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Abstract

In this work, we we propose a new Galerkin-Petrov method for the numeri-
cal solution of the classical spatially homogeneous Boltzmann equation. This
method is based on an approximation of the distribution function by associ-
ated Laguerre polynomials and spherical harmonics and test an a variational
manner with globally defined three-dimensional polynomials. A numerical
realisation of the algorithm is presented. The algorithmic developments are
illustrated with the help of several numerical tests.

1 Introduction

In this paper, we propose a new Galerkin-Petrov method for the numerical solution
of the classical spatially homogeneous Boltzmann equation. This method is based on
an approximation of the distribution function by associated Laguerre polynomials
and spherical harmonics. The test functions are polynomials defined globally in R?.
This choice leads to a rapid numerical scheme with a high spectral accuracy for
smooth solutions.

Deterministic methods for the Boltzmann equation have been extensively studied in
the last decades. Overview of these methods can be found, for example, in the book
of V. Aristov [2] and in a more recent review by A. Narayan and A. Kléckner [34].
Since the pioneering work of D. Goldstein, B. Sturtevant and J. E. Broadwell [24],
many authors proposed different ideas on how to derive a discrete version of the
Boltzmann collision operator [35],[43],[46],[41],[36],[37]. In [29] the authors studied
the difference scheme for a mixture of gases. L. Pareschi and G. Russo [39],[40]
considered deterministic spectral methods for the Boltzmann equation based on the
Fourier transform. In our paper, we limit our consideration to a particular class of
deterministic methods, namely, those based on mesh-free Galerkin-Petrov discretisa-
tion. The main difficulty within the deterministic approximation of the Boltzmann
collision integral, besides its high dimensionality, is the fact that a grid for the inte-
gration over the velocity space R? is not suitable for the integration over the set of all
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directions (i.e. the unit sphere S?). In the case of a regular tensor discretisation of
the velocity space with n points in each direction, only O(n) irregularly distributed
integration points would belong to the unit sphere. A. Bobylev, A. Palczewski and
J. Schneider [11] considered this direct approximation of the Boltzmann collision
integral and showed that the corresponding numerical method is consistent. This
method requires O(n”) arithmetical operations per time step and has the formal ac-
curacy of O(n~/2). A. Bobylev and S. Rjasanow considered the case of the Maxwell
pseudo-molecules and utilised an explicit simplification of the Boltzmann equation
for this model of interaction alongside with the Fast Fourier Transform (FFT) to
develop a deterministic numerical method [12], [13]. Their method requires O(n*)
arithmetical operations per time step and achieves the same low formal accuracy
order of O(n~'/?). A similar method was proposed by L. Pareschi and B. Perthame
in [38]. It appears to be the fastest known deterministic numerical method on an
uniform grid. At the same time, its applications are strongly restricted to the case
of Maxwell pseudo-molecules. Considering the case of hard spheres, A. Bobylev and
S. Rjasanow [14] developed an algorithm, where the integration over the unit sphere
is completely separated from the integration over the whole space R®. The resulting
scheme utilises fast evaluation of the generalised Radon and X-Ray transforms via
the FFT and requires O(n® log(n)) operations per time step with the high formal
accuracy of O(n™?). A further development of this approach in [21] led to spectral
schemes for more general collision kernels with a higher efficiency. I. Ibragimov and
S. Rjasanow in [26] used a special form of the Boltzmann collision operator, which
led to a possibility to omit numerical integration over the unit sphere. This idea
was later used by I. M. Gamba and S. H. Tharkabhushanam [22], [23], to handle
the granular inelastic Boltzmann equation. It was developed further in the recent
paper [20] for most general collision cross-section with anisotropic angular scattering
that includes grazing collisions approximating the Landau collision operator. These
methods have also been extended to treat systems of Boltzmann equations for gas
mixtures and multi-energy level gases (see [33], [48]). In these extensions of the
scheme, the Langrange multiplier method is employed to enforce the total conserva-
tion properties associated with the mixture. The first result on error estimates and
convergence to Boltzmann-Maxwell equilibrium states for Lagrangian based conser-
vative spectral methods for the Boltzmann equation with elastic interactions and
hard potential with angular cut-off collision kernels was published in [1]. A survey
of this subject can be found in [19]. While the majority of authors use an uniform
grid in the velocity space, in [25] A. Heintz, P, Kowalczyk and R. Grzhibovskis have
used a non-uniform grid.

Reviews of an already substantial amount of publications on the Discrete Velocity
Models (DVM) for the Boltzmann equation can be found in [6] and in [8]. Con-
structive ideas in this area have been recently proposed by H. Babowsky and his
co-authors in [3],[4]. Two recent ideas regarding the deterministic solution of the
Boltzmann equation are the use of the Galerkin schemes based on global basis func-
tions (see unpublished manuscripts [18],[28]) and the approximation by means of
three-dimensional algebraic tensors [27],[5]. We refer to the recent monograph by
B. Shizgal [45] devoted to the spectral methods and an enormous amount of cited
literature therein. The approach most similar to ours can be found in [16]. Its



realisation for a rather simple isotropic situation is published in [17].

This paper is organised as follows. In Section 2, we give a short description of
an initial value problem for the Boltzmann equation and present different collision
kernels. In Section 3, an abstract version of Galerkin-Petrov method for a general
bilinear operator is formulated. We describe a set of basis and test functions in
terms of classical polynomials and spherical harmonics. Furthermore, the mass
and collision matrices are presented in all details. A numerical realisation of the
algorithm is described in Section 4. Here, we use a numerical integration for the
entries of the mass and collision matrices and describe possible time integration
schemes. Finally, in Section 5, we present the results of numerical computations
done by the new method for different initial value problems and different collision
kernels. Conclusions and an outlook can be found in Section 6.

2 Boltzmann equation

We consider the initial value problem for the classical spatially homogeneous Boltz-
mann equation

5/ (60) = Q) v), teRy, veR’, (1)
which describes the time evolution of the probability density
f: R xR =R,
from its initial value
f(O,U) = fo(U)
to the final Maxwell distribution
v —Vo|?

