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FEM with Trefftz trial functions on
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Abstract

The goal of this paper is to generalize the BEM-based FEM for sec-
ond order elliptic boundary value problems to three space dimensions with
the emphasis on polyhedral meshes with polygonal faces, where even non-
convex elements are allowed. Due to an implicit definition of the trial
functions, the strategy yields conforming approximations and is very flex-
ible with respect to the meshes. Thus, it gets into the line of recent de-
velopments in several areas. The arising local problems are treated by
two dimensional Galerkin schemes coming from finite and boundary ele-
ment formulations. With the help of a new interpolation operator and its
properties, convergence estimates are proven in the H'- as well as in the
Lo-norm. Numerical experiments confirm the theoretical results.
Keywords BEM-based FEM - polyhedral mesh - convergence estimates - non-
standard finite element method

Mathematics Subject Classification (2000) 65N30 - 65N38 - 41A25 - 41A30

1 Introduction

The finite element method (FEM) is a powerful tool for the approximation of
solutions of boundary value problems. Its history goes back to the mid of the
nineteenth-century. Since that time, there have been a lot of developments for the
method which is usually applied on simplicial meshes. Nowadays, the need for
more general meshes is arising and thus schemes like finite volume [18], discontin-
uous Galerkin [10], multiscale finite element [13] or mimetic discretization meth-
ods [5] as well as virtual element methods [2] are sometimes favourable over the
classic finite element approach. These strategies are applicable on more general
meshes due to their nature. But also within the finite element method, there are
some developements towards polygonal and polyhedral meshes, see [14, 15, 23].
Such meshes appear naturally in geological and biological science but also while



meshing complex geometries where simplicial elements can be restrictive and de-
teriorate the mesh quality.

In 2009, D. Copeland, U. Langer and D. Pusch [8] proposed a new strategy which
goes back to boundary element domain decomposition methods. This approach
uses locally implicit defined trial functions in the finite element method such
that it is applicable on general polygonal meshes in two space dimensions. This
promising approach, also called BEM-based FEM, has been studied concerning
convergence [16, 17], higher order trial functions [21] as well as in an adaptive
strategy [24]. Already in [9], the method was formulated in three space dimension
on polyhedral meshes and this formulation has been used in the literature cited
above. Unfortunately, the polyhedral elements are restricted to those with only
triangular faces. The aim of this presentation is to generalize the lowest order
trial functions to arbitrary polyhedral elements with polygonal faces. We even
relax the convexity of the elements and prove linear convergence in the H!'-norm
and quadratic convergence in the Lo-norm with respect to the mesh size.

The article is organized as follows. In Section 2, we state the model problem,
give a definition of regular and stable meshes and review the boundary element
method (BEM) which is utilized in the numerical realization. The trial functions
are introduced in Section 3 and we discuss the set up of the finite element matrix.
A priori error estimates are proven in Section 4 and finally, we present numerical
experiments in Section 5 which confirm the theoretical results and draw some
conclusion.

2 Preliminaries

For the sake of simplicity, we restrict ourselves to a model problem. Let Q) C R?
be a polyhedral and bounded domain with boundary I' = I'p U 'y which is split
into a Dirichlet and a Neumann part. Furthermore, we assume |I'p| > 0 and
there is a given source term f € Ly(Q), a Dirichlet datum gp € HY?(I'p) as well
as a Neumann datum gy € Lo(I'y). We consider the boundary value problem
—div(aVu) = f in Q,
u=gp onlp, (1)
aVu-n =gy only,
for a € Loo(Q) with 0 < @min < @ < amax on Q. By the use of an extension
up € H*(Q) of the Dirichlet datum, the Galerkin formulation for (1) with the
solution u = ug + up € H'(Q) reads
Seek ug € Vi ag(ug,v) =4L(v) YveV (2)
with
aq(u,v) = /aVu - Vv

Q
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and
E(”) = (f? U>Q + (gN7 U)FN - aQ(uDv U)a

where

V=H,Q)={veH (Q):yv=00nTp}.

Here, 7o : H'(Q2) — H'?(T") denotes the usual trace operator, see [1], and (-, -)q
and (-,-)r, denote the Lo-scalar products over Q2 and I'y, respectively. Due to
the properties of the material coefficient a € L. (£2) the bilinear form

ag(-,-) : HY(Q) x H'(Q) = R
is bounded and coercive on V, i.e. there are constants m, M > 0 such that
lao(u, v)| < Mlullm@llvllm@ and ag(v,v) > mlv]ig),

for all u,v € V.C HY(Q). Since £(-) : H*(2) — R is also bounded on V, the
variational formulation (2) admits a unique solution according to the lemma of
Lax-Milgram, see [7]. Due to the boundedness and coercivity of the bilinear
form, the energy norm || - || = \/aq(-, ) is equivalent to the usual Sobolev norm
H . HHl(Q) on V.

The next step in finite element methods is to discretize the domain € and to
introduce a finite dimensional subspace V}, of V such that we obtain a discrete
Galerkin formulation which turns into a system of linear equations. The intro-
duction of V}, and the set up of the system are addressed in Section 3. At this
point, we discuss the discretization of the domain. As we have mentioned at the
beginning, we allow arbitrary polyhedral meshes with polygonal faces that fulfill
some regularity and stability conditions.

