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Abstract

We consider a solution u of the stationary Navier—Stokes equations defined on the
complement of the unit disc vanishing on the unit circle. Among other results it is
shown that u is identically zero provided that lim,)_,. lu(z)||z|'/? = 0 uniformly.
Here no assumption on the finiteness of the Dirichlet energy calculated over the
exterior domain is imposed.

1 Introduction

In our paper we investigate the Navier—Stokes equations for incompressible Newtonian
fluids concentrating on the stationary case in two spatial variables:

(1.1)

vAu=u-Vu+ Vp,
divu =0.

Here u = u(zy, x2) denotes the velocity field, p = p (z1,x2) is the pressure function and
v > 0 the (constant) viscosity of the fluid. For a detailed explanation of the mathematical
and physical background of equations (1.1) the reader is referred to the monographs of
Ladyzhenskaya [La] and of Galdi [Gal,2]. Let B := {x € R? : |x| < 1} denote the open
unit disc. Then we are going to consider solutions u of equations (1.1) on R? — B satisfying
the boundary condition

(1.2) ulop = 0.
More precisely we introduce the class (B, := {x € R?: |z| < r})

Sloc = m W21(BT - E)

r>1
consisting of all (local) Sobolev functions u : R? — B — R? such that

/ (Vul?dr < c(u,r) < oo

B.—B
for any r > 1 and its proper subclass

(1.3) SV = {u € Sige : divu =0} .

Note that for functions u from Sl(jciv) boundary values on dB are defined in the trace
sense. We also emphasize that the finiteness of the Dirichlet integral on the exterior
domain R? — B is not required.



Definition 1.1. A function u € S&Y is a solution of the exterior problem associated to

the unit disc, if (1.2) holds and if

(1.4) 0=v / Vu:Vedr + / uFoput ' dr

R2-B R2-B

is satisfied for all ¢ € CF(R? — B), divy = 0, where here and it what follows the
convention of summation is adopted.

Much attention has been paid to so—called D-solutions of the exterior problem, i.e. to
solutions u satistying additionaly

(1.5) / [Vul*dr < <.

R2-B

In the absence of the convective term it was shown by Heywood [He| (cf. also [Gal], The-
orem 2.2, p.247) that u vanishes identically (“Stokes paradox for generalized solutions”),
but according to Remark 3.1, p.187, in [Ga2] this conclusion seems to be open if we
consider D-solutions of the original problem, i.e. of (1.2) and (1.4). However, referring
to Theorem 3.4, p.186, in [Ga2], the asymptotic behaviour of D-solutions to the exterior
problem can be characterized in a rather satisfying way. In this setting the reader should
also consult the famous paper [GW] of Gilbarg and Weinberger as well as chapter X.3 of
Galdi’s book [Ga2], where one finds further references.

Let us now drop assumption (1.5) and consider a solution u from the space S (cf. (1.3))
in the sense of Definition 1.1. In his recent paper [Ko| Koch raises the question, if the
asymptotic condition “u — 0 at infinity” implies the vanishing of u. Actually a positive
answer would shed light on the existence problem for the twodimensional Navier—Stokes
equations on an exterior domain satisfying the homogeneous boundary condition (1.2)
together with

lim w(x) = U,

|x|—00
where uy, is a prescribed vector and where |u| can be identified with the Reynolds
number of the problem. At this stage we refer to the deep paper [Ga3] of Galdi, in
which he presents the historical background and discusses the existence of solutions to
the exterior problem for arbitrary large Reynolds number in a class of fields having certain
symmetries. In our note we will not contribute to this basic problem, we just show using
the “Liouville techniques” from the papers [FuZha] and [FuZho| that a solution of (1.2)
and (1.4) decaying sufficiently fast at infinity actually must vanish, more precisely we
have:

THEOREM 1.1. Let u € S&W satisfy (1.2) and (1.4). Suppose further that for some
a > 0 it holds (uniformly)

(1.6) lim |z|*|u(x)] =0.

|z]—o0



If we can choose o =1/3 in (1.6), then u is identically zero.