. . _ Po 2T

tli{g; f(t,’U) - fM(U) - (27TT0)3/2 € 0 : (2)
The right-hand side of the equation (1), known as the collision integral or the collision
term, has the form

Q0o = [ [ B (560500 - Feosew)dedo. @)

R3 S2

Here v,w € R3 are the post-collision velocities, e € S? C R? is a unit vector,
v, w' € R? are the pre-collision velocities, and B(v, w, e) is the collision kernel. The
operator Q(f, f) represents the change of the distribution function f due to the
binary collisions between particles. A single collision results in the change of the
velocities of the colliding partners

vw' = vw. (4)

The reversible or elastic collision transformation (4) conserves the momentum and
the energy
vdw=v+uw, |+ =+, (5)
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implying that the post- and pre-collisional relative velocities u = v — w and v’ =
v — w', respectively, have the same magnitude, i.e. |u'| = |u|. The renormalised
pre-collisional relative velocity u defines the scattering direction denoted by the unit
vector e, namely

e=u'|u|™t =u|ul".

In particular, the conservative exchange of binary states (5) can be written in the
following centre of mass - relative velocity coordinates form

1 1
v’:§< +w+|u|e>, w’:§< +w—|u|e), e S%.
In this frame of reference, the collision kernel, or transition probability rate from

the pre to post states, is, in general, a mapping
B : R*xR*xS* 5 R,. (6)

It usually is written in a form of a product of a power function of the relative speed
and a scattering angular function

B@wug:Bme“@>:cum%<W”v, —3<A<1. (7)

Jul [ul

These kernels include hard spheres (A = 1 and b = 1), hard potentials (0 < A < 1),
Maxwell pseudo-molecules (A = 0), and soft potentials models (=3 < A < 0). In
addition, the weak formulation associated to the Boltzmann equation can be derived
using the binary structure, the conservative collision law, and the the symmetries
of the collision kernel with respect to the exchange of variables (6). This weak form
reads

%/ﬂmm@m:/Mﬂmmwwm

(®)
- / / F(t,0)f(t,w) /Bw,w,e) (w(v) +w(w) = 9(v) = b(w)) de dw do
SQ

R3 R3

for any test function 1 that makes this integral finite. Note that in this weak
formulation ¢(v") and ¥ (w’) are the evaluations in the post-collisional velocities.
This is what subtlety marks the stability of the Boltzmann equation through the
H-Theorem given below. Taking 1) € span{1,v, |v|*} and using the elastic exchange
of coordinates (5), the following conserved quantities are found

1 1 0
2 2
RS d R? |v] 0

Thus, the functions from the set {1,v, |v|*} are called collision invariants.



Finally, we recall the H-theorem that can be obtained by testing with ¢ = f(t, ).
If f ¢ Cl((o, oo),Ll(R3)), then

%/f(t,v) In £(t, 0) dv—/@(f,f)(t,v) In £(t,v) dv

- / (f@0)fw't) = f,t)f ) 112((;:(% /;ft)); (S)U ltl;))))

R3 xR3 x .52

B(v,w, e)dedwdv < 0.

As anticipated in (2), the Boltzmann H-theorem ensures that the unique stationary
equilibrium state is a Maxwell distribution, whose moments are the the same as
those of the initial state. In addition, this stationary equilibrium state is stable
with convergence rates depending on the potential rates A and the integrability
properties of the angular part b. We assume that the angular part b of the collision
kernel is integrable over e € S2. If, in addition, the angular function b is bounded,
this condition is referred as the Grad’s cut-off. The integrability condition of the
angular part b implies that the collision operator Q(f, f) splits into a difference of
two positive operators,

Q(fa f)(t,?}) = Q+(fa f)(tvv) - Q_(f7 f)(t7v) = Q+(f7 f)(tvv) - f(tvv) V(t,v),
where

@ (N0 = [ [ B st w) dedu
R3 S2
is the gain operator, and

Q (. N)(t,v) = f(t,v) v(t,v)
is the loss operator, provided that the collision frequency integral

v(t,v) ://B(v,w,e)f(t,w) de dw

R3 S2

is well defined. Without loss of generality, we assume

i b((zrééf))de:%/b(cos&)sin@dezl. 9)
52 -

It is important to point out, that the case A = —3, corresponding to the Coulomb in-
teraction, can not be modelled by the Boltzmann equation if the function b(cos ) =
cos((u, e)|u|™! is integrable. This is due to the divergence of the integral of f x |u|™3
in 3-dimensions for any integrable f(¢,-) in v-space. The loss operator Q~(f, f) is
not well defined in this case.

We will also consider the special forms of isotropic cut-off kernel B, namely the
Variable Hard Spheres model (VHS), see [7]. In this model the angular dependence
of the scattering is isotropic, i.e. independent of the scattering angle

B(v,w,e) = Cy|ul*, —-3<A<1. (10)
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Our approach can be extended to treat many interesting non-cut-off collision kernels,
in which the angular scattering function b(cos(f)) becomes singular as the scattering
angle # approaches zero, or equivalently

(u, €)

cosf = —~=

o 1. (11)

This limit can be associated to a singular behaviour for near grazing collisions cor-
responding to interactions where v' ~ v and w ~ w. Indeed, by the conservative
interaction law the relation

1 —cosf
o —of? = !~ wf? = uft =0 (12)
or equivalently
0
[V —v| = |w —w| = |u|sin§

holds. This implies, that [v" — v| & 0 is equivalent to sin(6/2) ~ 0 independently on
the norm of the relative speed |u|.

While we will not cover the non cut-off case in this study. We expect, however,
that an application of our proposed Galerkin-Petrov scheme will address this case
as well. It can be done along the lines of the references [47], [49], where a classical
Discontinuous Galerkin, or a non-conformal Finite Element Method, was developed
to compute the spectrum of the linearised Boltzmann equation for angular non cut-
off scattering kernels ranging from hard to soft potentials.

