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Identifying the stored energy of a
hyperelastic structure by using an
attenuated Landweber method

Julia Seydel* Thomas Schuster!
21.04.2017

Abstract

We consider the nonlinear, inverse problem of identifying the stored energy func-
tion of a hyperelastic material from full knowledge of the displacement field as well
as from surface sensor measurements. The displacement field is represented as a
solution of Cauchy’s equation of motion, which is a nonlinear, elastic wave equa-
tion. Hyperelasticity means that the first Piola-Kirchhoff stress tensor is given as
the gradient of the stored energy function. We assume that a dictionary of suitable
functions is available and the aim is to recover the stored energy with respect to this
dictionary. The considered inverse problem is of vital interest for the development
of structural health monitoring systems which are constructed to detect defects in
elastic materials from boundary measurements of the displacement field, since the
stored energy encodes the mechanical peroperties of the underlying structure. In
this article we develope a numerical solver for both settings using the attenuated
Landweber method. We show that the parameter-to-solution map satisfies the local
tangential cone condition. This result can be used to prove local convergence of the
attenuated Landweber method in case that the full displacement field is measured.
In our numerical experiments we demonstrate how to construct an appropriate dic-
tionary and show that our algorithm is well suited to localize damages in various
situations.

Keywords stored energy function - Cauchy’s equation of motion - hyperelasticity - conic
combination - attenuated Landweber method - local tangential cone condition

Mathematics Subject Classification (2010) 35L70; 65M32; 74B20

*Saarland University, Department of Mathematics, 66041 Saarbriicken, Germany
fSaarland University, Department of Mathematics, 66041 Saarbriicken, Germany



1 Introduction

The starting point of our inverse problem is Cauchy’s equation of motion for an hypere-
lastic material

p(x)i(t,z) — V- VyCl(z, Ju(t,z)) = f(t, z),

where ¢ € [0, T] denotes time and x € Q C R? a point in a bounded, open domain 2 in R3.
Furthermore, p(x) € (0, 00) denotes the mass density inz € Q and f : [0, T]xQ — R3is an
external body force. The function C' = C(z,Y), Y € R3*® with det Y > 0, is called stored
energy function and encodes the mechanical properties of the material. The derivative
Vy is to be understood componentwise and Ju(t,z) = (0ju;(t,)); j=123 represents the
displacement gradient in ¢ € [0,7] and x € Q. We refer to standard textbooks like
[11, 17, 23] for detailed introductions and derivations of Cauchy’s equation.

Given initial values uy and 1, and assuming that we have homogeneous Dirichlet boundary
values we end up with

p(x)i(t,z) =V - VyC(z, Ju(t,z)) = f(t,x) (1)

for t € [0,7] and = € Q C R?® with

u(0,) = wug € H*(Q,R?), (2)
u(0,-) = u; € H'Y(Q,R?) (3)

and
u(t,z) =0, t€[0,T], = e 0. (4)

Equation (1) describes the behavior of hyperelastic materials. An example for hyperelastic
materials are carbon fibre reinforced composites (CFC). This is why the inverse problem
of identifying C' from measurements of the displacement field can be very important for
the detection of defects in such structures, the so called structural health monitoring,
see [15]. Structural health monitoring systems consist of a number of actors and sensors
which are applied to the structure’s surface. The idea is that the actors generate guided
waves propagating through the structure which interact with defects and are subsequently
acquired by the sensors. Mathematically this can be described as an inverse problem of
determining material properties from boundary data of the displacement field which is
a solution of (1). In this article we investigate the reconstruction problem of the stored
energy function C'(z,Y") where we consider two different scenarios for the data acquisition.
On the one hand we assume to have as data the full displacement field available and on
the other hand we suppose that the data are measured on parts of the boundary. The
second scenario is used as mathematical model for sensor measurements.

Because there are numerous publications on inverse identification problems in elastic me-
dia for different settings, we only summarize here articles which are associated with the
scope of this article. A comprehensive overview of various inverse problems in the field of
elasticity offers the article [8]. In [9] Bourgeois and others have applied and implemented



the linear sampling method, introduced by Colton and Kirsch in [12] for detection of rever-
berant scatterers, for the isotropic Navier Lamé equation. Because the method represents
a possibility to detect defects in isotropic materials and damages, which are described by
such a scatterer, it was used in [10] for the identification of cracks. The inverse problem
on determining the spatial component of the source term in a hyperbolic equation with
time-dependent principal part is investigated in [18]. For solving this problem numerically
the authors adopt the classical Tikhonov regularization to transform the inverse problem
into an output least-squares minimation that can be solved by the iterative thresholding
algorithm. In [2] the authors developed an algorithm for the quantitative reconstruction
of constitutive parameters, namely the two eigenvalues of the elasticity tensor, in isotropic
linear elasticity from noisy full-field measurements. An algorithm, that guarantees the
conservation of the total energy as well as the conservation of momentum and angular
momentum is found in [29]. The reconstruction of an anisotropic elasticity tensor from a
finite number of displacement fields for the linear, stationary elasticity equation is repre-
sented in [3]. Lechleiter and Schlasche considered in [22] the identification of the Lamé
parameters of the second order elastic wave equation from time-dependent elastic wave
measurements at the boundary. For this reason they dispose an inexact Newton iteration
validating the Fréchet differentiability of the parameter-to-solution map in terms of [21].
A semi-smooth Newton iteration for the same problem was implemented in [7] also de-
livering an expression for the Fréchet derivative. The topic of our considerations is the
identification of spatially variable stored energy functions from time-dependent boundary
data which has not been investigated so far, to the best of our knowledge. In [6] an
algorithm for defect localization in fibre-reinforced composites from surface sensor mea-
surements was proposed using the equations of linear elastodynamics as mathematical
model. The key idea of the method is the interpretation of defects as if they were induced
by an external volume force. In some sense this article can be seen as the foundation of
the method presented here.

We want to specify the inverse problems to be investigated in this article. Inspired by
Kaltenbacher and Lorenzi [19] and following the authors of [27, 31] we assume to have
a dictionary {C1,Cy,...,Cn} consisting of appropriate functions Cx = Ck(z,Y), K =
1,..., N, given such that

N
C(z,Y) =Y axCk(z,Y) (5)

K=1
with nonnegative constants ag > 0, K = 1,..., N. In that way the mentioned dictionary

should consist of physically meaningful elements such as polyconvex functions, see [4, 17].
The wave equation then is then given as

p@)ii(t,z) = Y axV - [VyCi(z, Ju(t,x))] = f(t,x) (6)

K=1

for t €0,7] and x € Q C R®. We consider at first the following inverse problem.
(IP I) Given (f,ug,u;) as well as the displacement field @(t, z) for t € [0,T] and = € Q,
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compute the coefficients o = (ay, ..., an) € RY, such that @ satisfies the initial boundary
value problem (IBVP) (6), (2)-(4).

Denoting by 7 : D(T) € RY — L*(0,T; H'(Q,R?)) the forward operator, which maps a
vector & € D(7) to the unique solution of the IBVP (6), (2)—(4) for (f, ug, u1) fixed, then
(IP I) is represented by the nonlinear operator equation

T(a) = . (7)

Here, D(7T) denotes the domain of 7 to be specified in Section 3. In that case we assume
to have the full knowledge of the displacemt field. We solve this problem numerically.
Since in practical applications measurements usually are only acquired at the structure’s
surface we consider a further inverse problem,

QT () =, (8)

where Q is the observation operator, which maps the solution of (6) to measured data.
Thus the observation operator includes the measurement modalities to our mathematical
model. Following the article [6] we want to model Q having sensors in mind that average
the displacement field on small parts of the boundary of the structure 9€2. For this reason
we define Q by

o) =  [lonuohma)
o T
where [ is the number of sensors and g, k = 1, ..., [, are weight functions that display the
localization of the particular sensors. We assume that the functions g, for all k =1, ...,1
have small support on 9f2. For more information about this definition of the observation
operator see [6]. The second inverse problem is defined as follows.

