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1 Introduction

The problem concerns two finite, immiscible, perfect fluids separated by an interface
{y = n(z,2)}; the fluid motion is three-dimensional and the densities of the upper and
lower fluid are p and p with p < p. Furthermore we define the fluid-domains

<h},
n(z, 2)}.

Here h and h are two positive numbers describing the depth of the upper resp. lower fluid.
Within each fluid domain the evolution is given by potential flow, so that

§77 —{ny, Z{L’,yGR,T](ZE,Z)

<y
Sn) ={(z,y,2): z,ye R, —h <y <

u=Vp Ap=0 within S(n), u=Vy, Ap=0 within S(n).

The fluid interface obey the kinematic equations
O = =Py + NP, + 10, =

am—w NP T NP =

Q| Q
|= |I€ 2?3|%

At the bond of S(n) U S(n) one imposes Neumann boundary conditions on confining
vertical walls, so that

@y(x,ﬁ, z)=0= gy(x, —h, z)

for all =,z € R. The Bernoulli-condition reads as

1 . Vn
0 8_+—V_2+ —odiv | —/——
p(w 5|Vl +gn ( 1+|Vn|2>)
1 . Vn
= 8 +—V 2+ —odiv| —/— .
(o s o))

Here g is the acceleration due to gravity and ¢ > 0 is the coefficient of surface tension.
The kinetic energy of the system in each fluid domain is given by the Dirichlet integrals

1 1
K= —/ pIVe|? drdydz, K = —/ PVl dadyd:.
2 Js) 2 s T

and the potential energy of the system is

1 1
v:m+w:§/g@_mfmw+§/am—m@ﬂ+wwhq)mw.
R2 R2

The Hamilton function is the total energy

H=K+K+V,+V,.
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In order to obtain dimensionless variables we define

h
1
AN, —
oy, z,t) = — o(z,y,2,1),
( ) (h+h)7 g2 ( )
1
¢/(x,7y,7z/7t/> = = 3 lf(l‘ayuzut>
(h+ﬁ)292

Ap =0, O<y<n+h (1.1)
Ap =0, n+h<y<l, (1.2)

were we have abbreviated h := h/(h + h) with boundary conditions

O =@, =P, =N, y=mn+h, (1.3)
On = =0, + N9, + 1.9, y=n+h (1.4)
£y - O’ y - 07 1 5
Py =0, y=1, (1.6)

1 . Vn
O+ =IVp]* +n — Bdiv | ——m——
p(ﬂp 5| Vel +n =1 ( 1+|V77|2>)

1 Vv
:6t£+§|V£|2+n—ﬁdiv (—77), y=mn+h.

V1+[Vnl?

Here we have p := p/p € (0,1) and § := o/(g(h + h)) > 0. The kinetic and potential
energies now reads as

— 1

K = —/ p|VE|? dedydz, (1.8)
2 Jsm)
1

K= —/ \Vp|? dodydz, (1.9)
2 s
1

Vi= —/ (1 — p)n? dzdz, (1.10)
2 Jeo



/ 81— VIt V- 1) drdz. (1.11)
Here we have changed the meaning of the fluid domains, i.e.,
Sm) =A{(z,y,2) : 2,y R, 0 <y <n+h},
S) :={(z,y,2): z,y e R, n+h<y<1}.
Steady waves are water waves which travel in a distinguish horizontal direction with
constant speed and without change of shape; without loss of generality we assume that

the waves propagate in the z-direction with speed ¢, so that n(z,z,t) = n(zx — ct, 2),
QO(ZIZ' Y, =, t) SO(':E —ct 'Y, % ) and (‘T Y, =, t) = @(SB - Ct??-/v Z)
Now we have to minimize the functional

E(n,¢,%) == K(n,¢) + K(1.%) + Vi(n) + Va(n). (1.12)
We deenote the boundary values of the velocity potentials by ®(z,z) := o(z, 2, n(z, 2))
and ®(x, 2) := @(z, 2,7(z, 2)). Following Benjamin and Bridges [BB] we set

£(z) = 2() — p2,

and the natural choice of canonical variables is (1, &) (compare [CG]). Similarly to [CG]
(and [BGS], section 1.2) we define Dirichlet-Neumann operators G(n) and G(n) which
maps (for a given 1) Dirichlet boundary-data of solution of the Laplace-equation to the
Neumann boundary-data, i.e.

G(n)@(x,2) : = (1+|Vnf*)

G)®(x,2) : = (1+|Vn[’)

(Vo - Nsap) (2, 2),
(V ~N§(n))(a:,z).

N|= (SIS

If we define N
B(n) := G(n) + pG(n),
we obtain the Hamilton (following the lines of [CG], p. 24)

€)= 5Q<n>B<n>-1é<n>fdxdz+§ [ = o sz
R (1.13)

/ B(1—p 1+|vn\2—1> drdz.

The key of our existence theory is minimizing H subject to the constraint of a fixed value
for the momentum of a wave in the x-direction

I(n,§) = /R2 n.€ dxdz. (1.14)

We tackle the problem of finding minimizers of H under I(n,§) = 2+/k(p, )i, where

k(p,p) = (1—p) (i+ﬁ)_l,

in two steps.



1. Fix n # 0 and minimize H(n,-) over T, = {f € Hi/Q(RQ) : I(n, &) = 2+/K(p, ,u)u}.
This problem (of minimizing a quadratic functional over a linear manifold) admits

a unique global minimizer &,.

2. Minimize J(n) := H(n,&,) over n € U {0} with U := By (0) C H*(R?). Because &,
minimizes H (), -) over T}, there exists a Lagrange multiplier A, such that

G(n)Bn)'G(n)&, = Mya.