The computational approach for the non cut-off case in these studies uses the weak
formulation (8) with the second order Taylor expansion of the test function terms
©(v") — p(v). This makes it possible to perform the cancellation of non-integral
angular singularities analytically, i.e. by means of the relation (12). Thus, a sound
numerical scheme, which is able to handle proper Rayleigh quotients, is formulated.
A novel way to numerically compute Rayleigh quotients for solutions of the linearised
radial Landau equation by means of Laguerre polynomial expansion can be found in
a recent publication [10]. This work relates to our Galerkin Method approach, since
it indicates, that we can handle the spectral analysis of general, non-radial solutions
of both the linearised Boltzmann and Landau equations. We will elaborate on this
feature of the method in an upcoming paper.

The fast solver derived in this paper can be used to compute anisotropic collisions for
grazing limits. This allows for obtaining approximation rates of the Landau operator
by a sequence of Boltzmann operators, similarly as it was done in [20], where a
spectral Lagrangian constrains method was employed. One starts by solving the
initial value problem for the non-linear Boltzmann equation (1)-(3) in 3-dimensions
in velocity space with the Coulomb interaction (A = —3). The collision kernels are
given by a 2-parameter family (e,d) € (0, 1] x [0, 2) of cut-off angular cross sections
as

4 1
B IL S in .
21 Hs(sin(g/2)) cos3t9 6 cos 0>sin(e/2)

bg((u’ e)) = b (cosf) =

Jul

(13)



with

logxz, ford=0,
H5<x>={ ; (14)

—?, for0<d<2.

Note that the case 6 = 0 corresponds to the Rutherford cross section. The cor-
responding Landau operator limit is independent of the angular scattering cross
section #°. Omitting the time variable, it can be written as

U R U

Qulr. N =div,( [l (1= 50 (F0) VS (0) - F0)Vas(w)) du)

[ul?

The value § = 0 is the smallest possible exponent when it is possible to obtain the
Landau equation. For any value § > 2, however, it is impossible to control the
higher terms of the expansion (see [20]). This particular case will be the subject of
our study an upcoming paper.

3 Galerkin-Petrov approximation

Let V be a space of functions with three independent variables and
Q: VxV-=>V (15)

a bilinear operator. Let
f: R, xR*=R

be a time dependent function with
f(t,) eV forallteR,.
We consider an initial value problem

fe=Q(f, f), fort>0, f(0,-)=fo. (16)

By the use of a finite dimensional subspace V,, of the space V having a basis

(I):<S017"'780n>7 (17)
we consider an approximation of the function f in the form
f=0f=>" fip;, [eR" (18)
j=1
Furthermore, let
vV, CV*

be a finite dimensional subspace of the space V* of distributions over V having a
basis

U= <¢1,...,wn>. (19)
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Then the Galerkin-Petrov scheme for the equation (16) reads as follows. Find
f™(t,-) € V,, such that the Galerkin-Petrov equations

d
7 <), 0 > =< QU ), fE ) >, =1 m (20)
with the initial condition

< f0,), ¢ >=< fo, i >, i=1,....n (21)

are satisfied for ¢ > 0. Here, the brackets < -, - > denote the action of the distribution
Y; € V* on a function from V. The system (20) is in fact a system of ordinary
differential equations for the time-dependent coefficients f; of the vector f € R".
By the use of the bilinear structure of the operator @), we get a shorter form of the
system (20)

d .

(Mf®) =fOTQif®), i=1m (22)
and

Mf©O)=f,, (f,),=</Toti>, i=1...,n.

The matrices @); have the entries of the following form
Qilk, ] =< Qo) i >, i,k l=1,....n,
while the mass matrix M is defined as
Mli,jl =< ;i >, i,j=1,...,n.

Turning back to the Boltzmann equation, we assume that the initial condition fy
belongs to the Schwartz space S of infinitely smooth functions all of whose derivatives
are rapidly decreasing. Then the solution f of the Boltzmann equation f(¢,-) is
again a Schwartz space function for all times ¢, see [15]. Thus, the basis functions
¢, belong to the subspace

S, =span® C S.

The dual space S* is the space of tempered distributions. The space S* contains
among others polynomials of arbitrary degree.

3.1 Basis functions

In this subsection, we introduce a set of globally defined basis functions.

3.1.1 Classical polynomials and spherical harmonics

First, we give the definitions and the main properties of the associated Laguerre
polynomials, associated Legendre polynomials, and of the spherical harmonics.



Associated Laguerre polynomials

The classical associated Laguerre polynomial of degree k is the polynomial solution
of the differential equation

ry'+(a—1+2)y +ky=0, aeR,.
It is denoted by L,(f). By the use of the abbreviation
( k+a ) (kta)k=1+a)...(k—m+a)

m m)

)

an explicit formula for the polynomial L,(f) reads

k .
@y _N_qyi [ Fto )z
W= (35§
The orthogonality property of the associated Laguerre polynomials can be written
as

oo

'k+1
/xae_mL,ga)(x)Lgs)(I) dr = % Okm »

0

where 0y, is the Kronecker symbol. Thus, the polynomials are orthogonal with
respect to the measure x*e ™" dx. For numerical computations of the associated
Laguerre polynomials, we use the initial functions

Lz) =1, LY@ =1+a-z
and the following recursion for k£ > 2

2k —1+a— )L, (z) — (k- 1 +a)L,(2)

L (@) = ;

Associated Legendre polynomials

The classical associated Legendre polynomial is the polynomial solution of the dif-
ferential equation

2

a2\ ! . m —
(1—2%)y Qxy—i-(ﬁ(ﬁ—l—l) 1_x2>y 0,

where the index ¢ is the degree and m the order of the associated Legendre polyno-
mial P ,,. An explicit formula for the polynomial P, is

(_1)m 2\m/2 crm

FPom(@) = g O =)

The orthogonality properties of the associated Legendre polynomials read as

(x2—1)£, 0<m</.

/ (¢ 1 m)!