(IP IT) Given (f,up, u;) as well as data § € R!, compute the coefficients a = (a, ..., ay) €
RY, such that g satisfies (8).

Qutline. Section 2 provides all mathematical ingredients and tools which are necessary
to deduce the results of the article. In particular we summarize an existing uniqueness
result for the solution of the IBVP (6), (2)—(4) (Theorem 2.1) and results of the article
[28]. Section 3 describes the implementation of a numerical solver the inverse problems
(IP I), (IP II) using the attenuated Landweber method. In Section 4 we prove the lo-
cal tangential cone condition for (IP I) and relying on that a convergence result for the
attenuated Landweber iteration when applied to (IP I). Numerical results for (IP I) and
(IP II) are subject of Section 5. Section 6 concludes the article.

2 Setting the stage

For the investigations and proofs in this article we need at first some results the most of
which are proven in [31] and [28]. The first one is a uniqueness result for the IBVP (6),
(2)—(4) from [31].



In the following we assume that the conditions Ck(x,0) = 0 and Vy Ck(x,0) = 0 are valid
for the function Cx : Q@ x R33 — Rfor all K =1,....N and 2 € Q C R?. Furthermore
we restrict the nonlinearity of all functions C'x and hence of C' by supposing, that there
exist positive constants KE{?, /ﬁg, M}?, ,u[;(] for K =1,..., N, such that

Y% < Ok, V) < )y |12 (9)
and
KW H|%Z < ((H|VyVyCr(z, Y)H)) < uld | H|% (10)

hold for all H,Y € R**? and for x € Q almost everywhere. Let || - || be the Frobenius
norm induced by the inner product of matrices

((A|B)) :=tr(A" B) for A, B € R,

In addition we require the existence and boundedness of higher derivatives of Ck with
respect to Y. More precisely we assume, that there are constants u[f{], - u[[? for K =

1,..., N with

103,00y, Crcl e (@ucmnsy < gl (11)
10y, 0,0y, vy, Cc || oo (axmaxsy < M[I?é] (12)
1010y, Ok || oo (axmax3) < M[;g (13)
|0y;; 00, Ck || Lo (axmaxsy < /ﬁ[f? (14)
100y, 0v;,, Ok || oo (axmsxs) < ufj (15)
10v,,010y;,0v,, Cc || Lo (axm3xsy < M[I? (16)

for a,b,4,5,k,l,p,q=1,2,3 and K = 1,..., N. Additionally we require
aYz’jalaYsz(mv Y) = alaYijaYsz(mv Y) (17>

for all 4,7, k,1 = 1,2,3, which holds true if e.g. C € C*(Q2 x R3*3). We suppose that
the mapping Y — Ck(x,Y) is three times continuously differentiable for = € 2 almost
everywhere.

Furthermore, the set of admissible coefficient vectors a = (g, ..., an)" € ]Rf of the conic
combination (5) is supposed to be restricted by assuming

_ Jae(0,00)": >kt O‘K“[Icg > wll R O‘K:u[g < b’
' foralla=1,2 and b=1,...,7 '

It is easy to see that this set is coupled to the nonlinearity conditions of Cx (9)—(16) via
the constants pl”! for b=1,...,7.



After all we define the following set of admissible solutions u of IBVP (1)—(4). Let be
given the constants M;, ¢ = 0,...,4. Then we set

A = A<M07 M17 M27 M37 M4)
we I¥((0,T) x 0, RY N W ((0,T), H'(Q, BY) :

. Halaju||L°°((O,T),L2(Q,R3)) < My, [|Ovi]| o 0myxe) < M, (18)
' 100051k || Lo 0.7y x2) < Mo, 01050k || Lo 0.y xy < Ms, [

H@lukHLoo((QT)Xg) S M4 for all i,j, k?,l = 1, 2, 3

Let us notice that this set is only a subset of the set of admissible solutions men-
tioned in [31] and [28] because of the additional condition ||Oyug|ze(0,r)xq) < My for
all 4,7, k.1 = 1,2,3. u € A holds true, if e.g. 9%, f, ug, u; and Ck are sufficiently
smooth.

Now all necessary conditions are mentioned to prove the following uniqueness result for
the solution of the IBVP (6), (2)-(4) for given a € C((k4)4=1.2, (u)y—1.. ), which has
been presented in [31].

.....

Theorem 2.1 ([31, Theorem 2.1]). Let u, @ be two solutions to the initial boundary value
problem (6), (2)-(4) corresponding to the parameters, initial values and right-hand sides
(o, ug,ur, f) and (&, @, @1, f), respectively. Furthermore, assume that u,u € A. If, in
addition, the condition

7 9
< K<< 19
gh <K< g (19)
is satisfied for
N
ZOJKK,K] and p = Za;{,u (20)
K=1 K=1

and if there are constants k(«) and p(«), so that
k> k(a) >0 and p < pla), (21)
then there exist constants Cy, Cy and Cy, such that the stability estimate
{Pll(ﬂ = u)(t, ) Zezs) + w(@)[(Ju = Ja)(t, )72 pss

+pll (i — @) (¢, )| L ms) + KT = Ju)(E, )72 0 poxs)

N

+H(w = @) (t, )z @ms)

Sa+www—m%mmﬁwm—M%mm)
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+C_Y1||f - .f”lel((O,T),L?(Q,]R?’)) + C_'2||oz - o?||oo

is valid for all t € (0,T). Thereby, the constants Cy, Cy and Cy only depend on T, My,

Mh M27 M3;
-1

N N
= ZO&[QLL%(ZCYKI{[;(}) (22)
K=1 K=1

and
2

° N N
) e B i) 1
C(Od) .Tm;&KMK<[;aKﬁK s (23)

where 0 < € < 1 is a constant, whose ezistence is ensured by inequality (19). The
constant K > 0 is defined by the continuity of the embedding Hg’l(Q,R3) = H*(Q,R3) N
H}(Q,R3) — H%*(Q,R?),

S [5- Sanmiors)

ol < Klallgiazy = &
k:lQ =1 j=1

for all g € H2 1(Q R?). Moreover, the constants Cy, Cy and Cy are uniformly bounded, if
we take (MO,M17M2,M3,C< ),C(),T) € M with M C (0,00)" bounded.

The function C is positive and bounded in the following way because of the non-negativity
of the coefficients a:

. 2] ~ 2]
0 < (= SN < O(a) < PHIEEENEL < oo (24)
maxXj<g<nN R mMi<g<N Kg

Next we prove an estimate being necessary for the proof of Theorem 4.2 and following
from Theorem 2.1.