Hence

] e
N(n) + pN(0)] 12,

where N() = G(n)~! and N(n) = G(n)~! are the Neumann-Dirichlet operators.
Furthermore we get

b= L o) =5 [ e [N+ N ooz, (115

3
—

For J(n) we get the representation

Tu(n) = K(n) + M, (1.16)

where

K =(1-p) [

R

1
{;f—kﬁdl—i—nﬁ—i—n?—ﬁ} dx dz, (1.17)
2

Our paper is organized as follows: In section 2 we prove analiticity of the Neumann-
Dirichlet operator. A consideration of minimizing sequences is given in section 3. In the
forth section we have a look at strict sub-additivity of the infimum of J,, with respect
to u, whereas in the last section we follow the main Theorems about the existence of
minimizers and the stability of the set of minimizers.

2 The functional-analytic setting

2.1 The Neumann-Dirichlet operator

Our first task is to find suitable function spaces for the functionals H and I defined
in equations (1.13), (1.14) and introduce rigorous definitions of the Dirichlet-Neumann
operators and their inverses. Since the functional 7, to be minimised involves G(n)~*
and G(n)~! we begin with the formal definition of this Neumann-Dirichlet operator N(n)
and N (n): for fixed £ = £(z, 2) we solve the boundary-value problem

Ap =0, 0<y<h+mn, (2.1)



P, " ep, NP, = 3 y=h+n, (2.2)
©, =0, y =
and define
N(mE = ely=h+n-

Furthermore we solve the boundary-value problem

Ap =0, h+n<y<l,
“Py T NPy T N0, =&, y=nh+n, (2.5)
@y:()? y:

and define
N(ﬁ)ﬁ = @|y:h+n~

We study this boundary-value problems by transforming them to equivalent problems in

fixed domains. The change of variable in the first problem

_h

= h—+77

transforms the variable domain {0 < y < h + n(x,z)} into the slab ¥ = {(z,vy/,2) €
R x (0,h) x R} and the boundary-value problem (2.1)—(2.3) into

/

y Y, u(z,y',2) = o(x,y, 2)

Au:aIE1+8ZE2+8yE3, O<y<h, (27)
Qy - E:’, + 57 y - ha
QZ’J = 07 Yy = O)
where
n Yy
F, = Yo ey,
n Yy
F, = Yt 3y,
U y y 1 y*n} 1 y?n?
F, = Y et + L, — = _ 2
L'y n+h@y+hn@x+hn@ hn+h2y }”thy

and we have again dropped the primes for notational simplicity; the Neumann-Dirichlet
operator is given by

N(n)& = uly=n.
In the second problem the transformation
1—~h
y = iy — (1-y), w@y,2)=oy,2)

converts the domain {h + n(z,2) <y < 1} into & = {(x,3,2) € R x (0,1 — h) x R} and
the boundary-value problem (2.4)—(2.6) into

Au = 836?1 + (LFQ + ayﬁg, 0<y<1-—h, (210)



U, = F3 +¢, y=1-—h, (2.11
u, =0, y=0, 2.12
where
F, = 1ﬁhﬂx— 1 Y hﬁzﬂya
Fy, = %_z 1 Y hﬁzﬂy;
F, — U y y L /- S Vo

ey L Ty L A T vy K T ey ey

The Neumann-Dirichlet operator is given by

N(n)€ = uly=1-p.

To develop a convenient theory for weak solutions of the boundary-value problems (2.7)—
(2.9) and (2.10)—(2.12) we follow the lines of [BGS] (section 2.1). We define the completion
HI(Y) of

S(E,R) = {u € C™(2) : |(x, 2)|™02102?u] is bounded for all m, oy, ay € No}
with respect to the norm

Jull? = / (2 + o + u?) dy da .

Here we have ¥ € {¥, %} and X denotes the closure of X. The corresponding space for the
traces uly—, and u|,—1_ is the completion H!?(R?) of the inner product space X,/*(R?)
constructed by equipping the Schwartz class S(R? R) with the norm

Il = [ 1+ 62 s s
its dual (HY/*(R?)) is the space
(X2 (R?)) = {U € S'(R*R) = sup{|(u, )| : 1 € X;/2(R?), [0z < 1} < oo},

where S'(R% R) is the class of two-dimensional, real-valued, tempered distributions. A
more convenient description of (H*l/ ?(R?)) is proven in Prop. 2.1 in [BGS]:

Proposition 2.1. Let H{1/2(R2) be the completion of the inner product space X;1/2(R2)
constructed by equipping S(R?, R) with the norm

19012 1 /e = /Rz(l + k)2 (k| 2|0 dky dks,

where S(R%R) is the subclass of S(R%,R) consisting of functions with zero mean. The
space Hy "*(R2) can be identified with (Hy'*(R2)).
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With these preparations we obtain similarly to Lemma 2.4, [BGS]

LEMMA 2.1. For each & € Hy "*(R?) and n € Bi2(0) € WH°(R?) the boundary-
value problems (2.7)-(2.9) and (2.10)—(2.12) have unique weak solutions u € H}(X) and
ue HN(Y).

Here weak solutions are defined in the sense of [BGS] (Def. 2.3).
We conclude with a rigorous definition of the Neumann-Dirichlet operators.

Definition 2.1. a) The Neumann-Dirichlet operator for the boundary-value problem
(2.7)~(2.9) is the bounded linear operator N(n) : Hy "*(R?) — HL*(R?) defined by
N(m)E = uly,

where u € HY(X) is the unique weak solution of (2.7)-(2.9).

b) The Neumann-Dirichlet operator for the boundary-value problem (2.10)-(2.12) is
the bounded linear operator N(n) : HI1/2(R2) — H*l/z(R2) defined by

N(n)g = U|y:1—h7
where @ € HN(X) is the unique weak solution of (2.10)-(2.12).

At the end of this section we present the following useful representations (compare [BGS],
Remark 2.6, for details)

LEMMA 2.2. We have for £ € H, /*(R?)

/ EN ()¢ du dz

2 2 2
YN hu, Y- n+h
. dz dy dz:
/(( e h+n”y) +<h+n> +(QZ n+huy)> po e

/fﬁ( )¢ dxdz
2 — 2 2
Yo (1—h)u - yn: Y \1-n—nh
/<( n+h_1“y)+(n+—h_i T o) ) o e

2.2 Analyticity of the Neumann-Dirichlet operators

In this section we establish that N(n) and N(n) are analytic functions of 7 in the above
function spaces, which clearly implies analicity of N(n) + pN(n). We start with the
definition of analyticity (compare Buffoni & Toland [BT], Definition 4.3.1).