Poym ()P, =2
/ fl,m(x) g27m(.73) dx (25 + 1)(£ _ m)| 6&,@2 )

-1




for fixed m and, in the case ¢; = {5 = {. Furthermore,

! 1 0 for  m#k
_ |
/ 1-— xQPZ’m(x)Pé’k(x) do=q _(Lm)t for k=m#0
el m(l —m)!

for a fixed ¢. For k = m = 0, the last integral diverges. For numerical evaluations
of the associated Legendre polynomials, we use the initial functions

Pom(x)=(—1)"2m -1 (1 - xz)m/Q, Priim(z) =2 (2m+1)Py 0 (2)

and the following recursion for k =m +2,... ¢
P, (ZE) _ (2k — 1)33Pk—1,m<x) - (]C -1+ m)Pk—Z,m(fL")
7m - k . m .

Spherical harmonics

The spherical harmonics Y7, are the complete and orthonormal set of eigenfunctions
of the angular part of the three-dimensional Laplace’s equation

0? +C0898 N 1 02

002 sinf 00  sin? 6 0¢?
for { € Ngand m = —¢,...,0,...,¢. An explicit formula for the spherical harmonics
with the parameterisation

) Yo (6.0) = —0(C + 1)Yi(6.6)

cos ¢ sin 6
e=| sing sind (23)
cos 6

is

20 +1(0—m) o
Ye,m(¢,9)=\/ ype Eg_}_mi! Pyom(cosf)e ™.

Here, P, are the associated Legendre polynomials. The orthogonality property of
the spherical harmonics reads as

/nhml (6)}/52,7712 (6) de = 5417525m1,m2 :

32
However, for our purposes, we will use the real valued version of the spherical har-
monics in the form

Yim(0,0) = \/% +1(- m): Py, (cos @) cos(mo)

27 (L4 m)
for m > 0,
20 +1
Yi0(0,0) = e Py o(cos0)

for m =0 and

4 ¢ —m)!
Yim(0,0) = \/2 2_; ! EE m Z;L;' Py m(cos ) sin(—me)

for m < 0.
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3.1.2 Basis functions

In three dimensional spherical coordinates
v=ype,, 0<p<oo, e, €8%,
we decompose the basis function ¢; as follows
pj(v) = gjloes) = Pre(0) Yem(en), k€N, L€Ny, £ <m<L.

Thus, the global index j is a function of three indices j = (k, ¢, m). Since the angular
part of the function ¢; is already defined, we look at the radial part and write the
function ®; in the form
2 0+1/2
Pro(0) = pree P LI (o) of
The normalisation parameters yi; » are chosen so, that the functions ®; , will compose

an orthonormal system with respect to the measure o? do. Setting 0> =z, 20do =
dx, we get

[e.9]

—02 (£ V4
/Mkhemez,e P2 LI (A LT (0%) do =

1

_ f YA
5 Myt / e @ LD () LT (0%) 20do =

0

1

élukl,fllkz,f / x€+1/26—a¢Ll(fl+1/2) (x)Ll(:;-i-l/?) ([L‘) dr =
0

1 , I'(k+0+3/2)

5 M% k! 6161,/62 )

in the case k; = ky = k. To obtain an orthonormal system, we set

B 2 k!
Pt = AT+ 0+ 3/2)

This yields the form of the function £ in spherical coordinates v = pe,

The number of the basis functions is

=(K+1)(L+1)>2.
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3.2 Test functions

All basis functions belong to the Schwartz space S of infinitely smooth functions all
of whose derivatives are rapidly decreasing. Thus the collision integral Q(¢x, @¢) is a
Schwartz function as well and, therefore, any tempered distribution can be chosen as
a test function v;. In the case of regular distribution ); identified with a continuous
function

2/)7; . R3—>R,

the entries of the matrices (); can be evaluated for i, k,/ = 1,...,n as follows

Qilk, €] =< Q(px, pr), i >= /Q(%w)(v)wi(v) dv

- 5 [ [t / B, ) (3!) + )~ 0) ) de oo

R3 R3

where the weak form of the collision integral (8) has been used. If the set of test
functions contains a collision invariant, the corresponding matrices ¢); will vanish
completely, and, the corresponding macroscopic quantity will be conserved auto-
matically.

One possible choice is a pure Galerkin method with

wi:(pi, 2:1,,n

In this case, the mass matrix M is the identity matrix due to the orthogonality of
the system. However, an additional numerical conservation procedure is necessary.
Due to an automatic fulfilment of the conservation properties, the following choice
of test functions for a index i = (k, ¢, m) seems to be natural

bi(v) = LY (0%) o Yom(e,), forv=oe,.

These globally defined polynomials are in fact the basis functions without the factor
iy, e=¢/2_ All five collision invariants are included in the set of the test functions,

namely
Yo00(v) = \/E»
Po1-1(v) = \/TQ sin ¢ sinf = \/E'UQ,
Po10(v) = \/;g cosf = \/:vg,
Yo11(v) = \/:Q cos ¢ sinf) = \/;vl ,

B 1 o 3\ _ /1 9 3)
¢1’0’0(U) N 47r< Q+2)_ 47?( |U| +2'

Thus, the conservation properties are now ensured automatically.

12



For a regular Galerkin-Petrov scheme, it is necessary to choose the same number of
basis and test functions, i.e. for

k=0,.... K, {=0,....L, 4 <m</{,

we get
n=(K+1)(L+1)>*.

3.3 Mass matrix

The mass matrix M € R™™" has the entries
M[i7j]:<§0jawi>7 i,jzl,...,n,

where ¢ = (k;, ¢;, m;) and j = (k;,¢;,m;). Since both, basis and test functions con-
tain spherical harmonics which are mutually orthonormal, in spherical coordinates
we obtain

Mli,jl =0, for¢; #{; or m; # m;

and
o

.. —0? L {4
Mliug) = g [ @02 L) L () dg (24)
0

for ¢; = {; = £ and m; = m; = m. Thus, the mass matrix is rather sparse and, since
MTi, j] do not depend on m, has many equal non-zero entries.