Corollary 2.2. Let be u,u € A(My, My, My, M3, My) two solutions of the problem (1) -
(4). Then there is for i =u—u and all t € (0,7

/ Oyt )| do < (M2t ) (25)

1,]= 19

Proof. Using the condition u,u € A(My, My, My, M3, My) it follows by the triangle in-
equality

10 || oo (0, x 0) = |05 — 0 || Loe ((0,1)x2) < 1|05 || oo (0,1 x9) + |05 | oo (0,17) x2) < 2My

for all 4, j = 1,2, 3. Hence we have |0;1;(t, z)|/(2M,) < 1 and therefore

(@Zﬁ;x)\)‘l < (@Zﬁ;x)l)(‘)

7



forall i,7 =1,2,3 and (t,x) € (0,7) x €. Finally we obtain the estimate

i/wjﬂi(t,xﬂ‘ldm: i(mf/(wydx
@ Q

i,j=1 65=1
: 4 |0;u(t, )| ’ 2|~ 2
< St [ (IR e = (M2 ) Py oms
ij=1 o 4
and hence the assertion of the corollary. O]

Next we define for the remainder of the article the following spaces
V= H'(Q,R? and H:=L*(Q,R?
and identify H with its dual space H’. Then we obtain the Gelfand triple
VCH=H CV
with dense, continuous embeddings. Furthermore let be
U:= H}(Q,R?)

with
[ully = [[Jull L2 r3x3)

for all w € U and thereby
UcCVCH=H cV' cU

with dense, continuous embeddings and U’ ~ H~!(Q,R3). Then the Poincaré inequality
yields that there is a constant Cg > 0 with

Jully < 1+ Callully (26)

for all u € U. Besides it follows directly from the definition of the norms in H and V'
[l < [lullv (27)

for all u € V.
For the proof of the local tangential cone condition we need Gronwall’s lemma.

Lemma 2.3 (Gronwall’s lemma). Let ¢ € C(0,T) and b,k € L*(0,T) be non-negative
functions. If 1 satisfies

T T

Y(r) <a+ / b(t)(t)dt + / k(t)(t)Pdt

0 0



for all T € [0,T] with constants p € (0,1) and a > 0, then

T T

(1) <exp (/b(t)dt) [alp + (1 —p)/k(t) exp((p—1) /tb(a)da)dt

} 1/(1-p) (28)

is valid for all T € [0,T].

A proof of this version is given in [1]. The following results in connection with the
Gateaux/Fréchet derivative of the forward operator 7 and its adjoint operator are proven
in [28]. That is the reason why there are no proofs in the remainder of this section. For
this purpose let be the domain D(7) C RY of the forward operator 7 defined by

D(T) := {a € RY : the IBVP (6), (2)(4) has a unique solution u € A}. (29)

At first we characterize the Gateaux derivative of 7.

Lemma 2.4. Let o € int(D(T)) be an interior point of D(T). The Gateauz derivative
v =T'(a)h of the solution operator T fulfills for h € RY the following linear system of
differential equations with homogeneous initial and boundary value conditions

pi(t,z) =V - [VyVyCylz, Ju(t,x)) : Ju(t,x)] =V - [VyCh(z, Ju(t, x))] (30)
fort €[0,T] and z € Q C R?,

v(0,2) =0(0,2) =0 for z € ) (31)
and
v(t,z) =0 for x € 0. (32)
Here, we used the notations
N N
c, = Z agCg  respectively Cp = Z hrCr.
K=1 K=1

It was proven in [28] that the IBVP (30)—(32) has a unique solution and hence the Gateaux
derivative is well defined.

Theorem 2.5. The IBVP (30)-(52) has a unique, weak solutionv = T'(a)h in L*(0,T;V).

The aim of [28] was to show, that 7 : D(T) C RY — L?*(0,T;V) even is Fréchet differ-
entiable. To this end it was proven that the mapping 7'(c) : RN — L%(0,T;V), h — v,
is linear and bounded. It is linear because (30) is linear in v and h. The continuity was
subject of the following theorem.



Theorem 2.6 ([28, Prop. 3.4|). Adopt the assumption of Lemma 2.4. The Gateaux
derivative v = T'(a)h is continuous in h for all h € RY, i.e. there is a constant Ly > 0
wzth HUHLQ(O,T;V) S Lﬂlh“oo

Next we state the Fréchet differentiability of T .

Theorem 2.7 ([28, Th. 3.8]). Adopt the assumptions of Lemma 2.4 and let v = "T'(a)h.
There is a constant Ly > 0 depending only on 2, T and « such that

3
lu(ae + ) —u(e) = vll2rw) < Lal[hll% - for [|A] = 0. (33)

We continue by recapitulating the representation of the adjoint operator of the Fréchet
derivative 77 (a)*, which was also proven in [28]. We will see that the adjoint is important
when applying iterative solvers as the Landweber method to the inverse problem 7 (a)) =
u™* . Let be X the space consisting of all solutions of

Bv=f (34)

for f € L*(0,T; H), if we define the mapping B : L*(0,T;U)NH'(0,T; H) — H~'(0,T; H)
by

Bv:=pi — V- [VyVyCyl(z, Ju) : Jv (35)

forallv € L2(0,T;U)NH(0,T; H). Then we have X = B~Y(L*(0,T; H)) C (L*(0,T;U)N

H'(0,T; H)) and the mapping B : X — L*(0,T; H) is bijective since (34) with (31) and

(32) is uniquely solvable according to Theorem 2.5. This yields B! : L?(0,T; H) — X,

f — v, where v solves (34) with (31) and (32). Finally X endowed with the norm

vl x = || Bv|| 20,7, turns into a Hilbert space, which is a closed subspace of L*(0,T; U)N

H'(0,T; H). The following lemma states that the embedding X — L*(0,T;U)NH'(0,T; H)
even is continuous.

Lemma 2.8. The embedding X — L*(0,T;U) N H'(0,T; H) is continuous, i.e. there is
a constant C' > 0 not depending on v such that

HUHL2(0,T;U)mH1(o,T;H) < Clvllx, veX.
A representation of the adjoint operator T'(a)* : X’ — RY for fixed o € Rﬂ\: is presented

in the following theorem.

Theorem 2.9. Let a € (intD(T)) C RY be fized and w € X'. The adjoint operator of
the Fréchet derivative T'(a) : RY — X is given by

T (a)w = [— //VyOK<JI, Ju(t,z)) : J(B~Y)*w(t, z) dx dt] cRY,  (36)
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where p := (B™Y)*w is the weak solution of the hyperbolic, backward IBVP

pp(t,x) — V- [VyVyCylz, Ju(t,x)) : Jp(t, z)] = w(t, x), (37)
p(T,z) =p(T,x) =0, x €Q, (38)
p(t, &) =0, (t,€) € [0,T] x 0. (39)

We have now all ingredients together for the proof of the convergence result in Section
4 and the numerical solution of (IP I). The last point to consider in this section is the
observation operator, which is needed for (IP II). Let be Q : L2(0,T;U) — L*(0,T;R)
the observation operator with

Q1) = ([ taw ulthas ac)

o0

- (MW onss ) B (@0

k=1,...,l

where I' : V — H2(0,R3) is the trace operator and g, € L*(99Q,R?) given weight
functions (see Section 1). Then L?(0,T;R!) represents the data space. Because of (40) it
is easy to see that Q is linear in w € L*(0,T; U). Furthermore it is proven in [6] that Q is
continuous in v € L%(0,T; U) and that the adjoint operator Q* has for all a € L2(0,T;R!)
the representation

l

Q%a = Z arl™ g. (41)

k=1

3 Numerical scheme

In this section we outline a numerical solution scheme for computing a solution of (7)
with input data @. We want to use the attenuated Landweber method (see for example
[13], [25] or [20]). This iteration is defined for solving (IP I) via

oD = o) — T (M) (T(a®) —y), k=0,1,2,.. (42)
and for solving (IP II) via
a4 = o) T (@) Q QT () =), k=012, (13)

with initial value o® € D(T) and relaxation parameter
1
we (0, (44)