Definition 2.2. Let X and Y be Banach spaces, U be a non-empty, open subset of X
and LE(X,Y) be the space of bounded, k-linear symmetric operators X* — 'Y with norm

]| := int{e : [|m({f}®)lly < el fllx for all f e X}.

A function F : U — Y 1is analytic at a point xq € U if there exist real numbers o,r > 0
and a sequence {my}, where my € LF(X,Y), k=0,1,2,..., with the properties that

= ka({x — zo} ), x € Bs(wo)

and
sup 7% [|my ||| < oo.
k>0

Our main task is to establish the following theorem.

THEOREM 2.3. The mappings from Wh(R2) — L(H,"*(R?), Hi/z(RQ)l given by
n— (€~ uly=p) and n — (£ — U|y=1-1), where u € HX(Z) and uw € HL(X) are the
unique weak solution of (2.7)-(2.9) resp. (2.10)-(2.12), are analytic at the origin.

Proof: If we can show

u(z,y, 2 Zu r.y.2) (213)

Tz, zu 5.9, 9) (2.14)

where v and u™ are functions of n and ¢ which are homogeneous of degree n in n and
linear in &, then the claim of Theorem 2.3 follows by the lines of [BGS] (section 2.2). We
refer to Nicholls & Reitich who developed this technique for proving analicity of Dirichlet-
Neumann operators. Substituting (2.13) into the equations of the nether fluid, one finds
that

Au® =0, 0<y<h, (2.15)
uy =¢, y=h, (2.16)
uy =0, y=0 (2.17)
and
Au" = 0, F7 + 0,Fy + 0,F%, 0<y<h, (2.18)
uy = Fy, = h, (2.19)
uy =0, y= (2.20)
forn=1,2,3,..., where
n 77 n— y n—
Ey = =gy ey (2.21)



n N na ) n—1
Fy, = 7 U + 7ty (2.22)
n—1
no__ n —/ £, n—1—/¢ ) n—1 Y n—1
Iy =+ 2 W2 () ™ ety (2.23)
n—2
y? 2 2 Bt £, n—2—1
= () D )y
=0
Substituting (2.14) into the equations of the upper fluid, one finds that
AT’ =0, O<y<1l-—h, (2.24)
ﬂg =&, y=1—h, (2.25)
ﬂg =0, y=0 (2.26)
and
AT = 0, F, +0.Fy + 0,F,, O<y<l—h, (227
ur = I, y=1-h, (2.28)
u, =0, Yy = (2.29)
forn=1,2,3,..., where
ik N a1 Y —n—1
7o— _ 2.
ik N a1 Y —n—1
7o _ 2.31
2 1 — huz 1 hnzuy ) ( 3 )
1 n—1 y
.t o\l l—n—1—C —n—1 —n—1
Fy = —n7— E:o(l h) "0y Tl T (2.32)
y2 n—2
- (1 _ h)2 (7792; + 773) (1 - h)—gnfﬂz—Z—é‘

From this expansion we can follow the claim of Theorem 2.3 by the lines of [BGS] (section

2.1).
Observe that the formula (1.15) defining £ may be written as

1
L(n) = ) /R2 nK(n)ndzdz,

where o
K(n) = 0. ([N(n) + pN(1)] 0:) ,
and we obtain similarly to [BGS] (Thm. 2.19)

THEOREM 2.4. Suppose that s > 1.
L(H*™(R?), H*(R?)) is analytic at the origin.

The operator K(-)

9

Hs+3/2 (R2) N



We remark that the Fourier transforms of the weak solutions u” and @° of (2.15)-(2.17)
and (2.24)—(2.26) are given by

hlkly - .
o coshlkly o

|| sinh |k|h>’ ~ |k|sinh |k|(1 — R)

h|k .
o coshlhly o (2.33)

Using Theorem 2.3 and the continuity of the trace operator H**/2(3) — H*(R?), we find
that the series representations of the operators H**%2(R?) — L(H**'(R?), H*(R?)) given
by 1+ (¢ — —u,ly=n) and 1 +— (¢ — —TUy|y—1-4) are given by

K(n)=>_[K"(n)+pK"(n)]

n=0

where K”(U)C = _QZ|y:h7 Fn(n)g = _Ug|y:1—h and § = (.

2.3 The functionals I, £ and a special testfunction

The following lemma, whose proof is similar to the arguments in [BGS] (section 2.4),
formally states the analyticity property of I (examine the explicit formula for ) and £
(see Theorem 2.4). In particular this result implies that IC, £ belong to the class C*(U, R)
and that equation (1.16) defines an operator J, € C*(U\{0},R), where U = By,(0) C
H3(R?) and M is chosen sufficiently small.

LEMMA 2.5. Equations (1.17), (1.15) define functionals K : H*™'(R?) — R, L :
H*T3/2(R?) — R for s > 1 which are analytic at the origin and satisfy K(0) = £(0) = 0.

We have the following representation for the gradients of X', £ and L, where the last two
functionals are defined in a suitable fashion such that £ = £ + pL.

LEMMA 2.6. The gradients K'(n), £'(n) and L (1) in L2(R2) ezist for each n € U.
They are given by the formulae

K'(n)=—(1-p) (%) —(1=p) (%) + (1 —p)n,

h 2 2 2 2
, . _ i 9 2y g _ g Y Mzl [Py
<o | { g+~ fuae = Foa.+ (5550) + ().

y2u2 2
+ (2 +0)) + he s p dy — Uy lyn,

10



- ((1 - h%f—h - 1)>x - ((1 - hﬁ(gfh - 1))2

2-—2 —2
yu (1-h)u _
4 2 2 £ dy - ua:|y:1—h’

BT I AR T ey

and define functions K' : H¥(R?) — HY(R?), £',L : H*/2(R2) — H*(R2) for s > 1

—/

which are analytic at the origin and satisfy K'(0) = L'(0) = £ (0) = 0.