A discretization of the domain or also called mesh is denoted by /C;, and it consists
of polyhedral elements K € K}, polygonal faces F' € Fy,, edges E € &, and nodes
2 € Ny, where Fj,, &, and N, are the sets of faces, edges and nodes in the
mesh. With N, p, we indicate the nodes which lie on I'p or on the transition
lines between the Dirichlet and Neumann boundary. The sets of nodes, edges and
faces which belong to an element K € K, are labeled N(K), £(K) and F(K),
respectively. In the same manner, we define N (F) and E(F) for F' € F}, as the
sets of the corresponding nodes and edges. The elements, faces and edges are
assumed to be three, two and one dimensional open sets. The diameter of an
element K € Ky, a face F' € Fj, and the length of an edge E € &, are denoted
by hg, hr and hg, respectively.

Definition 1. A set of faces Fj, is called regular if all faces are flat and there
is a constant oz such that every face F' € Fj, is star-shaped with respect to a
circle inscribed in F' with radius pr and center zp and the aspect ratio hp/pp is
uniformly bounded from above by o for all F' € F},.



Definition 2. A mesh K, is called regular if the associated set of faces Fj, is
regular and if there is a constant ox such that every element K € K is star-
shaped with respect to a ball inscribed in K with radius px and center zx and
the aspect ratio hy /px is uniformly bounded from above by oy for all K € KCp,.

Definition 3. A mesh K, is called stable if there is a constant cx such that for
every K € K, the estimate hy < ¢chg for all E € £(K) holds true.

In the following, we always consider regular and stable meshes ;. Note that the
elements are star-shaped with respect to a ball and thus non-convex elements are
allowed in the discretization. Nevertheless, each element is a Lipschitz domain
by itself and we have

hg < hp < hg < cche < cchp

for K € K, and all F' € F(K) and E € E(F).
An alternative approach to the finite element method is the so called boundary
element method. In the case of a constant material parameter a(-) and vanishing
right hand side f in (1) we end up with the Laplace equation. We consider this
equation on an arbitrary element K € K} and prescribe some Dirichlet data on
the boundary, i.e.

—Au =0 in K,

u=g onJK. 3)

With the help of the so called fundamental solution of minus the Laplacian, which

1s
1

Ar|z —y|

U*(z,y) = for z,y € R3,

the usual trace operator 4 : H'(K) — H'Y?(0K) as well as the conormal
derivative, which takes the form

vy = ng - /EVv € HV2(OK)

for sufficient regular v and the outer unite normal vector ngx to 0K, we have the
representation formula

u(z) = /U*(x,y)’leu(y) dsy — /”yfyU*(:L’,y)'yoKu(y) ds, forxe K. (4)
oK K

Applying the trace and the conormal derivative operators to this formula, it is
possible to derive the relation between the Dirichlet datum 4« and the Neumann
datum vXu on OK. Tt is

Tu=Skyu with Sk=Vy (I+Kg), (5)



where the operator
Sk : HY?(0K) — H™Y*(0K)

is called Steklov-Poincaré operator. Here, we have used the standard boundary
integral operators which are well studied, see e.g. [19, 22]. For z € 0K, we have
the single-layer potential operator

(ViO)(x) = A / U (2, y)C(y) ds, for ¢ € H™V2(0K)
oK

as well as the double-layer potential operator

(Kx6)(x) = lim / AV U (2, y)E(y) ds, for € € HY2(OK),

e—0
YEOK:|y—z|>e
In the numerical realization, these operators have to be approximated. For this
reason, a Galerkin scheme is utilized on the boundary K. The first step is to
discretize the boundary of K with an admissible triangulation. The boundary
mesh is denoted by Bj, = Bj,(K) and its elements, the triangles, by T". The set of
nodes is labeled M;, = M, (K). For each T € By, we define a function

1, inT

=< and set Oy ={r: T € B},
0, else

which is a basis of the space of piecewise constant functions over the mesh By,. It is

span ®y C H~'/?(9K), and thus we use this discrete space for the approximation

of the Neumann trace. Additionally, we define for z € M,, a function

1, at z
@, = « linear, on T € By, and set Op ={p.:z€ Mp}. (6)
0, at v € My, \ {z}

These functions form a basis of the space of piecewise linear and globally contin-
uous functions over the boundary K. Therefore, it is span ¥, ¢ H'/?(0K) and
we use this discrete space for the approximation of the Dirichlet trace.

In the boundary value problem (3) the Dirichlet datum g € HY/?(0K) is given
and we approximate it by g, € span ®p. This datum is used in a discrete Galerkin
formulation for (5)

Seek t, € span Py : (VKth,QS‘)LQ(aK) = ((%I + KK) gh’ﬂ)LQ(aK) Vi € by

to approximate the unknown Neumann datum t = v¥u € H~/2(0K). Due to
the properties of the boundary integral operators, the variational formulation has
a unique solution. The representations

th= Y tr and  gi= Y g

TED N pedp



yield the system of linear equations

Vint, = (Mg + Kip) 9,

where the underline refers to the coefficient vector, e.g. t, = (¢;),cq,- The
matrices are defined as

Vin = <(VK7-7 19)L2(8K)>

ﬂEq)N,TGCDN

and

Mg,n = ((@aﬁ)Lg(aK)) , Kgn = <(KK90719)L2(8K))

Yedn,pedp Yed N, pedp

After the computation of ¢,, we use the approximations g, € span®p of the
Dirichlet datum and t;, € span ®y of the Neumann datum in the representation
formula (4) to obtain an approximation of the exact solution u of (3) in K.