C = sup{||T"(a)|| : @ € B,(a'™)}. (45)

We always denote by B,(a'?) the closed ball centered about a® with radius p > 0.
In (42) respectively (43) we can see that we have to solve in every iteration step of the

with

11



attenuated Landweber method respectively once the forward problem (6), (2)—(4) and the
adjoint problem (37), (38)—(39). So we need at first an algorithm for solving the forward
problem. Because of the second time derivative in the differential equation we split initially
the differential equation and then we get with r(¢,z) := (¢, z) for all (¢t,z) € [0,T] x
the equivalent formulation

u(t,x) —r(t,z) =0
{pf’(t, )=V -VyC(x, Ju(t,z)) = f(t,x) (46)

for all (t,z) € [0,7] x 2. We discretized this equation system at first in time with the
f-method with 6 € [0,1]. Let I = [0,T] be equidistantly partitioned in m > 0 equal time
steps of length k = T'//m and points ¢; = jk, j = 0,...,m. Then we get with v’ = u(t;)
for all i = 0, ..., m in every time step j for all 7 = 1, ..., m the following formulation of the
time discretized equations

uj_;;j—l _ QT’j + (1 . H)T’j_l
Pl =V Clar, 000 + (1 — 0)Jui~Y) + 07 4 (1 — 0) i1,

After some reformulations we get the system

w =w "t kriTh 4 %V -VyC(z,0Ju + (1 —6)Ju/ ™)
202 f5 g OO g (47)
ri =il BV Ox, 0Ju + (1 — 0)Ju/ ™) + 5 f7 4 M0 pimt,

p

It is easy to see that the first equation is not linear in u’ and the second one is linear in
r7. That is the reason why we have to implement a nonlinear solver for the first equation.
Then we can discretize in space and solve both equations. For using the Newton method
to solve the first equation we define

. . . . 2 . .
Ful) = uwl —w/™ —kri™ - kaV-vyc(x,eJui + (1= 0)Ju’™)
202 2
. 1— .
R KIA0) (48)
P p

with the iteration index [ = 0, 1, .. of the Newton method. Then the first equation in (47)
is equal to the nonlinear equation F (u]) = 0. The Newton method yields a solution of
this equation determining duj with

with

2092

F'(u])ou] = Ou] — kTv VyVyCl(z, 0Ju] + (1 —0)Ju™") : J(0u))] (49)

12



and after that setting ' ' '
ul,, = ul +uf

for all [ = 0,1,.. with ué = /7! until a sufficient accuracy is achieved. Before we
discretize the reformulated time discretized equations we want to present the following
weak formulation of the splitted representation of the problem including the nonlinear
solver in every time step t; = jk. Therefore we choose H}(Q2,R*) as solution and test
space. Then we get:

Find 0u] € HY(Q,R?) such that

(F'(u])Ou], @) p2ame) = —(F(u]), ©) 120, (50)

for all o € H}(,R?) and set ‘ ‘ ‘
s = ud + 00

foralll =0,1,...

Find ri € H} (2, R3) such that

(17, ) L2 (.m%)
. k j
= (r]_1790>L2(Q,R3)+;<V'VYO(%9JUJ (1= 0)Ju"™"), ¢} L2z (51)

kO k(1-0)

p —(f, Q)2 re) + —— P (F71 o) 2 ms)

for all p € HJ (2, R?).

For the discretization in space of the weak formulation of the time discretized problem we
use the Finite Element method. In particular for the implementation we used the C++
finite element library deal.Il, see [5]. Let be V}, a finite dimensional H} (€2, R?) conform
finite element space with nodal basis {¢1, ..., o1} with dimV}, = L < oo. Then we can
expand all functions in the weak formulation given above in terms of the nodal basis.
Hence we want to denote by a capital letter the vector of the coefficients of a function.
That means for example v/ = 3°% | Ulp, € H}(Q,R?) mit U/ € RY. Then we get after
some reformulations the following matrix equations at each time step,

FL(UMoUt = —F, (U#)
Uit = gt 4 guit, Ui0 = it (52)
MR = MR — ED(wd, 07 =Y) + B M FT 4 MO p it

p )

with the mass matrix
M = (<90r7§05>H>r,s:1 ,,,,, L € RLXL,

13



K26 5y K6

F UMy = MUY -UIT - kRITY) 4+ 7D(ul,u]_1) p FJ (53)
R0,
P
and
. . k202 S .
F(UPhourt = (M + 7A(ug, wh))ourt. (54)

In addition we used the matrix A(uz7 ,u/1) € RE*L with the entries

Aps(u] ™) = /(VyVyC(ZE,@JU{ +(1=0)Juw ™) Jg,) : Jp,dx
Q

for all 7,5 = 1, ..., L and the vector D(u],u/~') € R" with

Dy(ul,ui™") = /VyC(x,HJu{ + (1 —=0)Ju ) : Jo,da.
0

forall s=1,..., L.
Finally we get the following algorithm for solving the forward problem using the Conju-
gate Gradient (CG) method for solving the first equation in (54).

Algorithm 3.1. (u = forw(a))
[nput = R(n—l—l)x(n-{-l)

1. Set U° =0 € RE.
2. Set MR =0 € RE.
3. For every j =1,....m do
3.1 Setl=0.
3.2 Set U3 = yi—t,
3.8 Compute Fj,(U) = —kMR~ + %D(ué, W) — &p@zMFj — —kQ(lge)eMFj_l.
3.4 Compute F}(U?°) = M + %A(u{),uj_l),
3.5 Compute U’ with F}(U?9)oUM = —F,(U).
3.6 Set Ul = U0 4 U,
8.7 While (|| F,(U)|| > tol) do
i. Setl=1+1.

14



1. Compute

)l 1 j—1 j—1 k0 J -1 k>0
Fo(U) = MU -U""'— kR )+7D(ul,u3 )—TMFJ

_MMFj—l.
p
iii. Compute F}(UM) = M + %A(u{,uj_l).
w. Compute OUM with F}(U)oU = —F, (U).
v. Set UH+l = Uil 4+ guit,

5.8 Set MRI = MR/ — 2D (ul, wi=1) + MM pi 4 K0 o=t

Output: UT € R for j =0,....,m

We proceed in the same way to develop an algorithm to solve the adjoint problem. The
advantage is that this problem is linear. At first we split the corresponding differential
equation with q(t,z) := p(t, x) for all (¢,z) € [0,T] x Q, too. Then we get the equivalent
system

{p< 7) = glt,7) = (55)

pq(t,z) —V - [VyVyC(l‘ Ju(t,z)) : Jp(t,z)] = w(t, x)

for all (¢,x) € [0,T] x Q. After time discretization by the f-method separating [0, 7] in
m > 0 equal time steps with fix length & = T'/m and time points t; = ik, i = 0, ..., m, we
have in time step j for all 7 =0,...,m — 1

P =0 + (1 0)¢"!
pL=C — T [V Vy O, 0Ju0 + (1 — 0).Ju/*) : (.Tp7 + (1 — 6)Jpi)]
+0wd + (1 — )witt,

and with some reformulations

(p =/t 4 kgt 4+ BBV [Vy Vy C(a, 0.0 + (1 — 0)Jut) : Jp]
+HECO0G . [Ty Uy O, 0w + (1= 0)Ju 1)« Jpt]
LR R0,

p p

¢ =g+ BV [VyVyC(z, 000 + (1 - 0)Ju ™) Jpl]
DT [Vy Uy Cla, 007 + (1 — 0)Juth) « Jprt] 4 i 4 M0,

\

Because both equations of this system are linear we can directly discretize the equations
in space and after that solve the system. For this purpose we use the same notations
as before. Additionally let be w € V; C V'. Then we get the dual basis (¢),=1

.....

