example of its
interesting arithmetical properties. Thus, besides the oco-adic study of the
o, carried out in the present paper, it is desirable to investigate their p-adic
properties and relate them e.g. to the results of [?], sect. 12.

Both the oo-adic and the p-adic properties of Drinfeld modular forms par-
allel established or conjectured properties of modular forms in the classical
framework. Therefore, a better understanding of the present case could also
reveal properties of elliptic modular forms undetected so far.
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