Proof. The formula for K’ is given in [BGS] (Lemma 2.27), whereas for £’ and £ we
differentiate the equations in Lemma 2.2: in the first case we have for £ € Hy /> (R?%)

/ EN ()€ da dz
R?

2 2 2
YNz hu, Yn. n+h
_ _ _ 277 dedyd
/z((g‘” h+nuy) +<h+n) +(gz n+huy)> ot

We obtain abbreviating w = du[n](w)

dL[n}(w)
1
=7 ) (h+n)(wau, +w.u,) — ynew,u, — Ynst,w, — yn.w,u, — yn.u,w,
2 2
yu,wy o 2 hPuw, w, ., 2
h—Jrn(% +nz) + I+ + 5(% + ;) — ywu,u, — ywuu,
‘i wy*u; wu2h?
+ — We T MW, ) — — = (p? + H o —— dxdydz.(2.34
B e T e0s) = 5g T s U ) = 5 ydz.(2.34)

Since u is a weak solution of (2.1)-(2.3), letting & = 7,, we get

h + n )Y Y Y Y
. L U, Uy + U, v, Ena:vwﬂy E%szy Enzvzﬂy Err]zﬂzvy

2
YU,y 2 ha, vy
=Y (2 )+ 2 dydad

h(h+n)<77m "z) h+n} yards

:/ Ny 0|y=p dz dz
R2

for every v € H!(X). Differentiating this equation with respect to n, we find that

/ M(w Vs +2,0z) — gnxw Uy — ynxvxw - gnzw Uy — ynzvzw
5 h = -z h =Y h Xy h W, Uy h w,
2
Yoy o 2 VyWw, - w y

11



2

Yy Yy y-u,v
- szvzﬂy - szﬂzvy + 2h<h—j_§;)(7hwx + nzwz)
2
YU,y o 2 Uy Uy
- —h dydxd
i+ g e I <h+n>2”} T

= Wy V| y=p dz dz
RQ

for every v € H}(X); subtracting this equation with v = u from (2.34) yields
dLn](w)

2,2
_ W2 2y, Y Yy Yy,
= /E { — %@m +uz) + Wty + ety — m(ﬁxwz + n.w.)

2

(772+772)W+hw—gy dydxdz+/ wytt]y=p dx dz

L v
2h(h +n)?

_ L 9 o Y y YN Y.
—/E{ 2h(yx+gz) h(uxuy)m h(uzuy)er <h(h+n) x+ W) ).

2

2 2 Uy, /
+ +h———"" dydzdz — _pdxdz.
(n; +n3) 20 n)Q}w ydxdz Rngx|y pdrdz

yug
2h(h +n)?

Furthermore we have

EN(n)¢ dz dz

RQ
:/ U — Yne U 2+ (1_h>ﬂy 2
5 C onp+h-1" n+h—1

A\ TR 1—h Y

hence
dL[n)(w)
_ /2 {%(Max 0T + T+ T T, + T,
T, + = hy;?ﬁyh —y e 1)
—(1-n) j“:y;”i - - 2(1Ci o (@, —uz)
T w0, — i h)iﬂi T (e + 1)

12



222 w2
Yy (n? + 2)w+(1_h)L dy dz dz,(2.35)
21— +h—12 =" 2+ h—12 [ o

+

where w = du[n](w). Since u is a weak solution of (2.4)-(2.6), we get

/ n+h_1(uxvm+ﬂzvz)— Y RN} _Lnxﬂmv _anvzﬂ _anﬂzv
A I 1 — ettty = ettty T Tty T T

2_
Y Uy Uy

(1—-h)(n+h—1)

= —/ NeVly=1-p dz dz
RZ

for every v € H}(X). Differentiating this equation with respect to 7, we find that

(1 — h)ayv,
n+h—1

(ng + 7]3) + } dydxdz

nth-1_ y o y Y
5 ﬁ(wmvx + U)zvz) - mna:wxvy — mmvxwy — mnzwzvy

2., 775 —
— L I Y Uy Wy 2 2 (1 - h)vywy w
_wavxﬂ - waﬂxv - LszUza - szﬂzv + 2 yzﬂyuynmwx
e e R R Ol UR S )

Y U, vyn-w; Yy vy (1 — h)uyv,

(I=h)n+h-1) a (1—h)(n+h-— 1)2(77§+77§)W - mw}dydxdz

— — WyVly=1-p dz dz
RQ

for every v € H}(X); adding this equation with v = u to (2.35) yields
dLn)(w)

22
_ W 2 AN Yy — = Yy — Yy uynxwx
- /E {2(1 L e e T N A Ty oy gy
N YPUNw, C vumi e (1-hwa oo
A-Wm+h-1) 20-mn+th-1) 20+h-12["’

—l—/ Wylt|y—1—p dx dz
]RQ

1 —2 | -2 y o _ Yy oo
= /E {2(1 “h) (u, +uz) + m(uwuy)z + m(uzuy)z
y*n., B YT, Y, (07 +12)
- <(1 —h)(n+h— 1)>x ((1 —h)(n+h— 1)>z+ 2(1=h)(n+h—1)

(1 - h)z, B
— m C(ded,r dZ — /RQ wum|y:1_h d.’]) dZ D

13



Corollary 2.7. The gradient J,(n) in L*(R?) exists for eachn € U and defines a function
T'e Cx(HY ), Hi(R?)).

Our final results are useful a prior: estimates. Lemma 2.8 shows in particular that
. 1 p \ '
it 00 < 2o wlp)i= (-0 (4120
LEMMA 2.8. There exists 1, € U\{0} with compact support and a positive constant c*
such that ||n%|ls < c*p'/? and J,(n}) < 26(p, h)p — cp®.
Proof: We follow the ideas of [BGS] (Lemma 2.29) and consider
mi(z,z) = &*V(ax, 0’z), I<axl

with an appropriate choice of ¥ € C§°([—1,1]%) and o = a(u). We choose

U(z, 2) == . (x, 2),

where ¢ also belongs to C5°([—1,11%).