15



(@r)r=1,..1, where (¢}, ps) = ;s isfor all ;s = 1,..., L. We obtain for the adjoint problem
the system

MPi = MPi+ 4 g MQIt! — B0 A(yd yi+1)pi — BO=00 fyi i+l pitl
LBy L K000t ’
, P o : o : 56
M@ = MQi+! — %A(UJ’UJ-H)PJ _ @A(ug’ugﬂ)]ggﬂ (56)

_|_@WJ' + MWjJrl‘
p P

In the end with some reformulations and using the definitions

22
So:=M + P A(u?  wth) € REE (57)
and
k*(1—0)0 S
Sy:=M — gA(uj,uﬁl) c RixE (58)
p

we can reformulate (56) as

SyPi = S, Pit! 4 EMQIt! + %Wﬂ' + wwﬁl

MQi = MQi+ — %A(uj’uﬁrl)pj — —’l“(lfje),él(uj,uj“)PjJrl (59)
+%Wj + k(lp_e)Wj“,

Using again the CG method for solving the first equation of (56) we preserve the following
algorithm for solving the adjoint problem:

Algorithm 3.2. (p = adjl(w,u))
Input: Wi € RY and v € H} (S, R?) for j=0,...,m

1. Set P™ =0 € RE.

2. Set MQ™ =0 € R,

3. For everyj=m—1,...,0 do
3.1 Compute A(u?,u/*).
3.2 Compute Sp = M + @A(uj, (CARSE
3.3 Compute Sy = M — kQ(l—;o)eA(uj,uj“).
3.4 Compute P’ with

RO, R (-0
p

p

SoP? = S PP 4 EMQTT + witt,

16



3.5 Compute MQ’ with

MG = Qi — g irrypi 2 B0 4 ey pitt
p p
s K00,
p

Output: PI € R for j =0,...,m.

Finally we discretize the observation operator in the same way as in [6]. Let be v € V.

-----

.....

,,,,,

..........

If we choose the weight functions gx, & = 1,...,1, also from V), which means g, =
S F G, for all k=1, ....1, then we obtain by (60)

T

o2

_ (ii%(t)Gf/«os,%)RBdf)kl z

r=1 s=1 50

= GMpo(V})r=1, .1,

.....

where Myo € R"”*" with (Maq)rs = [0 (@r, @s)rs d€ for all 7,5 =1, ..., L is the boundary
mass matrix and G € R™>*Z the coefficient matrix of the sensors with G, = G’;’ for all
k=1,...,land s =1,..., L. Then we get

G = GM@Q and GT = MQQGT.
With that discretization of the observation operator we are able to present the algorithm
for the adjoint problem in the case (IP II) of incomplete data. We get
Algorithm 3.3. (p = adj2(w,u))
Inpute: W3 € R" and v/ € H(Q,R3) for j =0,...m
1. Set P™ =0 € RE.

17



2. Set MQ™ = 0 € RL.

3. For every j=m—1,...,0 do
3.1 Compute A(uw,u/T).
3.2 Compute Sp = M + @A(uj, (CARSE
3.3 Compute Sy = M — kz(l—;e)eAmj,uj*l).
3.4 Compute P’ with

k%62

. . . o k2(1-0) o
SoP? = Sy PP 4 EMQTT + p Moo GTWI + QMQQGTWJ“.

3.5 Compute MQ’ with

k—HA(uj, w Y PI — k(1=6)
p p
MMBQ@TWJH_

MQ = M - A, /1) Pt

+kp9MaQGTWj +
Output: P € RY for j =0,...,m.
We have all ingredients to formulate the algorithm for solving the inverse problem (IP II).
Algorithm 3.4. (a = inv(y))
Input: oy for j =0,...,m, basis functions o, withr =1,..., L.
1. Compute the matrices M, Myq and G with
M,s = (¢r, 0s)u, Yr,s=1,.... L

(M(?Q)rs - <(707‘7 905>L2(8Q,R3)a VTa s = 17 L) L

and )
Grs=G* Vk=1,..,1,s=1,.., L.

Set 6 = 1.

Set a = (ars)r,s:(]

.....

Seti=20

S N

While (i < maziter) and (6 > tol) do

5.1 Seti=1+1.

5.2 Compute u = vorw(a).

18



5.8 Compute @ = GMpyqu.
5.4 Setw=1u—y.

m—1 )
5.5 Set § = %[%Hw”l\fy 22wl + 3l [
J:

5.6 Compute p = adj2(w,u).
5.7 For allr,s =0,....,n:
5.7.1 Compute 27 = compadj(r,s,uw’,p’) Vj =0, ...,m.
m—1
572 Sety=L |10+ 231 2+ 2z
j:
5.7.3 Compute apg = Qg + w.
Output: & = (Qpg)remo....n € ROFVX(HD),

-----

Because the modifications of the algorithm for solving (IP I) are dispensable we omit to
write the algorithm separately.

4 Convergence result

In this section we prove local convergence of the attenuated Landweber iteration (42)
applied to (7). Therefore let u,u € A(My, My, My, M3, My) be two solutions to the ini-
tial boundary value problem (6), (2)—(4) corresponding to the parameters, initial values
and right-hand sides («, ug, u1, f) respectively (@, ug, u1, f). First we prove the local tan-
gential cone condition for the parameter-to-solution map associated to the considered
identification problem, because it is necessary for our proof of convergence of the attenu-
ated Landweber method. For the proof of the cone condition we need a technical result.

Lemma 4.1. For d = u(a) — u(a@) — T'(a)h with h = o —a € RY under the assumption
|h]leo < 7 for a sufficiently small r > 0 there is
de L*0,T;U)n H'(0,T; H).
Thereby we define
||Z||L2(0,T;U)mH1(0,T;H) = ||Z||L2(0,T;U) + ||Z||H1(0,T;H)

for all z € L*(0,T;U) N HY(0,T; H).

Proof. Let be u = u(«) and u = u(a).
With the definition of the norm of L*(0,7;U) N H'(0,T; H) we get at first

dl| 20, rs0)nm 0.0y < Al 220,m0) + || 2 0,100 -
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We estimate the two summands on the right hand side separately.
For the first one we obtain with (the proof of) Theorem 33 (see [28])

_ 3 - 3
dl| z20,m0) < Loal|h||& < Lor2 < oo

with

£aim VA2 B iy ABLE BN (o (L) 1) 7)o

where Ly € (0, 00) holds true.
For the second summand we consider

a3 0,7:11)

T
= [+ D) B e
0

= Hd”%Q(O,T;H) + ||d||%2(o,T;H)-
Using (27) and again Theorem 33 yields
a2 07 < NllZzo ) < (1+ Ca)LallR]IS < (1+ Ca)Lyr® < oco.
In addition the proof of Theorem 2.7 in [28] delivers for 7 € [0, T with
a = 2(B1 + Bs)||hl[5,

 729u(a)
T 8k(a)

77M1>0

and
1

VE(a)

(7, ) z2pe) < exp (§b7) at+ 3 (exp (§b¢> — 1).