3.4 Collision matrices

For a general interaction model, the collision matrices (); have the entries

@wa://mwwwmmmmMm (25)

R3 R3

where

a(v,w) = [ Blo,w.e) () +0) = di(e) ~ i(w)) de. (26)

S2

The integration (26) is an important part of the generation of the collision matrices.
For the VHS model of interaction (10), and for general polynomial test functions, this
integration can be done analytically leading to a function ¢; which is a polynomial
in six variables v and w multiplied by |u|*. For more general models of interaction
and for test functions given in spherical coordinates an analytic integration seems
to be impossible. Furthermore, for the non cut-off collision models, the kernel B
has a singularity and the corresponding numerical integration should be done very
carefully.

13



4 Numerical realisation

The main advantage of the above Galerkin-Petrov method is the possibility to pre-
compute and to store all the collision matrices (); and the mass matrix M for
different discretisation parameters K and L. Furthermore, these matrices are also
independent of a time discretisation scheme and corresponding time discretisation
parameters. Therefore, once computed, experiments with different time discretisa-
tion schemes can be easily performed. For the numerical integration over R?, we will
use spherical coordinates and a combination of the radial Gauss-Laguerre quadra-
tures with the Lebedev quadratures for the integration over the unit sphere. For
a given function g : R, — R, the Gauss-Laguerre quadrature is applied to the

integrals of the form

g = [ % g(o) do

and results in an approximation

Near

Ing, 9] = Z wit g(x;) .

The weights wiGL and the positions z; are available for any Ngp with an arbitrary
accuracy (see [44]). By the use of the parameterisation (23), the integral over the
unit sphere for a given function g : S? -+ R

SQ

can be transformed into the corresponding integrals over the rectangular domain
[0,27] x [0,7] and subject to the subsequent application of the classical Gauss
quadratures. However, the Lebedev quadratures [31],[32]

Np,
Ilg] = 47rZw]-Lg(ej), ej € S
j=1

are invariant under finite rotation groups and available for many values of Ny. The
first of them are for Ny, = 6, 14, 26, 38, 50, 74, 86, 110. We claim that this set will be
sufficient for our first tests.

Mass matrix

The Gauss-Laguerre quadratures will be used for numerical computation of the mass
matrix entries corresponding to (24). With the substitution ¢* = z, 2odp = dx,
we get

o0

1
M g) = 5 b / xé—l—l/ZG—x(xéea:/Q L,(:;H/Q)(x) L) @)) d
0
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and approximate these entries as

Ngr,
Mg, [i, 1] ——w Yo wltal e LI () L ().

tp=1

As we have mentioned before, only few entries of the mass matrix are different from
zero and they are computed numerically during the initialisation. This requires
just a few seconds of computer time. Then we use LAPACK package to perform
the LU decomposition of the matrix My,, in order to solve the systems of linear
equations with the mass matrix in initial and later in every time step of the algo-
rithm. Formally, the numerical work for this decomposition is O(n?). However, the
corresponding computer time is negligible in our experiments.

Collision matrices

The computation of the collision matrices is the most important and numerically
difficult step of the algorithm. However, it is an initialisation step and will be done
only once for the given collision kernel and for the fixed parameters K, L, Ng;, and
Np. Then all n collision matrices of the dimension n xn will be stored and used for all
computations on the later stages. By the use of the substitution p?> = x, 2 0do = dx
again, we get for a function g : R® — R

Ilg) = / g(v)dv = 7 & / g(oe) de do
0 S2
_ %7961/%—90(&/9(\/56) de) d

0 52

and approximate these integrals as follows

NgrL
GL CC
Ing, N lg) =27 E w; et E w; g\/aclveh)
1p=1 Jo=1

Thus, for the entries of the collision matrices @[k, ¢| with k = (k,,¢,,m,) and
0= (ky, Ly, my) we get

Nar

(QNGLJVL) [k7€] — (2 7T> ZWGL Ly xw/2 L(ZU+1/2)(ZEZU) %

Nar
Z wG’L E a:lw/2 L(£w+1/2)(xzw) %

=1
Np

> Wk Vi (€i.) (a0), (0 e win )

Jw=1
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where vy, ;, = \/Ti,€j,, Wi, j, = \/Ti,¢j, and
Np

(41), (Vi s Wiy 3) = > wf B(0i, jus Wiy s €5) X
j=1

(U0 i (€) + i), i g (€3)) = il01,) + (W) )

with
! (e;) = M_i_l‘ e s es
Uivvjvyiw’jw €j - 2 92 Uiy, jo Wiy, jw 1€5 5
! (e;) = M_l‘ o —wi e
wimjvyiwij 6] - 2 2 /UZm]v wzun]w e] .

It is clear that it impossible to compute all these matrices by the direct use of the
above formulae for reasonable discretisation parameters. However, the separated
structure of the factors allows to precompute three arrays Pgr, P, and Py and to
use them to assemble the collision matrices in an efficient manner. The components
of the first array are for k=0,..., K, {=0,...,Landt=1,..., Ngp

(PGL) _ wiGfoexi/Q L,(fH/Q) (z:)
ki

leading to (K + 1)(L + 1) Ng words of computer memory. The components of the
second array are for ¢ =0,...,L, m=—(,....fand j=1,..., N

<PL>Z = ijYKJn(ej)
7m7]

leading to (L + 1)2Ny, words of computer memory. Finally, the most complicated
array is

(PQ) L .: (QL)i(Uivvjv’wiwajw)
Lv5Jv5twsJw,

leading to n N2, N7 words of computer memory. The numerical cost of the first two
arrays is sub-linear in n and requires a negligible computer time. The computation
of the third array, however, is more demanding. Formally, it requires only a lin-
ear amount of operations with respect to the number of unknowns and quadratic
with respect to the number of integration points. However, these numbers are not
independent and in order to keep the spectral accuracy, an increase of the num-
ber of integration points is unavoidable with increasing n. The computations of all
Qi, 1=1,...,nis as follows

Ngr N Ngr Np

(QNGL,NL)i[k,é] =2 D> YD ieiude (PQ>

bom1 jo—T1 i—1 juo—1 Lv,JvtwJw,t

where

iy o siwrjr = (PGL> (PL> (PGL> (PL> :
kvvlu,iv lvym’uvjv k’wylwviw lwvmwvjw
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Note that «;, j, i..j. 1S independent of ¢ and, therefore, once computed, can be used to
update the i, Jy, i, jo sum for all matrices 7. This leads to only a few multiplications
and additions for the entries of the collision matrices without evaluation of special
functions. The numerical work and memory, however, is still of the order O(n?).
Furthermore, the entries k, ¢ of the collision matrices are independent from each
other and, therefore, their computation can be done in parallel by the use of the
open MP software without any additional programming effort.