3 BEM-based FEM in 3D

In this section, we discuss the generalization of the BEM-based finite element
method studied for the two dimensional case in [21, 24]. So, we address the def-
inition of trial functions on meshes with polyhedral elements which satisfy the
regularity of Definition 2. These functions are used to construct an approxima-
tion space V}, which can be utilized in the discrete Galerkin formulation of the
finite element method. The idea of the BEM-based FEM is to define the trial
functions implicitly on each element as local solutions of the underlying differen-
tial equation. Here, the coefficients are approximated by piecewise constants and
the right hand side is neglected, see [8]. For our model problem, we end up with
the Laplace equation.

In order to get a nodal basis of V},, we declare for each node z € N, a trial
function v, which is equal to one in z and zero in all other nodes of the mesh.
In [21, 24], the authors used linear data on the edges for the two dimensional
case. So more precise, they defined 1, as unique solution of

—AY, =0 in K for all elements K,
1 forx=z
Y.(z) =
0 for all other nodes x
1, is linear on each edge of K,
where the elements K are convex polygons. In the case of polyhedral elements
with triangulated surfaces, we can get a straightforward generalization by replac-

ing the word ‘edge’ by ‘triangular face’. This strategy is chosen in the present
literature [9, 16, 17].



To handle arbitrary polygonal faces of the polyhedral elements, we follow another
strategy. If we look again into the two dimensional case, we observe that the val-
ues of the trial functions are fixed in the nodes and extended uniquely along the
edges by linear functions. This linear extension is nothing else than an harmonic
extension along the edge and thus the trial function is also defined on the edges
according to the underlying differential equation. Therefore, we propose a step-
wise construction for the trial functions in the case of polyhedral elements with
polygonal faces as sketched in Figure 1.

/00

v €{0,1} App=1" =0 Agh =0 Azyp =0

Figure 1: Stepwise construction of trial functions

Denoting the i-dimensional Laplace operator by A;, we define the trial func-
tion 1),, which belongs to z € N}, as unique solution of

—A3Y, =0 in K forall K € Ky,
—Agp, =0 in F forall F € F,
—A1, =0 in E forall F €&,

1 forx==z2
Mx):{o forz € i\ {z} '

where the Laplace operators have to be understood in the corresponding linear
parameter spaces. So, the values in the nodes are prescribed. Afterwards, we
solve a Dirichlet problem for the Laplace equation on each edge. Then, we use
the computed data as Dirichlet datum for the Laplace problem on each face,
and finally we proceed with the Laplace problem on each element, where the
solutions on the faces are used as boundary values. In the case of convex faces
and elements, these problems are understood in the classical sense and we have
Y, € C2(K) N C°(K). In the more general situation of non-convex elements, the
weak solution is considered such that we have at least ¢, € H'(K).

Remark 1. The novel inside into the BEM-based FEM is to define the trial
function implicitly on the edges, faces, and elements and not only, as in previous



publications, on the element level. In particular, considering a Helmholtz or
convection-diffusion equation, the trial functions already become non-linear on
the edges and the properties of the differential equation are build into the trial
functions on all levels, on the edges, faces, and elements.

We set
U, ={¢,:2€N,} aswellas Up={u,:2€N,p},

and we introduce the trial space
Vi, =spanV¥  with W =W, \ Up.

According to the regularity of the trial functions inside the elements and their
continuity across the element boundaries, the trial space is conforming in the
sense of V, C V. The discrete version of the Galerkin formulation (2) for the
approximation uy of the exact solution u with u, = ug, + upp, and

Uop, = Z By € Vi, as well as upy = Z By

Ppew YeEWp

reads

> Buaa(w, ) = (£, @)+ (gn, S)ry — Y Byaa(t,¢) for p € T,

pew Pevp

where upy, is the discrete extension of the boundary data gp in the model prob-
lem (1). In the representations of ug, and upy, the same symbol S, is used for
the coefficients, but there should be no confusion since VN V¥, = &.

If there are only triangular faces of the polyhedra, the definition of the trial space
agrees with the former generalization. Otherwise, we have to solve additional
Dirichlet boundary value problems on the faces of the elements. This can be
done by the help of a two dimensional boundary element method. Nevertheless,
we propose to use a 2D finite element method on triangular meshes of the faces.
For each ' € Fj, we introduce a mesh B, (F) of level I. The coarsest mesh
with [ = 0 is obtained by connecting the nodes z € N (F) with the point zp,
which is fixed once per face according to Definition 1. Afterwards, the meshes
of level [ > 1 are defined recursively by splitting each triangle of the previous
level into four similar triangles. So, the midpoints of the sides of a triangle are
connected successively, see Figure 2. The set of nodes in the triangular mesh is
denoted by M, (F'). Obviously, we can combine the discretizations of the faces
to a triangulation of the whole surface of an element K € K}, by setting

Bi(K)= | BuF) and Mu(K)= [J Mu(F).
)

FeF(K) FeF(K

Due to the construction, the surface mesh By (K) is conforming. Now, we address
the approximation of the trace of a trial function 1., 2 € A}, on a face F € F},