In the same way as in the proof of Theorem 2.7 (see [28]) we get

1 3
k= 2(Ba(h) + Ballhl[ %) I1A]l%

the estimate

Nl 22020y < () L3|[R]I%, < k(@) Lir® < occ.
Hence we obtain for the second summand
| 20,7,y < 00

and finally the assertion of the lemma. m
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Now we can state the local tangential cone condition for our identification problem.

Theorem 4.2. For d := u(a) — u(@) — T'(a)h with h = a —a € RY and a constant
Lz > 0 there is

||dHL2(O,T;U)ﬁH1(O,T;H) < LsHU( ) - U( )||L2 (0,T;U)NHL(0,T;H)- (62)

Remark 4.3. We note that the inequality (62) is strictly speaking only a tangential cone
condition if the constant Ly > 0 is bounded as Ly < 1/2 (see [16]). We prove this under
certain constraints on a, @ € RN in the proof of Theorem 4.5.

Before we can show Theorem 4.2, we have to prove the subsequent lemma.

Lemma 4.4. Let be d = u(a) —u(a) — T'(a)h € L*(0,T;U) N HY(0,T; H). Then for the
weak solution p = (B~1)*d of

pp(t,x) =V - [VyVyCylz, Ju(t,x)) : Jp(t,x)] = d(t,x) (63)
p(T,z) =p(T,z) =0, xz € (64)
p(t,&) =0, (t,£) € 10,T] x 99 (65)

it 1S

p= (B Y)*de L*0,T;U).
Proof. (Proof of Lemma 4.4) Multiplying equation (63) by 2p and integrating over € yield
2<pp(tv )7p(t7 )>H - 2<v ’ [VYVYCa(v Ju(t7 )) : Jp(ta )]JP(t7 )>H = 2<d(t7 )7p(t7 ))H

for t € [0,T]. Then we get

T T

ar (7 p.p) + plli(r, ) = / (1 prp) 42 / (d(t, ), Bt ) e

0 0

for 7 € [0, T with

=

(150, w) ZO‘K/ ((VyVyCk(x, Ju(t,z)) : Ju(t,z), Jw(t,x))) dz

K=1
for all v,w € L*(0,T;U) and therefore (see [28])

K() [ p(7, [0 pss) + 2IB(T, T
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729

< o) / 1900, o +2 / (e, Mo lpte, Y
729 M [ .

< w3k / ()00t Vs + ol )

2 / (@)1 T0E, ) Zaggpmses, + plp(E I

With Gronwall’s lemma for ¢(t) = £(a)||Jp(t, ) [|72(0 gaxsy + PIIPE ), a =0,
b(t) = b= T729nu(c) M,/ (8k(v)), k(t) = 2||d(¢, )||a/+/p and p = 1/2 we get for 7 € [0, T}:

0(r) < explor)| 5 [ K expl—g0n)de| = Jexplom)| [Tl exp(— 500

This yields together with the Holder equation

T

1 r 1
(1) < ;eXP(bT)/Hd(t, 3 dt /GXP(—bt) dt < b—p(eXp(bT) — DlldlIZ20.7:m)-
0 0

Using (27) and Theorem 2.7 it follows

1 1
o(r) < %(exp(m—)_1)Hd||%2(0,T;H)S%(exp(bT)_l)Hd”%ﬂ(O,T;V)

IN

LS 1 (exp(er) — 1)
-— X — .
pp I llso(exp (b7

Then we have

ot )l = 100 Wi zo-0) < gy Al expor) = 1)

for 7 € [0,T]. Using the fact, that

7291(cv)
8k ()

is monotonically increasing for 7 € [0, 7], and the mean value theorem, we derive

S(7) :=exp ( 77M17'> -1 (66)

TL2
2/l 20,10y < b ; 1212 (exp(bT) — 1) < oo

and so the assertion of the lemma. O
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Now we want to show Theorem 4.2.
Proof. Let be u = u(«) and @ = u(@) the solutions of the differential equations
N
pu — Z agV - VYCK(l'y Ju) = f
K=1

respectively
N
i =Y agV-VyCklx,Ju) = f.
K=1

In addition there is after Section 2 and accordingly (30) for v = T"(a)h
N
Bv =Y hgV-VyCgx(z, Ju).

K=1

Using the definition and linearity of B it follows for d = u —u — v

Bd = Bu— Bu— Bv
N

=2

= Bu-Bi—Y» agV-VyCx(z,Ju)+ Y _ axV-VyCk(z, Ju)

K=1 K=1
N
= Bu-— Z axV - VyCx(z, Ju) — Bi+ Y axV - VyCk(z, Ju)
K= K=1
N
Z VyCK(ZE JU) VYOK(I, JI_L)]
K=1

N
= V- [VyVyCala, Ju) : (Ju—Ju) + Y axV - [VyCx(z, Ju) — VyCx(z, Ju)].
K=1
This yields with Y, := rJu+(1—r)Ja for r € [0,1] and Y, := sJu+(1—1s)Y, for s € [0, 1]

N
Bd = > agV-[VyVyCk(x,Ju): (Ju— Ju)]
K=1

+i axV l:/VyVyCK(Q} Y,): (Ju— Ju) dr

1

K=
N
= ZO&KV VyVyCK(ZL’ JU) : (Ju — JI_L)

=1

/VyVyOK JI,K) (Ju — Jl_b) d?“}
0
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N

) hgV- [/VYVYCK(x,m :(Ju — Ja) dr }

K=1

_ i axV - U/vyvyvch(x, Yye): (1—r)(Ju—Ja): (Ju— Ja) drds

K=1

N

N Z_ hicV- [/VYVYCK(%YT) L (Ju — Ja) dr]

Then we have

- i agV - {j/vaYvyoK(x, Vo)t (L—7)(Ju— Ja) : (Ju— Ju) drds

K=1

N 1

_ Z hiV - {/VYVYCK z,Y,): (Ju— Ju) dr} (67)
0

With Lemma 4.1 it is d = uw — u — T'(a)h € L*(0,T;U) N H'(0,T; H). Now let be given

an arbitrary z € L*(0,T;U). Then we obtain with @ = u — @ from (67)

(Bd, ) r20,7;1)

‘ — i:laK(V- |:/1/IVYVYVYCK(37>YTS) D (1—r)(Ja) : (Ja) dr ds]aZ>L2(07T;H)

0 0

N
— Z h/K<v . [/VYVYOK(I, }/:,«) . (Jﬂ) d’f‘:| s Z>L2(O,T;H)
K=1

0

and with partial integration, the triangle inequality and ax > 0 for all K =1,..., N

N T 11
< Z oK ////(VYVYVYCK(QJ,Y;S) c(1—=r)Ju: Ja): Jzdrdsdx dt‘
0 0 0

K=1

N
+ ) |kl
K=1

O/Q/O/(VYVYCK(LYT) c(Ju)): Jz drdwdt’.

Using (11), (10), the Holder inequality and Corollary 2.2 we can further estimate

(Bd, Z>L2(O,T;H)
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IA

IA

IN

IA

(1 = 1)|0y,,0v,,0,,Cr (2, Yrs) |05t [0yt | | Og 2p| drr ds da dt

1
i,4,klpyg=1 Q/ 0/
N 3 T 1
+2 Il Y ///|aYijaYleK($,K«)H@ﬁbiHalzk\drdxdt
K=1 LgkI=17 o
e i i 2, 3
5 ZOJK:U/[[Q(]// ( Z !@m\) (Z ’aqu’) dx dt
K=1 0 o id=1 pg=1
T
K=1 0 t,j=1 k=1
1 < / 3 4 1 2 1
32wl [ ( / (S l) @) ([ (3 ral)” ae)*ar
K=l 0o o Bl o pa=l
N T 3 . 3 .
+Z|h;<lu[}<]/</(2|ajai\) dz)’ (/(Z 0124]) dr)” de
K=1 0 0 i,j=1 o =1

81 2 1) ~
(5 Millal Z H -+ 91kl Z uid )l oz llzl oo,

Then we have with

Ly = S Mol Zu + 9| Zu (68)

the inequality

(Bd, 2) 2001,y < E3||ﬂ||L2(0,T;U)||Z||L2(0,T;U) (69)

for all z € L*(0,T;U).
Now let be z = (B71)*d. In Lemma 4.4 we have proven that z = (B~')*d € L*(0,T;U).