Time discretisation

Once the mass matrix M and all collision matrices (); are computed (from now on
the subscripts Ngr and N are omitted), we can start a numerical solution of the
problem. First of all, the initial right hand side [, 0 has to be computed

(io)i =< fo, i >, i=1,...,n.

We use the numerical quadrature

NeL N
(f,); =27 ngLexi” Z wr fo(\/Ti, €5,) vi(V/Ti, e5,), i=1,...,n
ip=1 ju=1

and compute the initial coefficient vector

[ =M

L L0

Then we choose a time step 7 > 0 and the final time 7" = 7 N,. For the time
integration of the system (22), we can choose any classical solver, for example the
most simple Euler scheme or the Runge-Kutta method of the second or a higher
order. For the Euler method the kth step, k =0,..., N; — 1, is as follows. Compute
the vector ¢ with

=1 <

by the use of the BLAS library. Compute the next coefficient vector f*+9 ag

i(k-l—l) _ i(k) + TMflg

by utilising the functionality of the LAPACK package and the BLAS library once
again.

5 Numerical examples

In this section we consider three examples of relaxation. The collision kernel of the
first two examples will be constant, i.e.

1
B(v,w,e) = —.

T

This is the most simple case of Maxwell pseudo—molecules. For this kernel, the exact
relaxation time of any moment of the distribution function is known. Thus, we will

17



be able to check the accuracy of our scheme very carefully. In the first example,
we will consider a sum of two Maxwell distributions as an initial condition. The
second example is the famous BKW solution for which not only the time relaxation
of the moments but the distribution function itself is analytically known. However,
this solution is an isotropic function and, therefore, its numerical approximation by
our spectral scheme is rather simple. The third example will be the classical hard
spheres model with the collision kernel

1
B('U,w,e):4—]v—w|.
m

No analytic dependencies are available for this example. Thus, we will compare our
results with those obtained by the use of a stochastic particle method.

5.1 Relaxation of a mixture of two Maxwellian’s

For the spatially homogeneous relaxation, the density, the mean velocity and the
temperature

pzlﬂmmw7vziz’ﬂuo =—3/w—Wftw

are conserved quantities. The relaxation of the low of momentum, the flow of energy
and of the special fourth moment

M (t) :/vvT ft,v)dv, r(t) = /v|v| f(t,v)dv, /|v|4 f(t,v)

R3 R3

is given as in [42] by
M) = Mye 2+ <T] + VVT) (1 - e_t/2> , (27)
r(t) = roe 34 <5T + |V|2> v (1 . e_t/3>
+2 (MO vy - TI) v <e*t/2 — e*t/?’) ,
s(t) = soe” 4 (V' + 1572+ 10T V) (1 - 1) (28)
+% (186113 =372 + [VI* = 2(MeV, V) ) (€70 = %)
(Mo, V) = V=T [VE) (72 = et

where
M, :/UUT fo(v)dv, /v]v] fo(v)dv, so= /\v|4f0
R3 R3
and || - || denotes the Frobenius norm. We will consider the initial distribution f
in the form of a convex sum of two Maxwell distributions

f0<v):anl(U)+(1_a)fM2(U)7 0<a<l, (29>

18



where

lv—Vi?
1 7
- 2T, —
far(v) = (2ﬂﬂ>3/26 , 1=1,2.
In these settings, the initial values are
L,
aVi+ (1 —a)Vsy,

1
= oh+(1—-a)Ty+ 504(1 —a)|V; — V2|2,

N < <

M, = a(TII—l—‘/'ﬂ/lT)+(1—a)(T2[+‘/2‘/2T>>
ro = 5T+ AP Vi + (1 - ) (5T + 13215,
so = o[ +15T2 + 10T i) +

(1— oz)(w?\‘l +15T2 + 10T, !‘/'2!2> .

For our first example, we choose

2
a=1/2, Vi =(-1,0,00", Vo= (+1,0,0)", Tl::rgzg

and obtain
V =1(0,0,00", T=1.
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Figure 1: Initial and final distributions for n = 27

Initial condition

For a series of discretisation parameters K and L, we first define the parameters of
the Gauss-Laguerre and Lebedev quadratures Ng and Ny, in the following way. We
perform approximation of the initial condition and choose the minimal values of Ngy,
and Nj, leading to the highest approximation quality for the given values of K and
L. In the first two figures we illustrate the approximation of the initial condition
fo(v1,0,0), v1 € [—4,4] and of the final Maxwell distribution fy(v1,0,0), vy €
[—4,4] for K = L = 2 with n = 27 basis functions (Figure 1) and for K = L = 4
with n = 125 basis functions (Figure 2). The initial condition and the final Maxwell
distribution are shown with thick dashed lines, while the numerical approximation is
depicted by the thin solid line. There is a clear numerical error by the approximation
of the initial condition for n = 27. For n = 125, however, the error can not be
optically seen on the figure. The final Maxwell distribution is perfectly approximated
in both cases. The Lyo(R?) error

Hf(m(07 ) - fOHLQ(RS)
[ foll Lo (s

of the approximation of the initial condition f, is summarised in Table 1 and its
logarithmic plot is shown in Figure 3. The last column in Table 1 contains the
Convergence Factor (CF), i.e. a quotient of two consecutive errors. The exponential
convergence of the error is clearly seen.
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Figure 2: Initial and final distributions for n = 125