REMARK 1.1. As mentioned before it is a challenging task to prove Theorem 1.1 just
under the hypothesis o = 0 in (1.6). From the proof of Theorem 1.1 it will become clear
that our arguments also apply to the exterior problem in R™, n > 3, with suitable numbers
a = a(n). We leave the details to the reader. Perhaps it might also be of interest to give
variants of Theorem 1.1 for p-fluids or fluids of Prandtl-Eyring type.

REMARK 1.2. Assume that u € SV is a solution of the exterior Stokes problem with
the boundary condition (1.2). Then in the absence of the convective term the proof of
Theorem 1.1 presented below easily gives the vanishing of uw under the assumption that
u(z) — 0 as |x| — oo uniformly. However, as it is outlined in [Gal], Theorem 3.5 on
p.257, this conclusion even holds under the weaker hypothesis limy_o u(z)/In|z| = 0
(uniformly). Due to this fact we believe that also in the setting of Theorem 1.1 different

methods might lead to better results.
Let us now consider the case a = 0:

THEOREM 1.2. Suppose that u € S satisfies (1.2) and (1.4). Assume further that
(1.6) holds with o = 0.

a) If w:=dut —u? denotes the vorticity of u, then limy, oo w(x) = 0 uniformly. In
particular, if we require Vu =0 on |z| = 1 then u must be zero.

b) Let V*u denote the matrixz of the second partial derivatives of u. Then we have

R—o00

lim /}V2u‘2 dr =0,
Tr
where Tg := {x € R*: R < |z| < 2R}.

2 Proof of Theorem 1.1

Let us assume throughout this section that u € S is a solution of (1.4) with homogeneous
boundary condition (1.2) satisfying in addition

(2.1) O(r) := sup |u(x)] - 0 as r — oo,
|z|>r

which means that we impose (1.6) at least with o = 0. Our first goal is to estimate
the quantity fTR \Vul*dz, Tr := {z € R? : R < |z| < 2R}, for large values of R. To
this purpose we consider a square Qo,(2) := {z € R*: |z; — ;| < 2r, i = 1,2} such that
Q2-(2) C {x € R? : |z| > 1}. In equation (1.4) we let ¢ := n?u—w, where n € C}(Q2.(2)),
n=1on Q. (z2),0<n<1and |Vn| <c¢/r. The field w is defined according to Lemma
4.1 on the domain @9, (z) and with the choice

f=div(n*u) = Vn* - u.
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Following exactly the calculations from [FuZhol, we arrive at inequality (2.7) of this paper,
i.e. we have for any § > 0

(2.2) /|Vu|2dx < 9 / |Vul? dx

Qr(2) Q2r(2)
te |62 / lu|? dz + r~* / (Jul® + u]* + |u]*) dz
Q2r(2) Q2r(2)

with a positive constant ¢ being independent of u, §, r and z. Let Qo := Qgr(zo) denote
an arbitrary square contained in the exterior of B. Then (2.2) holds for all squares
Q2,(2) C Qo and Lemma 4.2 yields

(2.3) /|Vu|2dx§c =2 / luf? dz + ! / (jul? + [uf* + [u]") da

Qr(2) Q2r(2) Q2r(2)
again for all squares Q2,.(2) C Qo.
Next we fix an annulus Tg of radius R > 1 such that (compare (2.1))
(2.4) lu(z)] <1, |z| > R/2.

The closure of T can be covered by a finite number N (independent of R) of squares
Qrys(z;) with centers z; € T'r, and (2.3) together with (2.4) yields (replacing Q,(z) by
QR/s(l"z’) n (2-3) and defining Qg := QR/2(%))

(2.5) / Vuldr < ¢ R / uf? dz

Qr(z:) Qr (z:)
8 4

Next we observe that inequality (2.2) can be replaced by

(2.6) /|Vu|2daz <5 / Vul? da
Qr(2) Q2r(2)
+e o / lul* dx +r~! / lu|® dx
Qar(2) Qar(2)
1/2
7t /]u\4d:c / lu|? dz
Qar(2) Q2r(2)



valid for any square Qa,(2) € {x € R?: |z| > 1} and arbitrary § > 0, we refer to [FuZho],
(2.3) - (2.6). With the notation introduced after (2.4) it follows from (2.6)