Then it is

T
(Bd, z) 2000,y = /<Bd(t7 ), (B7h*d(t,)) dt = (B~ Bd, d) L2 (0,150 (0,7 1)
0

- ||d||%2(O,T;U)ﬁH1 (0,T;H)

and therefore

(Bd7 Z>L2(0,T;H) = HdH%Q(O,T;U)ﬂHl(O,T;H)' (70)
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Furthermore we have with (26) and following the same lines as in the proof of Lemma 2.8
(see [28])

1Py = / (B d(t,), (B d(t, )y dt

IN

1| L20,r0)n 1 00 |1 B 2| 20,1300 0.0
< CV1+ Colld|| 200w 0,730 | 2| 220,750
and thus
|2l 20,30y < CV 14 Colld|| 20,7001 (0,1 1) - (71)
Finally we obtain from (69), (70) and (71)
101220 2.0nmm 02y < LsCV 1+ Callt| 20,750 |l 22 0m0)n 8 (0,71

und thereby

1|l 20,70y nm 0,750 < LsCA/1 + Colli]| 20 7070w (0.7:) (7

because @ = u(a) —u(@) = u(a) —u(@) —u' + o =d+u' € L*(0,T;U)NH' (0, T; H
follows directly from Lemma 4.1, v’ = T'(a)h € X and Lemma 2.8. Setting L3 :
L3C+/1+ Cq > 0 this finally gives the assertion.

[\
~—  —

CIol

We prove now the main result of this section.

Theorem 4.5. Let be T(a) = @ solvable in a ball B,(a'?) C D(T) centered about the
initial value o'® € RY with

1
81M, Z%:l N[IZQ

1ol <

and radius

_ 1= 81CVIF CoMifla®lloe SN, 1
18CVT + Ca on_ (OMypl) + 4l

Then the attenuated Landweber iteration converges under the assumption

we (o, Li) (74)

with Ly > 0 from Theorem 2.6 applied to input data u € L*(0,T;U) N HY(0,T; H) to a
solution of T(a) = @. If N(T'(al)) € N(T'()) for all a € B,(al), then o™ converges
to the minimum-norm-solution of as k — oo.

0<p

(73)
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Proof. At first the operator 7T is Fréchet-differentiable because of Theorem 2.7. Further-
more there is || 7" (a)|| < Ly for a Ly > 0 due to Theorem 2.6 and hence the Fréchet-
derivative is bounded. Thereby 7T is continuously Fréchet-differentiable. In addition we
deduce again from Theorem 2.6 that ||7"(a)|| < L1 holds true for a constant L; > 0 and
for all € D(T) and hence also for all a € B,(a(?) C D(T). For this reason we get with
(74) the estimation /w||7T"(a)|| < VwL; <1 for all a € B,(a?).

According to Theorem 4.2 we estimate

|7 (&) — T (o) = T' () (& — ) || 20,m:0)n0m 0750y < Nl T (&) — T () || 20,100y 0m (0750
for a, @ € Byy(a?) and ngp = L3Cy/1 + Cq. Using (73) we obtain

nke = L3C\/14 Cq
_ —M4C\/1 + Callél|so Z pB 4901+ Colld — o Z b

IN

—M4C\/1+CQ”C¥ HOOZN —0—90\/1—1—092( M4u 2p+4pum)
- —M4C\/1+C’QHO£ Hoozu[f(wc\/ucgz@Mu —|—4,u[1]>p
N
< —M4C\/1+C’QHa HooZu (1—81M4C\/1+CQ\|a<O>HOOZu§]>
K=1

N | —

Hence, nxp < 1/2. For this reason all assumptions of Theorem 11.4 of [14] and Theorem
2.4 of [20] are satisfied. O

Using the last theorem we want to show the following convergence result for noisy data
U‘s € LZ(O,T, U) N HI(O,T, H) with ”'LL(s — /&HL2(O,T;U)OH1(O,T;H) S 0 for one 6 > 0.

Corollary 4.6. Given the assumptions of Theorem 4.5 and that the Landweber iteration
applied to u’ is stopped with k, = k(5,u®) according to the discrepancy principle

Hu5 - T(a(k*)’é)HLQ(O,T;U)QHl(O,T;H) <70 < HU(S - T(a(k)’a)HLQ(O,T;U)WHl((%T;H) (75)
for all 0 < k < ky with a positive tolerance parameter T satisfying

1+nxB

T>2
1—277[{3

> 2, (76)

k.),6

then ol converges to a solution a € B,(a?) of T(a) =@ as § — 0.

Proof. In the proof of Theorem 4.5 we showed that all assumptions of Theorem 11.4 of
[14] and hence of Theorem 11.5 of [14] are fullfilled. This yields the assertion. O
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5 Numerical results

To verify the ability of the method to localize damages we performed some test compu-
tations. We assume that all entries of the coefficient matrix of the undamaged plate are
equal to 1. We simulate a wave propagating through a plate including a damage which is
modeled by entries of the coefficient matrix « different from 1. In this way we generate the
displacement field ug. The input to our algorithm was then the output of the observation
operator applied to ug
u = QUS.

We consider a plate of Neo-Hookean material with measures 6.7mm x 1m x 1m. The plate
is discretized by 4 x 30 x 30 trilinear elements. Furthermore the simulation time interval
is [0, 7] with T" = 133us subdivided equidistantly by 16 time points. For the numerical
consideration we assume that we have a plate with the measures [—0.1,0.1] x [—15, 15]?
with 4 cells in x;-direction and 30 cells in z9- and xs-direction, such that there is an
equidistant decomposition —15 = xl(o) <. < %(30) =15, 1= 2,3 of [—15,15]. In addition
we use in the algorithm a time intervall [0, 4] again subdivided equidistantly by 16 time
points. As a next step we want to specify the material model. We use for the stored
energy function C'(z,Y’) a conic combination

C(x,Y)=> axCk(z,Y),

K=1

ag > 0 forall K =1,...,N, of tensor products
Ck(z,Y) =vg(z)C(Y)

for all K =1,..., N. As noted before we consider a Neo-Hookean material, such that we
have

1
B

with I, = [|[F|[3 and D = det(F) for F =Y + [ = Ju+ I as well as § = 22 > 0 and
c1 = 5 > 0. Therefore we set K = 68.6GPa and ;1 = 26.32GPa as in the article [24]. For
this function we compute

CY)=c(l, —3)+ — (D% —1). (77)