We begin by computing the leading-order terms in the asymptotic expansions of K(n*)
and L(n*) in powers of a. We quote from [BGS], (60),

3
K(n*>=<1—p>9/R2 W drdz +(1- )%

5 U2 dzdz + O(a®). (2.36)

R2
Furthermore we see
L") = La7) + Ls(n) + O [¥ lln*l5) = La(n®) + Ls(n") + O(a?)
= Ly(n") + La(") + Ly (1) + Ls(n") + O(a”).
Applying the calculations of [BGS| (Appendix B) and noting (2.33) we conclude that

Ly(n")

o ho? o’ k2 .
=— [ Vdedz+— | V2dadz— — | —2 |, |?dk; dky + O(°
oh Joo U e [ e o g e+ O()

as well as (have a look at Lemma 2.6)

Ls(n*) = ——/R2 U drdz + O(at).



o / ki 10, |2 dk; dks + O(a)
21— h) Jge K2+ a2k3 7 T
and 5
L3(n*) = a—/ U drdz 4+ O(a?)
’ 21— h) Jpe '

Combining the above results shows that

3
L") = %(1+—p )/ \Pdedz+%(h+p(1—h))/ U2 drdz
R2 R2

3
- E—L /\If3dxdz
2 \h 1—=h) Jpe

o (1 p k2 5 g
- 2 (= 2 dky ks + O(a).
(h+1—h)/ﬁgk§+a2k§w’ ke +0)

Let a be the solution of the equation u = L£(n*) then

wlp Wt 26(p, h)p = —k(p, h)L(n*) = — <% + Lh) _ (L= P)Llr).

L(n)
This means we have a = c(h, p)u/||¥]|2 + o(x). Hence one finds abbreviating

o= (34155 ) kol =)

carn=(v5) (ior%9)

that

— i) - (G4 755) (- 0Lo)

3(1 —
_ol-p) /RQ (5~ 2L2)82 + Cop, m)¥*) dird»

043(1_/)) k% 22
|2 dky dkg + O(a?).
PG [ gt 0l

Finally, let us choose ¢ € C5°([—1, 1]2) such that
122 dzdz <0
R2
and set ¢ = Ay it follows that
Tu(m;) = 26(p, h)p

15
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a3(1—p) ~ k? 2
— " P g2 _ Gl 72 ded AQ/—l 2 4k, dk
9 |: /R2 (ﬁ 3 )¢m rdz + R2 k’% +OZ2]€%|¢Z| 1 2

+ A3Cy(p,h) [ PP da dz] +0(a"<0
R2

for sufficiently large values of A. ([l

3 Minimising sequences

3.1 The penalised minimisation problem

In this section we study the functional 7, : H*(R?) — RU {oo} defined by

12
L(n)
o0, n & U\{0},

in which p : [0, M?) — R is a smooth, increasing ‘penalisation’ function such that p(t) = 0
for 0 <t < M? and p(t) — oo as t T M2 The number M € (0, M) is chosen so that

K(n) + +p(lnlls),  weU\{0},

To (n) =

M? > (¢ + 2r(p, h) D)

(see below), and the following analysis is valid for every such choice of M, which in
particular may be chosen arbitrarily close to M.
The following two lemma collects some properties of minimizing sequences of 7,

LEMMA 3.1. Every minimising sequence {n,} for J,, has the properties that

Tou (M) < 26(p, R, L(nn) > =, Lo(ga) >y Mu(nn) < —ci, im0 > cpt?

N =

for each n € N, where

M) = Tyl — ) = "
Ka(n) = (1= p) /R2 {gni + gnﬁ + %} dz dz,

Ls(n) = Ly(n) + pLa(n).

The last two terms are the quadratic parts in the expansions of £ und L.

Proof. Only part four needs a comment, for the rest we refer to [BGS] (Lemma 3.2).
Observe that (remember h € (0,1))

2Ly(n) = — /]R 277@2|y:hdxdz

16



2
=R ot 2 e s
r2 |K|

1R

<
T R Jgelkf?

. 1 .

19|% dky dky + E/R k2|0 dky dksy

LR
h Jge |K|2

1 A2 1 2|52

7 1]” dk, dk2+ﬁﬁ |K|*|7] dky dky

R2 R2
- 2
- h,(l . p) 2 n 9

in which we have used (2.33) and estimated 3 > 1/3, |k|coth |k| — 1 — $|k|> < 0. Analo-
gously we receive

(|hk| coth |hk| — 1 — S|hk[?)[7[> dky dky

IN

It follows that

Hence we obtain

K(p, P K(p, )Ka(n)
Ko(n) + =7 > 2| ——Z— > 26(h,
and
M) < o) — 26(p, R < —cp?
using the arguments from [BGS] (proof of Lemma 3.4). 0

3.2 Application of the concentration-compactness principle

The next step is to apply the concentration-compactness principle (Lions [Lil,2]) in order
to show strong convergence of a subsequence to a minimizer of the functional 7, , which
do not touch the boundary of U.

THEOREM 3.2. Any sequence {u,} C L*(R?) of non-negative functions with the prop-
erty that

lim up(z,z)dedz =0 >0

n—oo R2

admits a subsequence for which one of the following phenomena occurs.

Vanishing: For each R > 0 one has that

lim sup / up(z,z)dedz | =0.
N0\ (7,2)eR? J Br(,2)

17



Concentration: There is a sequence {(xy, z,)} C R? with the property that for each & > 0
there exists a positive real number R with

/ Un (T + Ty, 2+ 2p)doedz > 0 —¢

Br(0)
for each n € N.