(2.7) /|Vu|2d:r < 6 / |Vul? dx

QR () QR (z:)
& T
+eQ0IR? / |u|? dz + R™* u|? dx
Qr (z:) Qr(z:)
4 4
1/2
+R7! / lu|* dx |u|? dz
Qr (z:) Qr (z:)
4 4

< ¢dR? / lul*dz +c {...},
Qg (zi)
2
where we have used (2.5) with R replaced by 2R to estimate the quantity § [ |Vu|?dz
QR (i)
4
through ¢cd R™' [ |u[*dz. In (2.7) we choose § := R~'/3. Then using the previous
Qup ()
covering argument we end up with

(2.8) /|Vu|2dx <c {R¥*0© (R/2)" + RO (R/2)’} ,

and obviously (2.8) implies limg,o0 [}, [Vu[?dz = 0, provided (1.6) is valid for a = 1/3.
Our next goal is to show that in this case Vu vanishes on the exterior domain R? — B so
that u must be constant. But then the boundary condition (1.2) implies our claim u = 0.

Let us fix some radius R > 1. In order to discuss the quantity [ |Vu|?dz we look at
|z|>1
the behaviour of [ |Vu|*dz. To this purpose we let in equation (1.4)
1<|z|<R

Ju, 1<|z|<R
L n*u—w, R<|z| <2R

withn =1onl < |z <R 0<n<1 n=0on|zf] > 2R and |Vn| < ¢/R.

Moreover, the field w el/f/é(TR) is chosen according to Lemma 4.1 (with domain
Tr :={x € R?: R < |z| < 2R}) such that

divw = f on Tg, f = div(n?u).
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Note that ¢ vanishes on 0B, moreover

(2.9) /fmzo

is satisfied: in fact, by the choice of 7 we have

/fw = /ﬁ%w%w%%:—/Uw%%dw

Tr TR OBRr
8(Br—B) Br—B

and (2.9) follows. Here AV ... denotes the exterior normal of the domains under consider-
ation and H! is the onedimensional Hausdorff measure. If we assume w.l.o.g. that v =1
in (1.4), then we obtain from this equation:

0= / |Vul? dx—i—/Vu : V(n*u) dz — /Vu : Vw dx + / uFoput o da
Br—B Tr Tr Bar—B

or equivalently

/ n?|Vul|? dx =

1<|z|<2R

— / Vu : (V772 ® u) dz + / Vu: Vwdr — / uFOputp da .

R<|z|<2R R<|z|<2R 1<|z|<2R

Applying Young’s inequality to the first two items on the right-hand side and recalling
the definition of the field w we find by the properties of 7:

|Vul>dz < ¢ /!Vu]g dx+R_2/]u\2da:+\T] :
(2.10) 1<|z|<R Tr Tr
T:= / uF oy’ du .

1<|z|<2R

From (1.6) and (2.8) we deduce (in the case o = 1/3)

R—o0

(2.11) lim ./ﬁvuﬁdx4-R—2/}ude 0,
Tr Tr



and (2.10) together with (2.11) will give the desired statement, i.e.

lim / |Vul?dz =0,

R—o0
1<|z|<R
as soon as we can show that
(2.12) }%1_{1;0 / uFoput ' dr = 0.
1<|z|<2R

To this purpose we use the properties of ¢ as well as the equation divu = 0 to get
(2.13) T = — / uFu' O’ da
1<|z|<2R

= — / ko), (n2ui) dx + / ot de = =Ty + T
1<|z|<2R R<|z|<2R
It holds

1/2

1/2
Ty < /|u|2|Vw|da:§ /|u|4da: /|Vw|2d:p
Tr Tr Tr

1/2 1/2
1
< ¢ /|u|4dx = /|u|2dm < c R sup |u|*sup |u,
R Tr Tr
Tr Tr
thus by (1.6) (with o = 1/3)
(2.14) Jim T, =0,
—00