Figure 2: Polyhedral element with surface triangulations of level [ = 0,1, 2

with z € N(F). For the finite element computations on the face, we have to use
a further trial space. Here, we utilize the usual basis ®p(F') of piecewise linear
and continuous functions. It is

Op(F) = {p.: 2 € Mu(F)},
compare (6). We approximate the trace of the trial function v, by

9= > g0

PEDp(F)

where the coefficients g, which belong to ¢ = ¢, with x € JF are fixed such
that g coincides with the piecewise linear data of 1, on the edges of the face F.
Consequently, we obtain the discrete Galerkin formulation

Seek gf" Z g%/V%-Vgoy:O, Yy € My(F) :y & OF,
F

zEMp(F)

for the approximation of the trace of ¥, on F € F,, where z € N(F). This
discrete variational formulation admits a unique solution and the corresponding
system of linear equations can be solved by a conjugate gradient method, for
example. Changing the level of the face discretization, the accuracy of the finite
element approximation can be adapted.

Remark 2. In the case of another differential equation like for Helmholtz or
convection-diffusion problems, we should choose a mesh level [ > 1 for the faces.
This automatically implies a discretization of the edges which can be used to
handle the non-linear data of the trial functions along the edges in the 2D finite
element method on the faces.

To get an approximation gX of the trace of ¢, on the whole boundary of an
element K € K, the Dirichlet problems on the faces F' € F(K) are solved
successively. Afterwards, these approximations are combined to

g = Y gop with @p(K)= (] @p(F).
we®p(K) FeF(K)



Thus, we obtain a piecewise linear and globally continuous approximation of
the Dirichlet trace {1, over the surface triangulation By (K). In the numerics,
we use this approximated datum instead of the exact boundary values of the
trial functions to define 1,. Therefore, we only obtain approximations of the
introduced trial functions and we rather work with an approximated space V; of
Vj, than with V}, directly. Let us define

U ={yL:2€N,} aswellas Up;={¢YL:2€N,p},
where 1! is the unique solution of

~AYl =0 in K,
Y=g ondK

for all K € K. Additionally, we set
Vi=spanV¥ with V=W, \¥p,

and obtain another conforming approximation space V; C V which depends on
the auxiliary triangulations of the faces and especially on their discretization
level [. The trial function 1. approximates the function 1,. If it is clear from
the context which function is meant and the level is not important, we skeep the
index [ in the following.

In the computational realization, we actually solve the discrete Galerkin method
which is obtained by exchanging V},, ¥;, and ¥p by V;, ¥; and ¥p; in the discrete
variational formulation above. That means, we seek an approximation wu; of the
exact solution v with u; = ug; + up; and

ug =Y By €Vi aswellas up = » Pyt (7)
Pew ET D,
fulfilling
Z@,ﬁ aa(y,d) = (f,d)a + (gn, d)ry — Z Byag(v,¢) forgpe W,  (8)
pev Ye¥p,

where up; is a discrete extension of the boundary data gp and ¥ = U, \ ¥p,.

The next task is to discuss the approximation of the several terms in the discrete
Galerkin formulation. The Lo-scalar product over the Neuman boundary is rather
simple. The trial functions are given as piecewise linear on a triangulation of ' .
Therefore, a standard Gaussian quadrature can be used on each triangle. To han-
dle the Lo-scalar product over €2, we use a quadrature over polyhedral elements.
This can be done by refining the element into tetrahedra or by using directly a
numerical integration scheme for polyhedral domains, see [20]. The evaluations

10



of the trial functions are realized with the help of boundary element methods.
Thus, the Neumann traces of the trial functions have to be approximated.
At this point, it becomes clear why we have chosen a finite element discretization
of the faces. The surface mesh By, (K) and the trial functions on the boundary 0K
for the two dimensional finite element method fit into the theory of the boundary
element method reviewed in Section 2. Following the ideas given there, we obtain
an approximation tX of the Neumann trace v{*1), in the form

tf = Z tTT with tf = V}}}h<%MK,h + KK,h)gf‘ (9)

TG‘I)N(K)

For each element K € K, the approximations of the Dirichlet and Neumann
traces of the trial functions ¢, with z € N(K) are gathered in the matrices

DK=<9K

) and Nk = (tf >
-z 2eN(K)

2eN(K)

such that each column corresponds to the datum of one v,. The relation (9)
turns into

Nig = Vl_(jlh(%MKﬁ + KK,h)DK.
For a better understanding, we give the dimensions of the matrices
Vi, € RIBREIXIBLE)| Dy € RMrE)IXIVE)

K, € RIEF)XIM () Ny € RIBHEIXING)] (10)
M), € RIEF)XIMAE)]

In the global finite element computation, the number of degrees of freedom which
correspond to the element K is |[N(K)|. For the local computations, we use
|B1,(K)| degrees of freedom to approximate the Neumann trace of each trial func-
tion and the Dirichlet trace is represented by |M;(K)| coefficients. Obviously,
we have

N < IMu(K)[ and  |F(K)| < [Bu(K)].

Since we know how to approximate the Dirichlet and Neumann data of the trial
functions on the element boundaries, we can use the representation formula (4)
to get an approximation inside the elements.