Dichotomy: There are sequences {(r,,z,)} C R?, {M,},{N,} C R and a real
number A € (0, () with the properties that M,, N, — oo, M, /N, — 0,

/ Un (T + Tp, 2 + 2,) dxdz — A,

B, (0)

Up (T + Ty, 2 + 2,) dedz — A,
Bny,(0)

as n — oo. Furthermore

lim sup / Up(z,z)drdz | <A
N0\ (7,2)€R? J B, (%,%)

for each v > 0, and for each € > 0 there is a positive, real number R such that

/ Un (T + Ty, 2+ 2p)dedz > N —¢

Br(0)
for each n € N.

We apply Theorem 3.2 to the sequence {u,} defined by

so that ||u, |11 r2) = ||7.]|3. Quoting the arguments from [BGS] (section 3.2) on can easily
deduce from Lemma 3.1 part 5

LEMMA 3.3. The sequence {u,} does not have the ‘vanishing’ property.

Let us now investigate the consequences of ‘concentration’ and ‘dichotomy’, replacing {u,, }
by the subsequence identified by the relevant clause in Theorem 3.2 and, with a slight
abuse of notation, abbreviating the sequences {u, (- + z,, - + z,)} and {n,(- + , - + 2,) }
to respectively {u,} and {n,}. The fact that {||n,||3s} is bounded implies that {n,} is
weakly convergent in H3(R?); we denote its weak limit by n%).

Lemma 3.4 deals with the ‘concentration’ case; which is proved by an argument given by
Groves & Sun [GS]. We refer to [BGS] (Prop. 3.7 and Lemma 3.8) for details, note that
in our situation the constants depends on p and h, too.

18



LEMMA 3.4. Suppose that {u,} has the ‘concentration’ property. The sequence {n,}
admits a subsequence which satisfies

T [nalls <

and converges in H"(R?) for r € [0,3) to nV). The function nV) satisfies the estimate
I3 < DEM™W) < 2Dp,
minimises J,,. and minimises J, over U\{0}, where U = {n € H*R?) : ||n|s < M}.

Now we have to exclude the 'dichotomy’-case. Therefore we can follow the ideas of [BGS].
A cruical tool are the pseudo-local properties of the operator £, which means we have

LEMMA 3.5. Consider two sequences {viy'}, {vS?} with sup vl + o2 |5 < M and
supp vt C Bar(0), suppuly C R2\Bg, (0), where R > 0 and {S,} is an increasing,
unbounded sequence of positive real numbers. Clearly

LW + o)~ L) ~ £02) — 0,

L' (w1 + @) - £'(wD) - £'(vP) — 0,

<£/(U£r%))7 ’U'I(’)i)>0 — 0

as m — Q.

For the proof we refer the reader to [BGS] (Appendix D). The arguements which are
presented there have to be applied seperately to the funcitonals £ and £. Note that
Lemma 3.5 clearly stays true, if we replace £ by K, since K and K’ are local operators.
This finally shows

LEMMA 3.6. The sequence {u,} does not have the ’dichotomy’ property.

4 Strict sub-additivity

The goal of this section is to establish that the quantity

¢, = 1inf J,
H penqoy u(n)

is a strictly sub-homogeneous function of pu, that is
Cap < QCy, a>1.
Its strict sub-homogeneity implies that ¢, also has the strict sub-additivity property that
Cprpn < Cuy T+ Cpy,s fii, f2 >0 (4.1)

(see Buffoni [B]); inequality 4.1 plays a crucial role in the variational theory for the
stability theory below. Applying the arguments from [BGS] (Thm. 4.1) to our problem
we obtain
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THEOREM 4.1. There exists a minimising sequence {7, } for J, over U\{0} with the
properties that ||7,]|3 < cu for each n € N and

lim J,u(ﬁn) = Cp,u» nll—>nolo ||J;L(ﬁn>||1 = 0.

n—oo

The strict sub-homogeneity of ¢, follows from the existence of a minimising sequence {7, }
for J on U\{0} with the property that the function

a a” Mgz, (an,), a€ll,2] (4.2)

is decreasing and strictly negative (see Lemma 4.5). Suppose that L£o(n) > cu, L£(n) > cp
and observe that

M) = Ku(n) +p* (ﬁ N 521(77))

= Ka(n) + Ko(n) + ... + Kam,—2(n) + R, (1)
1 (N1 () + Mo () + N () + - Niaoa () + S () J 4:3)

where N (n) and J;(n) are homogeneous of degree j and

R (), Ry, (m),mbo = OUInlIZ™),  Sma (), (Siy(m)mo = O(lInll5™)

for integers my; > 2 and moy > 0.

For this purpose we construct a wighted norm on H*(R?). Due to the structure of our
problem with parameters p, h € (0,1) it is not possible to use the approach from [BGS],
hence we proceed as in [GW]. The idea mentioned there is more natural to the problem
itself. Firstly we define

g(k) = g(ky, k2) == (1 — p)(1 + BIK[*)
k? k?
k(h, p) (|k|2|k‘ coth |hk| + p|k’2\k\ coth [(1 — )k])
= (1= p)(1+ BIkI*) = k(h, p) (|k| coth |hk| + p|k| coth |(1 — h)k|)
2 ]CQ
+ k(h, p) (,;ﬂkbmh]hk!+p’k’2\k|coth|( )k])

and for > 0 and a € (—00, 1)

2 = [ (0 g el

a norm on H3(R?). For the norm ||| - |||, we obtain the following properties.