For T} we observe the identity

(215) T, = / uk]u\zﬁkUde—l—/ uFu'n?Opu’ dx
1<|z|<2R 1<|z|<2R

= / uF |ul?OpnPda + / uFun?oputde = Ty + Ty,
R<|z|<2R 1<|z|<2R

which follows from the support properties of V.
At the same time integration by parts together with the equation divu = 0 yields

(2.16) TN = —/ O (uFu)n*u’ da
1<|z|<2R
= —/ uFopuin?u’ doe = =Ty .
1<|z|<2R
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Thus (2.15) together with (2.16) implies 27} = T3 and we arrive at

(2.17) lim T, = 0.

R—o0

With (2.17) and (2.14) the claim (2.12) follows from the decomposition (2.13). This
finishes the proof of Theorem 1.1. O

3 Proof of Theorem 1.2

Suppose that we have (1.2), (1.4) and (1.6) with a = 0. From the calculations carried out
in [FuZhol, Section 3, we obtain the inequality

(3.1) /|Vw|2dx§c r? / w?dz + 77t / |u|w? dx

Qr (o) Q2r(0) Q2 (x0)

valid for any square Qa,.(79) € {z € R? : |z| > 1}. Let us fix an annulus Ty with large
radius R. Then we apply a covering argument in combination with (3.1) and get

(3.2) Vwl?dr < ¢ [R_z/ w2d$~l—@(R/2)R_1/ dex} :
Tr TR TR
~ R 5
o 2. - e
Tr = {xER.2<|x|<2R}.

Since |w| < |Vu| we may use a variant of (2.8) (note that we have (2.4) on account of our
choice of «) on the right-hand side of (3.2) leading to the estimate

/|Vw|2dx < c¢[R7?(R¥*O(R/4)* + RO(R/4)%)

Tr

+O(R/H)R (RPO(R/4)* + RO(R/4)°)] |

(3.3) /‘VWP dr < cO(R/4)?,

and (2.8) clearly yields

(3.4) /w2 dr < cRO(R/4)?.

Tr



According to inequality (2.17) in [GW] there exists a suitable radius 7, € (R, Rn11),
R, := 2" for sufficiently large n, such that

2m
(3.5) / [120(r, ©)2 + 21 (1, ©)] | (1, ©)]] 4O
0
< c/ [w? + |[Vwl’] dz,

Tr

n

where w(r,©) is the representation of the vorticity in polar coordinates. The estimate
stated after (2.17) in the paper [GW] yields at the same time

2m

(3.6) supw(r,,©) < ¢ /w(rn,@')Qd@'
© 0
27

and if we combine (3.5) and (3.6) we find

(3.7) supw(r,, ©)* < crt / [w® + |Vw|2] dx.
e
Tr

n

Since (recall (3.3) and (3.4)) the right-hand side of (3.7) is of order O(R,/4)?, we get

(3.8) sup |w| < cO(R,/4).

|z|=rn
Let us fix a large number n in (3.8). For m > n + 1 we obtain (again quoting (3.8))

sup |w| < eO(ry,/4) < cO(r,/4),

|z|=rm

hence |w| < ¢O(r,/4) on the boundary of r,, < |z| < rp,. From the maximum principle it
then follows that
lw| < eO(r,/4) on 1, < |x| < 1P

for any m > n + 1, hence
lw| < eO(r,/4) on || > 1, ,

which proves limgow(z) = 0 uniformly. The second part of Theorem 1.2a) is
immediate, since Vu = 0 on |z| = 1 yields the same for w, hence w = 0 on |z| > 1 by
quoting the maximum principle again. But then u' — iu? is a holomorphic function on
|z| > 1 vanishing at infinity (by (1.6) with & = 0) and on the unit circle, hence u = 0.