Finally, we consider the approximation of the bilinear form agq(-,-). We assume
that the material coefficient is constant on each element such that

a(x) =ax forx € K and K € K,
or it is approximated by a piecewise constant function. Let v, ¢ € U, it is

aa(,¢) = Y ax [ VY -Vo= > a—K( W é+ | 1o )
/ ([ totes |

KeKy, KeKy, K K

11



according to Green’s first identity and since 1 as well as ¢ are harmonic on each
element K € K. Obviously, there are z, 2 € N}, such that ¢ = ¢, and ¢ = 1,
and if there is no K € K, with x, 2 € N(K), we have aq(¢, $) = 0. On the other
hand, for each K € K, with x,2z € N(K) we get the approximations g, g for
the Dirichlet traces and t& ¢X for the Neumann traces of the trial functions 1,

and v, out of the matrices Dy and Nk, respectively. For the integrals in the
representation of the bilinear form above, we choose the approximation

/’Vf(wz%g(wz %/ = Z Z gcp T, ) L2 (0K) = (éf)TMK,h Qf

oK oK TE€P N (K) <pe<I>DK)

with the mass matrix M, defined as in Section 2. This yields the symmetric
approximation

aolte ) = Y S ((¢5) M g + () Miag®) . ()

KeKy,

where the coefficient vectors are identical to zero if x € N(K) and z ¢ N(K),
respectively. Consequently, we use the local matrix

Ni Mg, D € RVUEOIXINE)]

for each K € K}, to set up the global finite element matrix. Due to the symmetric
approximation (11) of the bilinear form, we obtain a symmetric system matrix
in the finite element method which is sparse and positive definite. Therefore, the
conjugate gradient method is applied to get the solution of the system of linear
equations.

Remark 3. Before the finite element matrix is set up, it is necessary to compute
the approximations of the Dirichlet problems on the faces and to get the Neumann
traces. This is done in a preprocessing step where first the 2D finite element
approximations on the faces and afterwards the boundary integral matrices as
well as the Neumann traces are computed. Each step is fully parallelizable since
the problems on the faces as well as those on the elements are independent from
each other.

4 Convergence estimates

Let u = ug+up be the solution of the model problem obtained by the variational
formulation (2) and u; = ug + up; its Galerkin approximation gained by (7)
and (8) with the approximated trial space V;. We assume that the extension of
the Dirichlet datum ¢gp can be chosen such that up = up; € spanV¥;. In this
section, our goal is to introduce an interpolation operator J; : H*(2) — span ¥,
such that

v = Jwllgq) < chlvlpeg for ve H(Q), (12)

12



where h = max{hg : K € K,}. The definition of an interpolation operator with
this approximation property is a non-trivial task. However, it is an important tool
for theoretical considerations and it enables us to prove the following convergence
estimates.

Theorem 1. Let IC;, be a regular and stable mesh of a bounded polyhedral domain
Q C R3. Then, it is

| —wl| g ) < chlulpzq) forue HZ(Q),

where the constant ¢ only depends on the reqularity and stability parameters of
the mesh and on the level [.

Proof. Since V; C V is a conforming approximation space, we can apply Céa’s

lemma, see [7], which yields

— < — i — < — -7
lu —wl| ) < i | — vl £ — [Ju— Jullg o),

where we used J;u € up; + V; with the notation
upr+ Vi ={v +up : v € Vi} Cspan¥,.
The property (12) of the interpolation operator finishes the proof. ]

Remark 4. For the estimate in the theorem, we have implicitly assumed that
there are no errors in the evaluation of the bilinear form and the right hand side of
the Galerkin formulation. The case of approximate data f, gp, gy in the discrete
problem can be treated in the usual way, where the Strang lemma is used instead
of Céa’s lemma, see [7].

The change of the norm in which the finite element error is measured gives an
additional power of A if the adjoint variational formulation admits a sufficiently
regular solution.

Theorem 2. Let Kj, be a reqular mesh of a bounded polyhedral domain Q C R3.
Under the condition that for any g € Lo(S2) there is a unique solution of

Seeckw eV : ag(v,w)=(g9,v)q, YveV,
with w € H*(Q) such that
wlaz@) < CllglLa@),
it s
lu— wl|r,) < ch®|ulpzq)  for u € H* (),

where the constant ¢ only depends on the reqularity and stability parameters of
the mesh and on the level [.

13



Proof. We use the usual Aubin-Nitsche trick, see [7]. Since u —u; € V' C Ly(Q)
and due to the preliminaries of the theorem, there is a unique function w € H?(Q)
such that

ag(v,w) = (u —u,v)g forveV

and
|w|H2(Q) < Cllu - “l“Lz(Q)-

The Galerkin orthogonality
ag(u —up,v) =0 forv €V
and the continuity of the bilinear form yield for arbitrary v, € V,

lu —wlli,0 = (u—w,u—wo=ao(u—u,w)
= CLQ(U — U, w — Ul) < M Hu - ulHHl(Q)Hw - Ul”Hl(Q).

The two terms on the right hand side are estimated separately. For the second
one, we choose v; = Jyw € V; and obtain with (12)

Hw — jleHl(Q) S Ch‘w‘}p(g) S chHu — ulHLQ(Q).