Proposition 4.1. a) The function g behaves like |k|* + K =12 4 sin?0.
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b) There is a constant c, independent of the value of u, such that we have for all
n € H*(R?)

i) Inllze < e Inlliz;
i) [IVnll3e < cp®(nll3.-

Proof: For the lower bound we have

(k) > (1= )1+ BIKP) = wop) (5 1+ 'hk'Q] = h)kPD

h 3 1—nh 3

= =g =t (3 125 ) + (0= 0= 2 o — ) o

= =) (9 T ok pla = 1] P

where the term in brackets is strictly positive since

k(h, p)
(1—p)

and 3 > % Furthermore we have

[h+ p(1 — h)] = (%+ﬁ)_ h+p(l—h) <1

Lk p K k3
92(k) 2> "i(hap> (E|k’|2 + 1—h |]€|2 = (1 - p)W’

where we used tcotht > 1 for ¢ > 0. Both together proves the lower bound, whereas the
upper bound is a consequence of

(k) < (1= )0+ B = whop) (5 + 727 ) = (1= p)AIRE

and

92(k) < s(h, p) (%"Z% {Hth% p k3 {H\(l_gh)kPD

3 1— hlk]
k3 k(h,p)

< (1 — p)—2 ’

<( p)|k‘2+ 3

(h+ p(1 = n))[K[*.
Let P(V) be a Fourier-multiplier-operator. Then

R P(k)|?
e L A L
k2 14 pm 2% (k)

In the case P(k) = 1 we can bound the term in brackets in the following way using part

a)

=

P(k)|? 1
/ | 1(1)| - d/{:SC’// — dk
2 o« 1 2 11 11 11 2
k2 14 pm2g(k) s O |

k|2
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:20// / = Lr dfdr
_,1—|—,u, 2% 2 4+ u- 2%gin2 0
r
—C’/ / T Q —i  df dr
I+p 2%2 +pu 2 gy

<C’3O‘/ / dods
H 1452 +¢2 ?

and the claim of b) i) follows since the remaining integral is finite. If P(k) = ik we obtain
with the same arguments

Pk? 2 3
/ PN dk<C’/ / — — _ddr
r2 1+ M_To‘g(kj)f R 14+ Ty Qg 2 +pu 2 =, o

S Cu5a.

Now we come to the main tool in this section.

THEOREM 4.2. The minimising sequence {n,} for J over U\{0} has the property that
7nlla < cu'/? for each n € N provided we have a < 2,

Proof: We start with the following equality
(s )L () — K (i)

= ) = K = T30~ L )+ 0 ) (2400) = £)} + (0 )L )
= Ky (a) — (s ) o) + (s p)S()E'(r) — T () = RHS, (14)

st {1- g2}

From the calculation (4.4) we obtain

where we abbreviate

Lo Wl = (o0 g0, a(0)7,)0 = (o(k) RITS, RITS),
< c{|k|2RHS, RHS)o + c(RHS, RHS),.
By Young’s inequality we obtain
(|k|RHS, |k|* RHS),
< (|k|RHS, |k|RHS)o + (|k|? RHS, |k|2 RHS)o;
(|k|RHS, RHS),
< (|k|RHS, |k|RHS)o + (RHS, RHS)q

(|k|2RHS, RHS),

(|k|2RHS, |k|2 RHS)q
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and consequently

[ o linpar < | RASE (45)
R2
Hence we have to estimate the r.h.s. of (4.4). A Taylor expansion for K, shows that the
leading term is (where O is to understand in terms of || - [|2)
(=P8 g _ o
KiGin) = === ([01)z + (7)) (n)<le + [(n)3 + (70)2) (7in):])

2

It follows

VK Gn)l < ¢ IVl 1V 1] + 17l V70| [V2570] + [77] [ V777.])

and by Proposition 4.1 b) ii)
IV @a)l15 < eUIVitnllse + 1l 17alls < et Wiaallallalls < e Hllalll,
hence
I () 1T < cp® Il (4.6)

In the estimation of £, we just have to calculate £ using the following formulae (compare
the calculations in [BGS], (62) and (63) and Lemma 2.6)

e 1 1 o
Ly(in) = —5(w)” = 5(w)” + 5()*| 4 Ky ()7l
y=h
— _ 1 1, —
Lo(n) = 5 (@) + 5@ = 5@ + K}l
y=1—h

We have

N2)?), 2 < Tl el 2
For the first norm we get on account of Proposition 4.1 b)

|,y 1 < € (17al15% + IVinlI5) < e 7l

2 k2 1\ 2
—/ F~1 | =L coth |hkl|f, | | dvdz
0 R2 ||
k2~ k2 ~Y
gc/ (—Ian) dxdz+c/ (—12(|hk:|coth|hk\—l)ﬁn) dz dz
e \ |kl r2 \ |kl

23
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from which we deduce on account of tcotht — 1 = O(t)
1),y 6 < e Ml N3 < e H a2,
Furthermore we have to calculate

2 2
-l <o
0 0

2
[e9)

Hv(gg)2|y=h

V| 0] 0
U, VU, y:h‘ Uy, y:hH ) Vu

We observe

vag y_th - /R (7 w3 coth|hk|ﬁnD2 dz dz

k2/\ 2 kQ ~ 2
< c/ (—lﬁn> dxdz+0/ (—1(|hk|00th|hk| - 1)77”) dzdz
R2 |k| R2 ’kl
< |3 < en.

Plugging all together we have shown

2
(R =T A

Using the ame arguments we obtain

2
|2, |, < e e,

Furthermore we obtain
2
- - 2 - - a ~
[V, |, = 412 ¥ )alls < AV Nl < e 7l
using again Proposition 4.1 b) ii), as well as
2 _ 2 . N 11l ~
w2l = N2 < el VialiZ Nl < e .

Finally we get

2
12 Gl = k], < e (LB + IEBI1 + 3T

This follows exactly as in [BGS], Lemma A.6. We only show how to bound ||F é“i, the
other norms can be calculated in the same fashion:

Eil?) = _ﬁnﬂg + (ﬁn>xﬂg + (ﬁn)zQS’
hence we have to estimate

(Il + IV 7l1%) (gl + [a2lF + llaylI7) -
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If we can show

gl < 11713 (4.7)

we receive the final estimation (not that the calculations for ||u2]|? and |u?]?

similar)

follows

L ()7l < crs® 177l

Now we have a look at (4.7): from (2.33) it follows

cosh\k|y 2 N2
o <
yH / /R? ( { smh\k\h ]) drdzdy < h/R2 <k71 COth(|k’|h)77n> dx dz

2 2
k ~
< c/ ( nn> dedz + c/ <—1 (|hk| coth |hk| — 1)ﬁn) dzdz < c||ﬁn|]§
k| r2 \ |K|