Part b) of Theorem 1.2 follows from inequality (3.18) in [FuZha]: note that in this inequal-

W,

ity “w” represents the quantity |V?u|?, and if we use the estimate for squares Qr(xq) such
that Q2r(x¢) is contained in a fixed square Qo C [|z| > 1], then we deduce in combination
with Lemma 4.2

(3.9) / ‘V2u’2dm < c{R? / \Vul® da
Qr(z0) Q2r(z0)

+cR™! / \Vul? dz p , Qar(z0) C Qo
Q2r(x0)

From (3.9) and a covering argument we then obtain
/}V2u’2 dr < cR™* / \Vul® dz
Tr Blz|<3R

and a variant of (2.8) with suitable radii gives our claim. O

4 Appendix

The history of the following result concerning the solvability of the equation divw = f
can be traced for example in Chapter III, Section 3, of [Gal].

Lemma 4.1. Let Q denote either a disc Br(zy), a square Qgr(zo) or an annulus Bayg(xo)—
Bg(xo). Consider a function f € L*(Q) such that [, fdx = 0. Then there exists a field

w Elj/é(ﬁ) and a constant C' independent of ) such that divw = f on Q) together with

the estimate
/|Vw|2dx§C’/f2dx.
Q Q

The next auxiliary result is known as the e-lemma of Giaquinta and Modica (cf. [GM],
Lemma 0.5), we state a variant proved in [FuZhal.

Lemma 4.2. Let f, fi, ..., f; denote non—-negative functions from the space L'(Qy), where
Qo is an open square in R%. Suppose that we are given exponents o, ...,cp > 0. Then
we can find a number g > 0 depending on ay,...,ap as follows: if for e € (0,g¢) it is
possible to calculate a constant c(e) > 0 such that the inequality

/)fdasgg / fdx+c(5)jz:R_aj /)fjdx

Qr(z Q2r(2) Q2r(z

10



holds for all squares Qar(2) € Qo, then there is a constant ¢ > 0 with the property

‘
/fdxchRaj / fidx
Qr =1

Q2r(2)

again for all Qar(2) € Qo.

References

[FuZha

[FuZho]

[Gal]

[Ga2]

[Ga3]

Fuchs, M., Zhang, G., Liouville theorems for entire local minimizers of energies
defined on the class Llog L and for entire solutions of the stationary Prandtl-
Eyring fluid model. Calc. Var. DOI 10.1007/s00526-011-0434-7.

Fuchs, M., Zhong, X., A note on a Liouville type result of Gilbarg and Weinberger
for the stationary Navier-Stokes equations in 2D. J. Math. Sciences Vol.178,
No.6, 695-703 (2011).

Galdi, G., An introduction to the mathematical theory of the Navier-Stokes
equations Vol.I, Springer Tracts in Natural Philosophy Vol.38, Springer, Berlin-
Heidelberg-New York 1994.

Galdi, G., An introduction to the mathematical theory of the Navier-Stokes
equations Vol.IT, Springer Tracts in Natural Philosophy Vol.39, Springer, Berlin-
Heidelberg-New York 1994.

Galdi, G., On the existence of symmetric steady-state solutions to the plane
exterior Navier—Stokes problem for arbitrary large Reynolds number. Advances
in fluid dynamics, Quad. Mat.,4, Aracne, Rome, 1-25 (1999).

Giaquinta, M., Modica, G., Nonlinear systems of the type of stationary Navier-
Stokes system. J. Reine Angew. Math. 330, 173-214 (1982).

Gilbarg, D., Weinberger, H.F., Asymptotic properties of steady plane solutions
of the Navier-Stokes equations with bounded Dirichlet integral. Ann. S.N.S. Pisa
(4), 5, 381-404 (1978).

Heywood, J. G., On some paradoxes concerning twodimensional Stokes flow past
an obstacle. Indiana Univ. Math. J. 24(5), 443-450 (1974).

Koch, G., Liouville theorem for 2D Navier-Stokes equations. Preprint.

Ladyzhenskaya, O. A., The mathematical theory of viscous incompressible flow.
Gordon and Breach, 1969.

11