VyC(Y) =2¢1Y — 2, D7y~ T
and
VyVyC(Y): H=2cH+4c,BD" (Y T @Y ") : H+2,D#Y-TH'Y T

with an arbitrary tensor H of second order. For the functions vk (z), K = 1,..., N, we will
appropriate B-Splines. Due to the assumption that if there is a defect, then it occurs at
the boundary of the plate as for example in the case of delaminations, we consider in x1-
direction two layers I and I near the boundary of the plate. For the numerical treatments
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we choose I at 1 = —0.05 and I at x5 = 0.05. Corresponding to the assumption above
we have only undamaged material and set Ck(z,Y) = C(Y) for all K =1, ..., N between
the two layers. At the two layers it is either 1 = —0.05 or x1 = 0.05 and so there the
stored energy function depends only on x5 and x3 relating to the space. Then we choose
for the stored energy function

Clx,Y) =) > aibi(wa)b(w3)C(Y) (78)

i=0 j=0

with «;; > 0 for all 4,5 = 0,...,30 and b;(x3) and b;(x3) are B-Splines of first order.
Finally, it can be proven that if we consider the B-Splines at the nodes :L‘l(k), k=0,..,30,
[ = 2,3, of the equidistant decomposition of [—15,15], then we have
b~ (») — 4. db () :(5‘
i(z3”) ip and b;(zy") ja

for all 7, 7,p,q =0, ...,30. That yields to

Oy oY)

I
2
S
M
bS]
S
<
Q
—~~
>.<
N~—

and the corresponding derivatives for all p,q = 0, ..., 30 at the two layers.
In every simulation the wave is excited at the beginning of the simulation time at one
point, at the center of the plate. The excitation signal was chosen as

f(z1, 22, 23,t) = fi(t) falw2) f3(23) (79)

_ o O

with f;, fo and f3 defined as in figure 1. Thus the excitation signal acts in x3-direction.

11 /2
Hp)
15 15
11/f3
x3
15 15
ft
0.5 1 t

0.5
Figure 1: Plot of the factor functions of the excitation signal

29



We have taken this approach for the excitation signal from [6]. The only difference is that
their the wave is excited at four different locations. The damaged areas are of cylindrical
shape with the axis in thickness direction x; and a square as base with side length equal
to one. There were three scenarios

e One damaged area approximately in the center of the plate at (—1.5,1.5) (Scenario

A)

e Two damaged areas, one of them nearer to to center of the plate at (5.5,5.5), the
other nearer to one edge of the plate at (—1.5, —10.5) (Scenario B)

e Two damaged areas, both relatively close to the center of the plate at (—1.5, —4.5)
and (5.5,5.5) (Scenario C)

We also stated the center of the square representing the respective damage area. The
three damage scenarios are plotted in figure 2. Let be (¢,)r=1,. r the Lagrangian

Figure 2: The three damage scenarios. The black squares indicate the damage areas.

basis of the Galerkin space of the chosen Finite Element discretization. Then every ba-
sis function is at exactly one node equal to 1 and at all other ones 0. According to [6]
we choose a basis element confined to the boundary of the plate as weighting function
for every sensor of the observation operator. It follows that the observation matrix W
has the structure of a diagonal matrix multiplied with the boundary matrix Mpq, where
(Maq)rs = (r, Ps)r2(00,r3) With 7,5 = 1,..., L if (¢y)p=1,..,1 is the Lagrangian basis. In
this way for the description of the observation operator it is sufficient to indicate the
nodes, which are associated with a basis element that is at the same time a weighting
function.

The relaxation parameter w was in all examples set to 10.0. The value of the displace-
ment ug is estimated experimentally by solving the problem for a given coefficient matrix
a € R33L To interpret the results we plot the coefficient matrix, where several colors
represent different values of the single entries of the coefficient matrix.

For our experiments we assumed initially to have complete data. In a first experiment we
have computed 50 Iterations of the attenuated Landweber method for all three damage
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10051

Figure 3: The results of experiment 1 with damage scenarios A, B and C from left to
right.

scenarios. The results are presented in figure 3. We see that our method can detect and
localize the given damages. Regarding the damage scenarios B and C and therefore in
case of two damaged areas it can be seen that there are artifacts between the center of the
plate and the damaged area nearer to the center. One might suspect that the artifacts
arise due to reflecions from the first damaged area meeting by the wave. To emphasize
that we consider two damage scenarios with two damage areas.

In a second experiment we want to see how the results of the algorithm change in case
of noisy data. For that purpose we add a random vector to the input data @ to get the
noisy data u® with .

107~ Tz

HﬁHLQ(O,T;RL)
Here we use the representations u’(t;) = Y25 US(t;)e, and a(t;) = 25, US(t;)e, at
the time points t; = jT/m for all j =0, ..., m (see Section 3). For our calculations we use

different values up to 1 for 6. In figure 4 one can see the difference between @ and u’ for
0 = 1 at time ¢ = 108us. The result of experiment 2 is given in Figure 5 and proves the

Figure 4: The difference between exact and noisy input data with 6 = 1. The displacement
field corresponds to damage scenario A taken at time ¢ = 108us. The coloring corresponds
to the norm of the displacement field.

stability of the algorithm with respect to noise.
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In a third experiment we consider in contrast to the first two ones incomplete data.

104 104

- H | - H |
103 103
104 104

- P i |
103 103

Figure 5: The results of experiment 2. In every picture we considered damage scenario
A. From top row left to bottom row right we have noise levels of § = 0, 0.2, 0.5 and 1.

Therefore we use as input data the displacement field y = Qu with the observation
operator Q. In the experiment we computed the solution with two observation operators
where the sensors are attached in parallel to the four edges of the plate on both sides of
the plate. For the observation operator R57d there are 57 sensors at every edge and so all
in all 448 at the whole plate and for the other one called R8d we have 8 sensors at every
edge and so 56 sensors at th whole plate. The advantage of the usage of two different
observation operators, where the sensors are attached in the same way, is that we can
see, how the number of sensors influences the result of the experiment. In figure 6 we can
see the result after 25 iterations. It is obviously that indeed the damage is localized in
both cases, but a higher number of sensors yields a better result. Using the observation
operator R8d we have more artifacts and a smaller domain such that the localized damage
is less visible compared to R57d.
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Figure 6: The results of experiment 3. In both pictures we considered damage scenario A
with observation operator R57d (left side) and R8d (right side). The sensors are marked
by red dots.

6 Conclusion

In this article we proposed a method to detect defects in hyperelastic materials from
full knowledge of the displacement field as well as sensor measurements acquired at the
surface of the structure by solving a nonlinear inverse problem. The key idea is that we can
represent the stored energy function of the hyperelastic material as a conic combination
of suitable functions. Identifying these coefficients leads to the localization of defects in
the structure. The arising inverse problem is highly nonlinear and ill-posed. In this article
we solve the problem using the attenuated Landweber method. Therefore each iteration
involves the solution of the nonlinear direct problem and the linear adjoint problem. The
developed solver for the direct problem is also used to produce synthetic data. Numerical
experiments showed a good performance in both cases of input data. We demonstrated
that the method is also stable using noisy data. In addition it was proven that the
considered identification problem fulfills the local tangential cone condition and hence
that the attenuated Landweber method converges in the case of full knowledge of the
displacement field to a solution of the inverse problem.

The given results show that the developed method present great space for future research.
A next step in view of developing an autonomous, sensor based structural health monitor-
ing system could be the verification of the method with real measurements at piezo sensors.
Further research has to be done with respect to improve the efficiency of the method, since
the Landweber method converges slowly. At the same time a finer discretization in time
and space would be desirable but is out of reach because of the tremendous computing
time. In that sense model reduction methods or sequential subspace optimization tech-
niques (cf. [26, 30]) could be suitable remedies in near future. Furthermore it might be
interesting to extend the numerical considerations to curved structures such as shells as
they are applied in aircraft construction.
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