The first term ||u—1w|| g1 (), which is the approximation error of the finite element
method in the H'-norm, is treated by Theorem 1. Finally, we obtain

lu — w7, ) < eMP? [u] g2 lu — w|Lyo).
Dividing by ||u — w||£,(q) yields the desired estimate. O

The rest of this section is devoted to give an appropriate interpolation operator.
Since H2()) C C°(Q) according to the Sobolev embedding theorem, see [6], the
pointwise evaluation of a function v € H%() is well defined and we can utilize a
nodal interpolation operator. We set

T = Z app  with  ay, =v(z) for z € N,.
pel;

As in [21], we start studying the properties of the interpolation operator over one
element K € K. Consequently, we are just interested in the linear combination
of trial functions which belong to nodes in N (K).

Lemma 1. The restriction of the interpolation operator J; to an element K € Ky,
fulfills J;p = p on K for each linear polynomial p € P'(K).

Proof. Let p € PY(K). Obviously, the restriction of p to each face F € F(K)
and all the edges E € £(F) is linear. Due to the definition of the trial functions
Yl € W for 2 € N(F) and the nodal interpolation, p and J;p coincide on the
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polygonal boundary OF of the face F' and both fulfill the weak formulation of the
two dimensional Laplace equation in the parameter space of the face F' € F(K).
Since the Galerkin formulation for the Dirichlet problem of the Laplace equation
admits a unique solution, the linear function p and its interpolation J;p coincide
on all faces F' € F(K). With the same argument, we obtain J;p = p in K since
p and J;p agree on 0K and fulfill the Laplace equation in K. O]

The proof of the next lemma makes use of an auxiliary discretization of the
element into tetrahedra. For this reason, we connect all nodes in the triangu-
lation By (K) of 0K with the center zx from Definition 2. Such a constructed
tetrahedra is denoted by Tie in the following.

Proposition 1. The auxiliary discretization of an element into tetrahedra, as
described above, is regular in the classical sense of finite element methods. So,
netghbouring tetrahedra either share a common node, edge or triangular face and
the aspect ratio of their diameter hr,,, and the radius pr,, of their insphere is
bounded uniformly from above, i.e. hr.,/pr. < Otet- Here, oo only depends on
the reqularity and stability parameters of Definitions 2 and 3 and on the level [
in the face discretization.

Proof. For an arbitrary tetrahedron, we have the relation

p . 3Wet
tet — T4 >
Atet

where Viy i1s the volume and A is the surface area of the tetrahedron. This
relation is seen as follows. The insphere is perpendicular to the faces of the
tetrahedron and thus Vi is equal to the sum of the volumes Viei i, 2 = 1,...,4, of
the four tetrahedrons obtained by connecting the vertexes with the center of the
insphere. Each volume is computed as Vie;,; = %ptet!Ti\, where T; is the triangle
on the surface of the initial tetrahedron. Consequently, it is

Viet = Z Viet g = Z 3ptet|T| ptetAtet

i=1

Let K € K, be an element of a regular and stable mesh. First, we study the
case | = 0, where only one node per face is added for the triangulation of the
element surface. We consider the auxiliary discretization and choose an arbitrary
tetrahedron Tie with corresponding triangle 7' € By (F) in some face F' € F(K)
and with an edge F € E(F) such that £ C T'NOF. A rough estimate for the
surface area of this tetrahedron is

42
Atet —Z|T| Z—K = 2h3%,.
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Let dist(zx,T') be the distance of the center zx to the triangle 7" and let hrg be
the hight of the triangle T over the edge E. For the volume of T;., we have

1 1
Vcet = gdlst(ZK7T)|T| = édist(ZK,T)hTEhE.

Since the faces of the element K and the element itself are star-shaped with
respect to circles and a ball according to Definitions 1 and 2, it is pr < hrp as
well as px < dist(zg, T). Consequently, we obtain

hxhphg >

3
h/E-
OKOF 60,(0]:

1
Viet > = hg >
tt_6PKPF E_6

This yields together with the stability in Definition 3

h hr. A doxorhs
Thet _ Tiet < 1tet < K :;7'— K < 40_IC0]-'C]3C~
PTiet BWet hE

In the case [ > 1, the volume Vi gets smaller. The triangle T C F € F(K) is
obtained by successive splitting of an initial triangle Tj of the mesh with level zero.
Due to the construction, these triangles are similar and the relation |T'| = |T;|/4
holds. Taking into account this relation in the considerations above gives the
general estimate

hr, .
< gy With oy = 4 oxopcy-.
PTiet

[]

Lemma 2. Let Kj, be a regular and stable mesh and K € K, with hi = 1. There
exists a constant ¢ which only depends on the reqularity and stability parameters
as well as on the level | such that

|30y < cllvllpzey  for v e H*(K).
Proof. Let v € H*(K). The interpolation J;v fulfills the weak formulation
Findv € HY(K): ~Afv=g, and (V0,Vw),ux =0, Yw e Hy(K)

with a piecewise linear function g, = le| o o0 the boundary. To obtain ho-
mogeneous boundary data, we decompose v = ¥y + ,, where ¥y € Hj(K) and
v, € HY(K) with 70, = g,. According to Proposition 1, the auxiliary dis-
cretization of K into tetrahedra is regular in the classical sense of finite elements
methods. Therefore, we can use the standard interpolation operator on tetra-
hedral meshes for linear trial functions to get some v,. Due to this choice and
since hg =1, it is
lv = Vgl () < Ch |v| 2k,