Table 1: Approximation error for the initial condition

K L n N, Nar, Ly(R?)-Norm CF
2 2 27 38 8 5.07-1072 -
4 4 125 50 8 3.45.1073 14.7
6 6 343 110 16 2.51-1074 13.7
8 8 729 110 16 1.72-107° 14.6
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Figure 3: log;, course of the Ly(R?) error
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Figure 5: Course of the functional s(¢)

Relaxation of the moments

In the study of the accuracy of the time dependent moments of the distribution
function, two new aspects have to be considered, namely the value of the time
discretisation parameter 7 and the quality of the time integrating scheme. We
will demonstrate the efficiency of the simplest Fuler scheme and of the Runge-
Kutta method of orders two and four. For the given example, there is a non-trivial
relaxation of the main diagonal components of the flux of momentum tensor (27)
and of the fourth moment (28). Figure 4 shows the course of the function M (%)
where the thick dashed line is the analytic solution and the thin solid line is the
computed moment for n = 125. There is no optical difference. The time relaxation
of the function s(¢) is shown in Figure 5. The right plots on both figures show the
time evolution of the difference between the analytic and the numerical solutions.

In the next three tables we present the maximal error for these moments computed
with different time steps on the time interval [0, 16] for different values of n. The
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Table 2: Error for the moments M;;(t) and s(t), Euler method

N, n My (1) CF s(t) CF
32 27 2.78 - 1072 - 1.75-1073 -
64 27 1.33- 1072 2.09 8.01-10* 2.18
128 27 6.61-1073 2.01 4.13-107% 1.94
256 27 3.37-10°3 1.96 2.40-107% 1.72
256 125 3.17-1073 - 1.61-107* -
512 125 1.58 - 1073 2.01 7.98-107° 2.02
1024 125 7.89-1074 2.00 4.01-107° 1.99
2048 125 3.95.107* 2.00 2.05-107° 1.96
4096 125 1.99- 104 1.98 1.08 - 1075 1.90
8192 125 1.00-10% 1.99 598-10°¢ 1.81

Table 3: Error for the moments My (¢) and s(¢), Runge-Kutta 2

Nt n M11 (t) CF S(t) CF
32 27 2.34-1073 - 2.63-107* -
64 27 416 -104 5.63 993.10°° 4.19
64 125 5.72-107* - 7.49-10°° -
128 125 1.34-1074 4.27 1.68-10°° 4.46
256 125 3.11-107° 4.31 3.26-10°° 5.15
512 125 6.03-10°¢ 5.16 1.48-10°¢ 2.20
1024 343 2.05-10°¢ - 2.63-1077 -
2048 343 5.12-1077 4.00 6.55- 1078 4.05
4096 343 1.27-1077 4.03 1.63-1078 4.02
8192 343 3.19-10°% 3.98 4.07-1079 4.00

lines indicated in bold, shows the best accuracy reached for the given value of n and
for a maximal number of time steps N, < 8192. The linear, quadratic and fourth
order convergences in time for different time integration schemes are evident. In
the last table, we observe no proper convergence of the finest discretisation with
n = 729. The errors for N; = 128,256 is practically identical to those obtained
for n = 343. For N; = 512, the error for M;; practically jumps to the machine
accuracy, while the error for s increases. This is a clear indicator that the numerical
integration with Ny = 16 and N = 110 is not sufficiently accurate to yield the
theoretically achievable high accuracy for this n.

H-functional and convergence to equilibrium

In Figures 6 and 7, we show the plots of the numerical density function f™ (¢, v1,vy,0)
and its contours for (vq,ve) € [—4,4] x [—4, 4] with 32 x 32 points and for the times
t=0,1/4,1,16 obtained for n = 125.
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Table 4: Error for the moments M;;(¢) and s(t), Runge-Kutta 4

Nt n Mll(t) CF S(t) CF
32 27 4.16-10% - 4.20-1074 -
32 125 5.81-10°° - 541-10° -
64 343 4.53-1077 - 2.18 1078 -
128 343 2.68 1078 16.9 1.28-107° 17.0
256 343 1.58 - 107 17.0 6.33-107 1 20.2
512 343 1.36-1071° 9.41 2.43-1071 2.61
128 729 2.68-1078 - 1.28-107° -
256 729 1.58-107° 17.0 6.32- 1071 20.2
512 729 1.71-107 4 - 1.63-107° -

Figure 6: Density function for ¢t = 0,1/4,1,16
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Figure 7: Contours of the density function for ¢t = 0,1/4,1, 16
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Finally, in Figure 8, we show the time relaxation of the numerical Boltzmann H-
functional (left plot)

Ht) = / FO & 0) In £t v) du
R3
for n = 125. Its analytically known asymptotic value

. 1 3

is shown as a dashed thick line, while the course of the H-functional is depicted by
the thin solid line. The right plot in Figure 8 shows the log,,-course of the relative
Lo-norm of the difference of the current distribution function to the final Maxwell

distribution.
1F™(, ) — farll ooy

ol 2o mes)

which obviously shows exponential convergence.

5.2 BKW solution

In this subsection, we consider the famous exact solution of the Boltzmann equation
found by Bobylev [9] and Krook and Wu [30]. The solution is obtained for A = 0 in
(7) and is of the form

tf(t>7J) =
Bt)+1
P 3/2 BH)+1, , 3 — ]
W(ﬁ(tHl)/ (1+ﬂ(t)(T|v| —§>)e 2T ’
with
5oe—ozpt/2

= 1+ By (1 —e~@Pt/2)’
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Table 5: Approximation error for the BKW initial condition

K L n NL NGL L2 (]RS)—NOIIH CF
11 0 12 38 16 9.77-107° -
12 0 13 38 16 2.00-107° 4.89
13 0 14 38 16 2.95.10°6 6.78
14 0 15 38 16 2.66- 1077 11.09

where [y denotes the initial value for the function 8 and « is defined as
a = Cyr / b(cos 0) sin® 6 df .
0
This solution is non-negative for
0< B <2/3.
The density p and the temperature 7' are two additional parameters. We will use

the following setting for our tests

1
C’0:4_7 b(COSQ):la 0421/3, P:L T:17 60:2/37
™

leading to the solution

B+
it = g (90 + 1) (14 s0 (2 e - 2) )2
where
S
5(@ = 5_26—15/6'

Initial condition

Since the BKW solution is an isotropic function, we change only the parameter K
and let L be zero for all tests. This leads to a very low number of unknowns and
to an extremely fast numerical solution of the Boltzmann equation taking only a
few seconds. A stable spectral convergence starts with K = 11 and the results of
the approximation of the initial condition are shown in Table 5 and in Figure 10.
However, for these values no optical difference to the initial condition and to the
final Maxwell distribution can be seen on a figure. Thus, we show the approximation
of the initial condition and of the final Maxwell distribution for K =6, n = 7 in
Figure 9.