Plugging all together we arrive at
L5 @) 1T < e M Imalll5-
Since exactly the same arguments are applicable for estimating VZ;l(ﬁn) we receive
1£5 @) 1T < e H I3 (4.8)
Replacing (7,,) by a subsequence if necessary, we may assume
ITa )T < e (4.9)

for a N such that 2N — Sta > 1 (compare [BGS|, Thm. 4.1, for details). In order to
estimate S(7,) we apply the arguments from [BGS], (73) and (74), to obtain

in which

(Tm)me - Ka(n) N (Ka(m)smo (L), mo
26(h, p)p 26(h,p)p - Ak(h,p)p 4L()L2(n)
pLu(n) n pla(n) — pla(n)(Ly(n),n >0'

CDLa(m) T 2L(m)2  AL(n)2La(n)

R(n)

+

Using the arguments already mentioned, as well as L(7,,) > & and L5(7),) > cu, we can
conclude

Knl(n)
26(h, p)p

(Ks(m), mo
4k (h, p)p

< e il
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1(L5(n), Mo 1L () 1L (n) dag o
L)Lt | | ZoLatm| | 22z | < 4" Wnlle:
Mﬁnl( HLw(1n), mo Sall= 112

1L La (1) < e |17l

Combining this inequalities shows
1S () L ()15 < er® Il (4.10)

Finally from (4.4)-(4.10) we can follow

linll% < el Wil + 12N> + ), (4.11)
and consequently the claim, choosing p small enough to satisfy yl_%“ < 2% which is
possible on account of o < % O

The following proposition shows how to estimate the terms in (4.3).

Proposition 4.3. Every function n € H3(R?) with ||nfla < cu'/?, |Inllz < cu'/? and
Lo(n) > cu satisfies the inequalities

Ka(n), Ke(n) = O(u>**?)

and

If a > % we obtain for an 6 > 0
Ka(n), Ke(n) = O(u**?)

and

Noi(n) = O(); No(n), Ni(n), Na(n) = O(u'*).
Proof. Suppose that |||, < cu!/?. It follows from the formulae

p B

Ki(n) = — (m+nz) dz dz, Ks(n) = T

A (?7;0 +n2) dzdz

and Proposition 4.1 b) ii) that

sl < el Vallslinlls < e lnllizlnlls < e,

Cs(m)] < el Vallslinllz < e lInllialinl; < en'®,

from which the first inequalities are a direct consequence.
The calculation

(— - 3 (el (i
Li(m) < cmB2ImlE < enzeT2pl|i2 |yl < cpzel-2+20-241
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shows that in particular

Ly(n) = O(uzt

[SI[3Y

). La(n), Ls(n), Le(n) = O(u***?),

and combining these estimates with the explicit formulae

Noaln) = 521(77)’
Noi(n) = _f;((:))za

o La(n) | Ls(n)?
No(m) = TLm? T L)

N1(77) = - +

No(n) = — +

we find that

Now, we find that
Proposition 4.4. The function

a v a2 Mgz, (afi,), a € [1,2]
1s decreasing and strictly negative, if o > %

By Proposition 4.3 above we can quote the claim from [BGS]|, Proposition 4.9.

The final result in this section follows directly from Proposition 4.4 (compare [BGS],
Lemma 4.10)

LEMMA 4.5. The strict sub-homogeneity property
Cap < AC,

holds for each a > 1.

5 Conclusion

In this section we present the results of the paper, the existence and stability theorem.
The first one is a consequece of the theory from section 3 and 4, whereas the stability
theorem follows from this theorem (details are given in [BGS], section 5).

The following theorem, which is proved using the results of Sections 3 and 4, is our final
result concerning the set of minimisers of 7, over U\ {0}.

27



THEOREM 5.1.
i) The set C,, of minimisers of J, over U\{0} is non-empty.
i) Suppose that {n,} is a minimising sequence for J,, on U\{0} which satisfies

sup [malls < M. (5.1)
neN

There exists a sequence {(rn,z,)} C R? with the property that a subsequence of
{nn(zn + -, 20+ )} converges in H"(R?), 0 <r < 3 to a functionn € C,,.

The next step is to relate the above result to our original problem finding minimisers
of E(n,®) subject to the constraint I(n, ®) = 2k(p, h)u, where E and I are defined in
equations (1.12) and (1.14).

THEOREM 5.2.

i) The set D, of minimisers of E on the set
Su={(n,®) € U x HY*(R?) : I(n, ®) = 2x(p, h)p}

18 non-empty.
i) Suppose that {(n,, ®n)} C S, is a minimising sequence for E with the property that

sup ||malls < M.
keN

There exists a sequence {(xn,z,)} C R? with the property that a subsequence of
{na(@n + 20 + ), Pulxn + -, 20 + -)} converges in H"(R?) x H*I/Z(RQ), 0<r<3to
a function in D,,.

It is also possible to obtain a bound on the speed of the waves described by functions in
D,.
LEMMA 5.3. The fully localised solitary wave corresponding to (n, ®) € D,, is subcriti-
cal, that is its dimensionless speed s less than unity.

Our stability result (Theorem 5.4 below) is obtained from Theorem 5.2 under the
following assumption concerning the well-posedness of the hydrodynamic problem with
small initial data.

(Well-posedness assumption) There exists a subset S of U X Y ’(R?) with
the following properties.

i) The closure of S\ D, in L?*(R?) has a non-empty intersection with D,,.
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ii) For each (19, ®¢) € S there exists T' > 0 and a continuous function t — (n(t), ®(t)) €

U x HY*(R?), t € [0,T] such that (n(0), ®(0)) = (1o, o),

En(t),®(t)) = E(no, ®o), 1(n(t), ®(t)) = I(no, Po), te[0,T]

sup [[n(t)ls < M.
te(0,7

THEOREM 5.4. Choose r € [0,3). For each € > 0 there exists § > 0 such that

(110, Do) € S, dist((no, ®o), D) <6 = dist((n(t), d(t)), D,) < e,

for t €[0,T), where ‘dist” denotes the distance in H"(R%) x Hy'*(R2).
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