16



see [7], where the constant C; only depends on the maximal aspect ratio oyc.
The reverse triangular inequality yields

109170y < Ct [vlmzgiey + vl ) < max{1, C1} ||v]|m2(x)-
The function v, fulfills
Find ?)/0 € H&(K) : (Vﬂo . Vw)LQ(K) = —(Vﬂg . Vw)LQ(K), Yw € H&(K)

Since K can be embedded into a cube with side length h g, the Poincaré inequality
in [3] takes the form

lwllzaey < hacluolin ey for w € HE(F).
According to this inequality and since hx = 1, it is

Tol3 0y = 03, 00) + [0l a0y < 21T0l3 x0)-

Due to the variational formulation for vy, we find with the help of the Cauchy-
Schwarz inequality that

[P0l (1) = |(V0g, V00) La(x)| < [Tl 1 a6y [T0] 2 (16

which yields
|50\H1(K) < ||Eg||H1(K)’

The final step in the proof is to combine all estimates as follows

”jl'U”Hl(K) < |’i0‘|H1(K)+"6g‘|H1(K)

< ﬂ!%!mm + [0g [l 2 (0)
< (1 + \/§> 10| 2 (0)
<

max{1,C} <1 + ﬁ) 0]l 272 .

]

Applying all previous considerations, we are able to prove the interpolation error
estimate (12).

Theorem 3. For a regular and stable mesh K, of a bounded polyhedral domain
Q C R3, the interpolation operators J; : H*(Q) — span ¥, fulfills

v = 3wl g < chlvlpe@) forve H* ()

where h = max{hg : K € K} and the constant ¢ only depends on the regqularity
and stability parameters of the mesh and on the level [.
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Proof. Let us start to examine the error over one element K € ;. We scale
this element such that its diameter becomes one. For this, the transformation
T— x=zx+hgr € K is applied and the scaled element is denoted by K. With
the notation v(Z) = v(zx + hx) and the variable transformation in the integrals
of the norms, we obtain for v € H?(K)

32
Wl = 100,

1/2 1~
lm) = h/ v |H1(K)

—1 2
\U|H2(K) = / ’ |H2

and thus U € H%(K).

Let Jl be the interpolation operator with respect to K. Due to the pointwise
interpolation, it does not matter if v is first transformed into ¥ and then interpo-
lated or vice versa, i.e.

0= 3

)

Consequently, we obtain
v — 71“”?{1(1() = |flv- jl’UH%Q(K) + v — jlvhzr{l(K)
= hiv— 315”%2(3) +hK’6_jlmip(f()
since hg < 1. According to the general approximation theory in Sobolev spaces,
see [4], there is a linear polynomial p € P(K) which satisfies
[v jﬂHk < C(k,ox) |ﬁ|H2 gy for k=01 (13)

Due to the scaling, the constant C(k,ox) is independent on the mesh size hg.
Applying Lemmata 1 and 2, we obtain

1T =30z, < 10 =Dl + 15@ =Dl
< (1+¢) Hv—pHHz(K) (14)
< (1—|—C)C(O‘;¢)|6|H2(f()a

where we also have used (13) and the fact that the second derivatives of p vanish.
Comparing the last two estimates and transforming back to the element K yields

||U — JZUHHl < ChK |U H2(R) - Ch%( |U|%—12(K)

In the last step of the proof, we have to sum up this inequality over all elements
of the mesh and apply the square root to it. This gives

1/2
o =Tl <c < > hik |U’§{2(K)> < ch |v|p2(r)

KeKy,

and finishes the proof. O
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5 Numerical experiments

All numerical examples in this section are formulated on the unite cube. As
discretization, we utilize Voronoi meshes which are an example of polyhedral
meshes. In Figure 3, the first meshes of the sequence for the convergence exper-
iments are visualized. We see that the elements are non-trivial polyhedra with
arbitrary polygonal faces. The meshes have been produced by generating random
points according to [12] and constructing the corresponding Voronoi diagram in
accordance with [11]. In the set up of the local boundary element matrices, we
use a semi analytical integration scheme. The inner integral in the Galerkin ma-
trices is evaluated analytically and the outer one is approximated by Gaussian
quadrature.

Figure 3: Sequence of Voronoi meshes

In Table 1, we sketch the number of elements |Kj,| and the number of nodes [N} | in
the different Voronoi meshes. The proposed strategy approximates the solution by
a linear combination of as many trial function as nodes are in the mesh. Therefore,
the number of degrees of freedom in the finite element method is |A,| minus the
number of nodes on the Dirichlet boundary I'p. The method proposed in [§]
needs to triangulate the surfaces of the elements and the number of trial functions
corresponds to the total number of nodes after the triangulation. In Table 1, this
total number of nodes is listed in the case that the faces are triangulated with

Kl Nl 1=0 1=1 [=2

9 46 98 424 1790

76 416 905 4170 18011
712 4186 9081 42446 184170
1316 7850 17013 79676 345903
5606 34427 74457 349663 1519143
26362 164915 356189 1675171 7280603

Table 1: Total number of nodes when working with triangulated surfaces of
different mesh levels [
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N L IMu(E)[ [Bu(EK)|
12 [0 20 36
1 T 144
2 290 576
3 1154 2304
4 4610 9216