Relaxation of the moments

For the BKW solution, all physical moments remain constant in time and they are
approximated with an accuracy of about 107'* — 107! even for n = 7. Thus, we
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Figure 9: Initial and final distributions for n = 7, BKW
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Figure 10: log;, course of the Ly(R?) error, BKW
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show only the course of the fourth moment s(¢) on the time interval [0, 16] as well
as the difference to the exact curve for n = 7 in Figure 11. The results are obtained
with the Runge-Kutta method of the fourth order with N, = 128 time steps.

5.3 Hard spheres

There is no analytic information about the exact solution for the case of hard spheres.
Thus, we consider the above mixture of two Maxwell distributions as the initial
condition and choose the solution obtained by the use of the stochastic particle
method (see [42]) as a reference. We choose 8192 equally weighted particles and
compute 8192 independent trajectories of the process on the time interval [0,4].
Thus the accuracy of the stochastic solution should be of the order 1072 — 10~*. For
comparison, we take the curves obtained for K = L = 4, i.e. for n = 125 unknowns.
For the time integration, the Runge-Kutta method of the fourth order with N, = 128
time steps has been used. The dependence of the moment Mj;(t) on time is shown
in Figure 12. The thick dashed line represents the stochastic reference solution on
the left plot. The thin solid line is the Galerkin-Petrov solution. The right plot
shows the difference between the curves. The accuracy is of the order 107*. The
same data is shown for the fourth moment s(t) in Figure 13. Here, the accuracy is
of the order 1073 and some oscillations of the stochastic solution are apparent. The
computational time for the stochastic particle method on a single Intel i7 processor
was about 10 minutes while the Galerkin-Petrov solution with precomputed collision
matrices (Ng = 8, N = 50) was obtained in 20 seconds. The computational time
for the collision matrices was about 12 minutes, which is to the computation time
of the stochastic solution. It seems, that the error is mostly due to the stochastic
approximation, but to obtain an additional order of its accuracy, the computational
effort must be increased 100-fold .
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6 Conclusions

In this paper we present a new deterministic numerical scheme for the classical
spatially homogeneous Boltzmann equation. The scheme is based on a spectral
Galerkin-Petrov scheme. The main features of the method are the following:

1. The method uses mutually orthonormal, globally defined basis functions de-
rived from the normalised Maxwell distribution, the Laguerre polynomials and
the spherical harmonics;

2. The system of test functions consists of globally defined low order polynomials;

3. Since the set of test functions contains all collision invariants, the method
is automatically conservative, i.e. the numerical collision invariants remains
constant up to the machine accuracy without any additional numerical effort;

4. The approximation quality of the method is spectral, i.e. there is an expo-
nential convergence. However, this property holds only for infinitely smooth
functions;

5. The main numerical work of the method is the initial computation of the
collision matrices. However, once computed, these matrices can be used for
different initial conditions, on different time intervals and for different time in-
tegration schemes. Then the computational procedure for the whole relaxation
in time takes only seconds on a single processor;

6. Two classical numerical examples for the spatially homogeneous relaxation,
namely mixture of two Maxwell distributions as an initial condition and the
BKW solution were computed up to a very high accuracy with a low number
of basis function of 10! — 103;

7. The error due to the time integration dominated over the spectral error. The
Runge-Kutta method of the fourth order was sufficient to equalise both errors;

8. For the hard spheres model, we’ve shown an excellent agreement of the re-
sults obtained by the new scheme with those obtained by a stochastic particle
scheme.

A future work in this research area should certainly contain the following points:

1. Development of numerical integration quadratures for non-cutoff kernels B for
an effective evaluation of the integrals (26), as mentioned in the end of Section
3

2. Spatially homogeneous numerical tests to understand how far can the com-
putations be done with the deviation of the temperature from its value equal
to one and with the deviation from the zero mean velocity. This will help to
formulate criteria for an enrichment of the system of the basis functions;
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. The method can be easily adapted for the inelastic Boltzmann equation with

constant or even variable (relative velocity dependent) restitution coefficient.
The main difference is in the term (26). However, since the tails of the dis-
tribution function of the inelastic Boltzmann equation exhibit an asymptotic
different from the Maxwell distribution, the system of basis function should
be modified as well;

. The main goal is an application of the proposed approach to the spatially

inhomogeneous Boltzmann equation. In this case the system (22) of ODE’s
will be transformed into the hyperbolic system

0

§<Mi(t, a:))i +div(Fif(t2) = f(t2) Qi f(ta), i=1,....n,

where the flow matrices F; € R3>*" have the entries
E[m7j]:<vmwwwi>7 m:172737j:17"'7n'

for i =1,...,n. These matrices can be easily precomputed and stored requir-
ing much less memory than the collision matrices );;

. The proposed spatially inhomogeneous method can be especially efficient for

very slow flows with a small deviation of the temperature from its mean value.
Exactly for such flows, the application of the stochastic particle methods is
problematic;

. In spatially inhomogeneous flows, the situations occur where the distribution

function becomes almost discontinuous. Thus, the system of basis functions
should be enriched to account for this fact. The appropriate choice of functions
for such enrichment is a topic for further research.

. A rigorous proof of error estimates and the convergence to the Boltzmann-

Maxwell equilibrium for the case of hard potentials with cut-off collision kernels
is also a subject of an upcoming study.
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