Table 2: Number of nodes |M;(K)| and number of triangles |Bj,(K)| in the
surface discretization of the element in Figure 2 for different levels

the level [ = 0,1,2. We recognize that in this situation much more trial functions
and thus degrees of freedom are required in the global computations. Roughly
speaking, the number of nodes doubles if the coarsest discretization of the faces is
used. If a finer triangulation is needed, the number of nodes and thus the number
of degrees of freedom increase ten times for [ = 1 and even more than forty times
for [ = 2. Since the diameter of the elements are equal in all four situations, the
approximation errors of the finite element computations are of the same order.
Therefore, the method proposed in this manuscript is favourable because it has
a smaller system matrix in the global finite element method. The dimension of
this matrix is DoF x DoF, where DoF denotes the number of degrees of freedom
which corresponds to |A}| minus the nodes on the Dirichlet boundary T'p.

In the following, we investigate the influence of the face discretization. These
triangulations of the faces are required to define the approximated trial functions
! € U, on the faces with the help of local, two dimensional finite element
methods. The finer the discretization is chosen the better we approximate the
original trial functions ¢, € ¥;,. Even though, the face discretization does not
blow up the global system matrix, the computational effort for the local problems
increases if the discretization level [ is raised. As one example, we pick the
element K from Figure 2 and list the number of nodes | M, (K)| and the number
of triangles |Bj,(K)| in the surface discretization of K for different levels [ in
Table 2. We remember the dimensions of the matrices in the boundary element
method which are given in (10). The main tasks in the local problems are the
evaluation of the boundary element matrix entries and the inversion of the single
layer potential matrix Vg which gives a local complexity of O(|B,(K)|?).

In the next example, we analyse the rates of convergence for different values of [.

Example 1. Consider the Dirichlet boundary value problem
~Au=0 inQ=(0,1)
u=gp onl
with gp = 7ou such that
u(z) = 2V E=09) cog(2mr(xy — 0.3)) sin(27 (x5 — 0.3)), = € R?
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Figure 4: Relative error in || - || (®) and || - ||z,) (+) with respect to h for

1 =0,1,2 in Example 1 and triangles with slope one and two

is the exact solution. In Figure 4, the approximation errors |u — u||p and
| — un| L,y are given with respect to h = max{hg : K € K5} in a logarithmic
plot for different discretization levels [ = 0, 1,2 of the faces.

This example shows that the discretization level of the faces does not influence
the rates of convergence as we expect from the theory in Section 4. Therefore,
the coarsest face discretization with [ = 0 is sufficient to analyse the convergence
rates in the forthcoming numerical experiments. Due to this choice, the local
complexity in the two dimensional finite element method on the faces F' € Fy,
and the local boundary element methods on the elements K € K, is rather
small. Furthermore, in Figure 4, we recognize linear convergence for the ap-
proximation error measured in the energy norm and quadratic convergence if the
error is measured in the Lo-norm. This is the first numerical experiment in three
space dimensions which confirms the rates of convergence for the BEM-based fi-
nite element method on Voronoi meshes with polyhedral elements and arbitrary
polygonal faces.

Beside the Dirichlet problem for the Laplace equation, we also give examples for
the Poisson problem and the case of a non-constant material parameter.

Example 2. The function u(z) = cos(mx;)sin(27zs) sin(3wxs), z € R? fulfills
the boundary value problem

~Au=f inQ=(0,1)7
u=gp onl
with f = 147%u and gp = ~u fixed. In Figure 5, the errors ||u — u||z and

| — up|| L,y are shown with respect to h = max{hg : K € K} in logarithmic
scale.
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Figure 5: Relative error with respect to h for Example 2 with [ = 0 and triangles
with slope one and two

Example 3. We take the two functions already considered in Example 1 and 2
and label them by u; and ws, respectively. They fulfill the boundary value prob-
lems
—div ((% — X — Ty — iEg)Vui) = f; inQ=(0,1)>
u; = gip onlT

for i = 1,2, where f; and g;p have to be chosen appropriately. In Figure 6, the
approximation errors ||u; — u||g and ||u; — wnl|1,(0) are shown with respect to
h = max{hg : K € K} in logarithmic scale for i = 1, 2.

In the final two examples, we have also obtained optimal rates of convergence
for the finite element approximation which confirm the theoretical results of the
previous section. The BEM-based FEM yields linear convergence in the energy
norm and quadratic convergence in the Lo-norm.

le 4+ 00 E
le—01 } 9
le—02 } 9

le — 01 le+00

Figure 6: Relative error ||u; — ug|| for i = 1 (e) and i = 2 (+) with respect to h
for Example 3 and triangles with slope one and two
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6 Conclusion

The classical convergence rates of finite element methods on simplicial meshes are
recovered by the BEM-based FEM. However, the new methodology benefits from
the flexibility with respect to arbitrary meshes with polyhedral elements having
polygonal faces. This behaviour together with the conforming approximations
makes the BEM-based finite element method an interesting and attractive strat-
egy for ongoing research. Since the trial functions are defined in accordance with
the underlying differential equation, the system of linear equations as well as the
approximations contain already some information of the solution. This property
is advantageous when considering other differential equations like convection-
diffusion, for example, and it has to be investigated further.
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